Chuyénaéd 7

CAC THUAT TOAN TREN PO THI

1. DPwéng di ngan nhat

1.1. Pé thj cé trong sé

Trong cac tng dung thuc té, ching han trong mang ludi giao théng, nguoi ta
khéng chi quan tdm dén viéc tim duong di giita hai dia diém ma con phai lwa
chon mét hanh trinh tiét kiém nhét (theo tiéu chuin khong gian, thoi gian hay
mot dai lwong ma ching ta can giam thiéu theo hanh trinh). Khi d6 nguoi ta gan
cho mdi canh cua db thi mot gia tri phan 4nh chi phi di qua canh d6 va ¢ ging
tim mot con dudng ma tdng chi phi cac canh di qua 13 nho nhét.

D) thi ¢o trong s6 12 mot bo ba G = (V, E,w) trong d6 G = (V, E) 1a mot do thi,
w 13 ham trong sd:

w:E— R
e — w(e)

Ham trong $b gan cho mdi canh e cta dd thi mot sb thuc w(e) goi la trong $6
(weight) cta canh. Néu canh e = (u, v) thi ta ciing ky hiéu w(u, v) = w(e).
Tuong tu nhu dd thi khong trong sb, ¢6 nhiéu cach biéu dién do thi co trong sb
trong may tinh. Néu ta st dung danh sach canh, danh sach ké hay danh sach lién
thudce, moi phén tir cua danh sach s€ chira thém mot thong tin vé trong sb cua
canh tuong tmg. Trudng hop biéu dién don dd thi gdm n dinh, ta con co thé st
dung ma tran trong s6 W = {Wy,}nxn trong d6 wy, 13 trong sé cua canh (u, v).
Trong trudng hop (u, v) € E thi tiy bai toan cu thé, w,,, s& dugc gan mot gia tri
didc biét dé nhan biét (u, v) khong phai 1a canh (ching han c6 thé gan bang +oo,
0 hay —o0).

Puong di, chu trinh trong dd thi c6 trong s6 ciing duoc dinh nghia giéng nhu
trong truong hop khong trong s, chi c6 khac 1a @6 dai duong di khong tinh
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b::ing sb canh di qua, ma dugc tinh béng téng trong sb cua cac canh di qua. bo
dai cia mot duong di P duoc ky hiéu la w(P).

1.2. Duong di ngin nhit xudt phdt tic mt dinh

Bai toan tim dudng di ngan nhat xuat phat tir mot dinh (single-source shortest

path) duge phat biéu nhu sau: Cho do thi c¢6 trong s6 G = (V, E, w), hdy tim cac

duong di ngin nhit tir dinh xuat phat s € V dén tat ca cac dinh con lai cua dod
thi. Do dai cua duong di tu dinh s téi dinh t, ky hiéu 6(s, t), goi 1a khodng cach

(distance) tir s d@én t. Néu nhu khong ton tai duong di tir s t6i t thi ta s& dat

khoang cach d6 bang +oo. C6 mot vai bién doi khac cua bai toan tim duong di

ngdn nhét xuit phat tir mot dinh:

e Tim cic con duong ngan nhat tir moi dinh t&i mot dinh ¢ cho trude. Bang
cach dao chidu cic cung cua d6 thi, chung ta c6 thé quy vé bai toan tim
duong di ngan nhit xuét phat tir ¢.

e Tim duong di ngin nhét tir dinh s t6i dinh t cho truéc. Di nhién néu ta tim
duoc duong di ngin nhét tir s t6i moi dinh khac thi bai toan tim duong di
ngan nhét tir s toi t ciing s& dugc giai quyét. Hon nita, van chua c6 mot
thuat toan nao tim duong di ngin nhit tir s toi t ma khong can quy vé bai
toan tim duong di ngan nhat tir s t6i moi dinh khac.

e Tim dudng di ngin nhit gitra moi cdp dinh cua dd thi: Mic du c6 nhiing
thuat toan don gian va hiéu qua dé tim duong di ngin nhat gitra moi cip
dinh, ching ta van c6 thé giai quyét bang cach thuc hién thuat toan tim
duong di ngin nhat xuat phat tir mot dinh v6i moi cach chon dinh xuit phat.

a) C4u tric bai toan con t6i uu

Céc thuat toan tim duong di ngin nhat ma ching ta s& khao sat déu dya vao mot
ddc tinh chung: Mdi doan dudng trén dudng di ngin nhat phai 1a mot duong di
ngan nht.

Dinh ly 1-1

Cho @6 thi ¢ trong s6 G = (V,E,w), goi P = (vy, Uy, ..., V) 1 mot duong di
ngin nhat tir vy t6i vy, khi d6 voi moii,j:1<i <j <k, doan dudng P =

(Vi) Vi41, -, V) 12 mot duong di ngin nhat tir v; téi v;.

114



Chuing ta s& thdy rang hau hét cac thuat toan tim duong di ngan nhat déu 14 thuat
todn quy hoach dong (vi du thuat toan Floyd) hoac tham lam (vi du thudt toan
Dijkstra) boi tinh chat bai toan con ti uu néu ra trong Pinh 1y 1-1.

Néu nhu do thi c¢6 chu trinh 4m (chu trinh v6i d6 dai 4m) thi khoang cach giira
mot s6 cdp dinh nao d6 c6 thé khong xac dinh, boi vi bang cach di vong theo
chu trinh nay mét sé 1an du 16n, ta co thé chi ra duong di giita hai dinh nao d6
trong chu trinh nay nho hon bat ky mét sb cho trudc nao. Trong truong hop nhu
vay, co thé dat van dé tim duong di don ngén nhat. Van dé d6 lai 13 mot bai toan
NP—dﬁy du, hién chua ai chung minh dugc sy ton tai hay khong mdot thuat toan
da thirc tim duong di don ngin nhét trén do thi c6 chu trinh am.

b) Quy vé bai toan do khoang cach

Néu nhu d6 thi khoéng c6 chu trinh 4m thi c6 thé chimg minh duoc ring mot
trong nhitng dudng di ngin nhat 13 duong di don. Khi d6 chi can biét duogc
khoang cach tir s téi tit ca nhiing dinh khac thi duong di ngén nhét tir s toi t co
thé tim duoc mot cach dé dang qua thuat toan sau:

Trude tién ta tim dinh v, # t & §(s,t) = 6(s,v;1) + c(vy, t). D& thdy rang ludn
ton tai dinh v; nhu vay va dinh do6 s& 1a dinh dung lién trude t trén duong di
ngin nhit tir s t6i t. Néu v; = s thi dudng di ngin nhat 1a duong di truc tiép
theo cung (s,t). Néu khong thi van dé trg thanh tim duong di ngan nhat tir s t6i
v, . Va ta lai tim dwgc mot dinh v, & {t,v;} dé &(s,v;) = 8(s,v,) +
c(v,, t)...Cu tiép tuc nhu vAy sau mot s hitu han bude cho téi khi xét toi dinh
v, = s, Ta c6 day t = vy, V4, Uy, ... v, = s khong chira dinh 1dp lai. Lat nguoc
tht ty ddy cho ta duong di ngin nhit tir s toi t.

@/, =)
() ()
c) Nhan khoéang céch va phép co

Tat ca nhitng thuat toan chung ta s& khao sat dé tim duong di ngin nhat xuat
phat tir mot dinh déu sir dung k¥ thuat gan nhan khoang cach: Vi mdi dinh
v € V, nhan khoang cach d[v] la d6 dai mot duong di nao do tir s t6i v. Trong
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treong hop chiang ta chua xac dinh dugc duong di nao tu s téi v, nhan d[v]
duoc gan gia tri +oo.

Ban dau chung ta chua xac dinh duoc bat ky dudng di nao tir s téi cac dinh khac
nén cac d[v] dugc gan gia tri khoi tao la:

d[v] = {0' nuV =S, 2 12,.,n) (1.1)
+co,neuv # s
procedure Init;
begin
for Vv €V do d[v] := +=;
d[s] := 0;
end;

Do tinh chit ctia nhan khoang céch, ta c6 d[v] = 8(s,v), Vv € V. Céc thuat toan
tim duong di ngin nhit s& cuc tiéu héa dan cac nhén d[.] cho t6i khi d[v] =
8(s,v),Vv € V. Trong cac thut toAn ma chung ta s& khao sat, viéc cuc tiéu hoa
cac nhan khoang cach dugc thuc hién bdi cac phép co.

Phép co theo canh (u,v) € E, goi tit 1a phép co (u, v) duogc thyc hién nhu sau:
Gia sir ching ta di xac dinh duoc d[u] 1a d6 dai mot duong di tir s t6i u, ta nbi
thém canh (u, v) dé¢ dugc mot dudng di tir s toi v véi do dai d[u] + w(u, v).
Néu duong di ndy c6 do dai ngin hon d[v], ta ghi nhan lai d[v] bang d[u] +
w(u, v). Piéu nay c6 nghia 1a néu s ~ u ndi thém canh (u, v) lai ngén hon
duong di s ~ v dang co, thi ta huy bo duong di s ~ v hi¢n tai va ghi nhan lai
duong di s ~ v méi la dudong dis > u - v.

du] %

dp]
Hinh 2.1. Phép co

C6 thé hinh dung hoat dong cua phép co nhu sau: Cing mot doan day dan hoi
doc theo duodng di s t6i v, doan day s& dan ra toi do dai d[v]. Tiép theo ta thu
lay doan diy d6 cing doc theo duong di tir s t6i u rdi ndi tiép dén v. Néu doan
day bi chung xudng (co lai) hon so v&i cach cing cii, ta ghi nhan duong di tuong
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g voi cach cang méi, néu doan day khong ching xudng (hodc cing thém) thi
ta van giit doan day dé cing theo duong cii. Chinh vi phép co khong lam “dai”
thém d[v], ta néi rang d[v] bi cuc tiéu hoa qua phép co (u, v).

Phép co (u, v) dugc thuc hién béi ham Relax, ham nhan vao canh (u, v) va tra
vé True néu nhan d[v] bi giam di qua phép co (u, v):

function Relax (e = (u,v)EE): Boolean;
begin
Result := d[v] > d[u] + w(e);
if Result then
begin
d[v] := d[u] + w(e); /ewctiéu héa nhin dfv]
trace([v] := u; /Lwuvétduong di
end
end;

M&i khi d[v] bi giam xubng sau phép co (u, v), ta luu lai vét trace[v] = u voi
y nghia duong di ngin nht tir s t6i v cho t6i thoi diém dugc ghi nhan s& 1a
duong di qua u trude rdi di tiép theo cung (u, v), vét nay duoc st dung dé truy
vét tim duong di khi thuat toan két thic.

d) Mot s6 tinh chat va quy udc

Céc tinh chit sau day tuy don gian nhung quan trong dé ching minh tinh dang
dén cua cac thuat toan trong bai:

e Bit dang thirc tam giac (triangle inequality): Vi mot canh (u,v) € E, ta ¢
6(s,v) <6(s,u) + w(u,v).

e Can dudi (lower bound) va su hoi tu (convergence): Cac d[v] sau mét loat
phép co s& giam dan nhung khong bao gid nhoé hon khoang cach &(s, v).
Tac la khi d[v] = 6(s,v) (d[v] dat can dudi) thi khong mot phép co nao
lam giam d[v] di dugc nira.

e Ciy dudng di ngin nhit (shortest-path tree): Néu ta khoi tao cac d[v] va
thue hién cac phép co cho t6i khi d[v] bang khoang cach tir s toi v (Vv €
V) thi chung ta ciing xay dung dugc mot cay goc s trong d6 nut v 13 con cia
nut Trace[v]. Pudng di trén ciy tir nut gbc s téi mot nut v chinh 1a dudng
di ngdn nhat.
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e Su khong ton tai dudng di (no path): Néu khong ton tai duong di tir s toi t
thi cho du chiing ta co nhu thé nao chang nita, d[t] luén bang +oo.

Pé tién trong trinh bay thuit toan, ta dua vao mot quy udce khi cong gia tri oo voi

hang s6 C. Boi trong may tinh khong c6 khai niém oo, cac chuong trinh cai dat

thuong st dung mot hang sé dic biét dé thay thé, nhung c6 thé phai di kém voi
vai sira d6i dé hop 1y hoa cac phép toan:
C+ (+) = (+00) + € = +

Duéi day ta s& xét mot sd thuat toan tim dudng di ngan nhét tir dinh s toi dinh ¢

trén dd thi c6 huéng G = (V,E) c6 n dinh va m cung, cac dinh dugc danh sb tir

1 t&i n. Trong trudng hop d6 thi vo hudng véi trong s6 khong am, bai toan tim

duong di ngin nhit c6 thé quy dan vé bai toan tim dudng di ngin nhat trén phién

ban c6 hudng cua d thi.

Input

e Dong 1 chira s6 dinh n < 10%, s6 cung m < 10° cua dd thi, dinh xuit phat
s, dinh dich t.

e m dong tiép theo, mdi dong c6 dang ba sb u, v, w, cho biét (u, v) 1a mot
cung € E va trong s cia cung d6 1a w (w 1a sd nguyén co gia trj tuyét dbi
< 10°)

Output

Puong di ngin nhit tir s t6i t va do dai duong di d6.
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Sample Input Sample Output

6 71 4 Distance from 1 to 4: 15
121 4<-5<-6<-3<-2<-1

10
2

20
3

5

4

o U0 W W N
o B oy B W oY N

e) Thuat toan Bellman-Ford
Q Thudt toan

Thuét toan Bellman-Ford[5][14] c6 thé sir dung dé tim dudng di ngin nhat xuét
phat tir mot dinh s € V trong trwong hop dd thi G = (V, E,w) khong c6 chu
trinh 4m. Thuat todn nay kha don gidn: Khoi tao cac nhdn khoang céch
d[s] = 0vad[v] = +oo,Vv # s, sau d6 thuc hién phép co theo moi canh cua
dd thi. Ctr 1ap lai nhu vay dén khi khong thé cuc tiéu hoa thém bat ky mot nhin
d[v] nao nira.

Init;
repeat
Stop := True;
for Ve €E do
if Relax(e) then Stop := False;
until Stop;

Q Tinh ding va tinh dirng

Goi 8, (s, v) 1a d6 dai ngan nhéit cia mot dudng di tir s téi v qua ding k canh,
néu khong ton tai duong di tir s t6i v qua k canh thi 8, (s, v) = +oo.

Ta chiing minh rang sau mdi 1an ldp tht k ciia vong lap repeat...until thi
d[v] < 6, (s,v),VvEV (1.2)

Tai budc khoi tao, 16 rang d[v] = 8,(s,v) . Gia s bt ding thic (1.2) dung
true 1an lap thir k, ta chimg minh rang bat dang thirc van dung sau lan lip thir
k. That vdy, duong di ngin nhét tir s toi v qua k canh s& phai thanh lap bang
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cach 1dy mot duong di ngian nhét tir s t&i mot dinh u nao d6 qua k — 1 canh roi
di tiép toi v bang cung (u,v): s ~ u = v. Vi thé 6%(s, v) ¢ thé dugc tinh bang
cong thuc truy hoi:

6k (s,v) = rl‘?ellr/l {6-1(s,u) + w(u,v)}
(u,v)EE
= min {dlu] + wlu, v)} (1.3)
(u,v)EE

> d[v]

Bit dang thuc thir nhat ding do gia thiét quy nap va cac phép co khong bao gio
lam tang d[u]. Bat dang thic tht hai ding vi sau khi cing theo tat ca cac canh
(..., ) thi khong thé ton tai u dé d[v] > d[u] + w(u, v) duogc nita.

Trong cac dudng di ngin nhat tir s t6i v, s& c6 mot duong di don (qua khéng qua
n — 1 canh). Tic 13 §(s,v) = ming.q<x<p—1 0x(s,v). Sau n — 1 budc 1ap cua
vong 1ap repeat...until, ta thu dugc cac d[v] thoa man d[v] < & (s, v) voi moi
v €V vamoi sdk =1,2,..,n— 1. Pidu nay chi ra rang: d[v] < 6(s,v),Vv €
V. Mat khac d[v] = 6(s,v) (tinh bi chan duéi), vy Vv € V:d[v] = §(s, v) sau
n — 1 budc lap repeat...until, diéu nay ciing cho thiy thuit toan Bellman-Ford
s& két thiic sau khong qua n — 1 budc lip repeat. ..until.

Q Cai dat

Cach biéu dién d6 thi tot nhat dé cai dat thuat toan Bellman-Ford 1a st dung
danh sach canh. Danh sach canh cua db thi duoc luu trit trong mang e[1 ...m],
mdi phan tir cia mang 1a mot ban ghi chira chi sé hai dinh ddu mat u, v va trong
s6 w tuong tng véi mot canh

BELLMANFORD.PAS v Thuit todn Bellman-Ford

{$MODE OBJFPC}
program BellmanFordShortestPath;
const
maxN = 10000;
maxM = 100000;
maxW = 100000;
maxD = maxN * maxW;
type
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TEdge = record //Ciu triic biéu dién cung
x, y: Integer; //Pinhdduva dinh cusi
w: Integer; //Trongsé
end;
var
e: array(l..maxM] of TEdge; //Danh sdchcung
d: array[l..maxN] of Integer; //Nhdn trongsé
trace: array[l..maxN] of Integer; //Vét
n, m, s, t: Integer;
procedure Enter; //Nhap dirli¢u
var i: Integer;
begin
ReadLn (n, m, s, t);
for i := 1 to m do
with e[i] do Readln(x, y, w);
end;
procedure Init; //Khditao
var v: Integer;

begin
for v := 1 to n do d[v] := MaxD; //Cdcnhdnd[v]:=+c0
dl[s] := 0; //Ngoditricd[s]=0
end;
function Relax (const e: TEdge): Boolean; //Phép cotheo canhe
begin
with e do
begin
Result := (d[x] < maxD) and (d[y] > d[x] + w);
if Result then //Codugc
begin
dly] := d[x] + w; //Cuctiéuhéa nhan dfv]
tracely] := x; //Lwuvét
end;
end;
end;
procedure BellmanFord;
var

Stop: Boolean;
i, CountLoop: Integer;




begin

for CountLoop := 1 ton - 1 do //Liptéidan-1lin
begin
Stop := True; //Chwa cé swthay déi nhin nao
for i := 1 tom do
if Relax(e[i]) then Stop := False;
if Stop then Break; //Khéng nhdn nao thay déi, dirng
end;
end;
procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then //d[t] =+, khéng c6 dwing
WriteLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn ('Distance from ', s, ' to ', t, ':
', dlit]l);
while t <> s do //Truyvéttirt
begin
Write(t, '<-');
t := tracelt];
end;
Writeln (s) ;
end;
end;
begin
Enter;
Init;
BellmanFord;
PrintResult;
end.

D@ thay rang thoi gian thuc hién giai thuat Bellman-Ford trén do thi G(V, E, w)
la O(IVIIED.
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f) Thuat todn Dijkstra
Q Thudt toan

Trong truwong hop dd thi G = (V, E,w) cb trong sb trén cac cung khong am,
thuat toan do Dijkstra [8] d& xuat dudi ddy hoat dong hiéu qua hon nhiéu so voi
thuat toan Bellman-Ford bdi qua trinh stra nhan s& chi xét méi canh t6i da mot
lan. Tai mbi budc, thuat toan di tim dinh u ma nhén d[u] di dat can dudi bing
8(s,u). Nhan d[u] chic chan khong thé cuc tiéu hoa dugc nira, khi d6 thuat toan
méi tién hanh cuc tiéu hoéa cic nhin d[v] khac bang cac phép sira nhin theo
canh (u, v). Cac budc cu thé duoc tién hanh nhu sau:

Budéc 1: Khéi tao

Goi thu tuc Init dé khoi tao cac nhdn khoang cach d[s] =0 va d[v] :=
400, Vv # 5. M6t nhin d[v] goi 13 ¢ dinh néu ta biét chic d[v] = 6(s,v) va
khong thé cuc tiéu héa d[v] thém nita bang phép co, nguoc lai nhan d[v] goi 1a
tw do. Ta s& danh ddu trang thai nhin bang mang avail[l..n] trong do
avail[v] = True néu nhin d[v] con tu do. Ban dau tit ca cac nhan déu tu do.

Buwéc 2: Lip, bude Lip gdm c6 hai thao tac:

e Cb dinh nhin: Chon trong cac dinh c¢6 nhan tu do, léy ra dinh u 1a dinh co6
d[u] nho nhit, danh déu cb dinh nhan dinh u (avail[u] = False).

e Sira nhin: Dung dinh u, xét tit ca nhitng dinh v ndi tir u va thyc hién phép
co theo cung (u, v) dé cuc tiéu héa nhan d[v).

Budc 1ap sé két thuc khi ma dinh dich t duoc ¢6 dinh nhin (tim dugc duong di

ngén nhat tir s t6i t); hodc tai thao tic c¢b dinh nhén, tat ca cac dinh tu do déu co

nhan 13 +oo (khong ton tai duong di).

Tai 1an 1ap dau tién, dinh s c6 d[s] nho nhit (bang 0) s& dugc c¢d dinh nhin. C6

thé dat cau hoi tai sao dinh u ¢6 nhan tu do nhé nhit dugce cb dinh nhén tai ting

bude, gia sit d[u] con co thé lam nhoé hon nita thi tat phai c6 mot dinh x mang

nhan ty do sao cho d[u] > d[x] + w(x,u). Do trong sé w(x,u) khong 4m nén

d[u] > d[x], trai voi cach chon d[u] nhé nhat.

Buwéc 3: Truy vét

123



Két hop vai viée luu vét dudng di trén timg bude stra nhan, thong bao duong di
ngan nhat tim duoc hodc cho biét khong ton tai duong di.

Q Cai dat

Thuat toan Dijkstra hoat dong tot nhat néu dd thi duoc biéu dién bﬁng danh sach
ké dang forward star. C4u tric danh sach ké dugc khai bao nhu sau:

type
TAdjNode = record //Ciu tric niit ciia danh sdch ké
v: Integer; //Pinhké
w: Integer; //Trongsé canh twong itng
end;
var
adj: array[l..maxM] of TAdjNode; //Ming cdc niit
head: array[l..maxN] of Integer;
//headfu]: Chi sé nit déu tién ciia danh sich ké u
link: array[l..maxM] of Integer;
Minkfi]: Chi s6 niit ké tiép niit adjfi] trong cing mgt danh séich ké

Moi dinh u s& twong tng véi mot danh sach cac nit, mdi nit chira mot dinh v va
trong sb w cua mot cung (u,v). TAt ca cic nat dugc luu trit trong mang
adj[1..m] va mdi nut s& thudc dung mot danh sach ké. Cac nut thudc danh
sach k& cua dinh u 13 adj[ii], adj[i,], adj[is], trong d6 i; = head[u];i, =
link[i,]; i = link[i,] ... Py chinh 14 cdu trac dit liéu biéu dién danh sach moc
ndi don, nhung khéac voi nhirng phép cai dat truyén théng, ta sir dung mang cac
nut thay cho co ché cip phat bién dong va sir dung chi sb v6i vai trd nhu con tro.

DIJKSTRA.PAS v

{$MODE OBJFPC}
program DijkstraShortestPath;

const
maxN = 10000;
maxM = 100000;
maxW = 100000;
maxD = maxN * maxW;
type

TAdjNode = record //Ciu tric nit ciia danh sdch ké
v: Integer; //Pinhké
w: Integer; //Trongsé cung twong irng
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link: Integer; //Chisé niitké tiép trong cing danh sdch ké
end;
var
adj: array[l..maxM] of TAdjNode; //Ming chira tit ci cdc nit
head: array[l..maxN] of Integer;
//head[u]: Chi sé niit diing diu danh sdch ké ciia u
d: array[0..maxN] of Integer; //Nhdnkhoding cdch
avail: array[l..maxN] of Boolean; //Pdnhdiutwdo/cédinh
trace: array[l..maxN] of Integer; //Vétdwing di
n, m, s, t: Integer;
procedure Enter; //Nhdp dirli¢u
var i, u: Integer;
begin
Readln(n, m, s, t);
FillChar (head([1l], n * SizeOf (head[1]), 0);
//Khi tao cdc danh sdch ké rong
for i := 1 to m do
begin
ReadLn (u, adj[i].v, adj[i].w);
//Poc mét cung (u, v) trong sé w, dwa v va w vao trong mit adj[i]

adj[i].link := head[ul; /Chén nitadjfi] vio diu danh sich ké ciia u
head[u] := 1i; //Cipnhdt chisé nitding diu danh sdch ké ciia u
end;

end;
procedure Init; //Khditao
var v: Integer;

begin
for v := 0 to n do d[v] := MaxD;
//Cidc nhdn d[v] := +c0, d[0]: phin tir cim canh
dls] := 0; //Ngogitricd[s]=0

FillChar(avail[l], n * SizeOf (avail[l]), True):
//Cdc nhin déu tw do

end;

procedure Relax(u, v: Integer; w: Integer);

//Phép co theo cung (u, v) trong sé w

begin
if d[v] > d[u] + w then
begin
d[v] := d[u] + w;




end;
procedure Dijkstra; //Thudttodn Dijkstra
var u, v, 1i: Integer;
begin
repeat
//Tim dinh u c6 nhdn tw do nhé nhit
u := 0;
for v := 1 to n do
if avail[v] and (d[v] < d[u]) then
u = v;
if (u = 0) or (u = t) then Break;
//u = 0: khéng tén tai dwong di, u = t, xong

avail[u] := False; //Cédinhnhdn dinhu
//Co theo cdc cung néi tir u
i := headl[u]; //Duyéttir diudanh sdch ké
while i <> 0 do
begin
Relax(u, adjl[i].v, adjl[i].w); //Thuchiénphép co
i := adj[i].link; //Chuyénsang nit ké tiép trong danh sdch ké
end;
until False;
end;
procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then
WritelLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn ('Distance from ', s, ' to ', t, ':
', dltl);
while t <> s do
begin
Write(t, '<-");
t := tracelt];
end;

Writeln (s) ;
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end;
end;
begin
Enter;
Init;
Dijkstra;
PrintResult;
end.

MBOi lugt ciia vong lip repeat...until s& co6 mot dinh mang nhan ty do bi ¢6 dinh
nhan, suy ra sb luot 1ap cua vong lip repeat...until 1a O(|V]). Viéc tim dinh u ¢
nhén ty do nhé nhét dugc thuc hién trong thoi gian O(|V|]), vy nén xét trén toan
thuat toan, tong thoi gian thuc hién cua cac pha ¢d dinh nhén 1a O(|V|[?).

Mbi lugt cta vong lip repeat...until khi ¢d dinh nhan dinh u s& phai duyét danh

sach cac dinh ndi tir u dé thuc hién pha stra nhan. Vi vay xét trén toan thuat

toan, tong thoi gian thuc hién ciia cic pha stra nhan 1a O(F,ey degt(u)) =

O(IED.

Vay thu tuc Dijkstra thyuc hién trong thoi gian O(|V|? + |E|).

Q Két hop véi hang doi wu tién

Pé thuét toan Dijkstra lam viéc hi€u qua hon, nguoi ta thuong két hop voi mot

clu trac dir liéu hang doi uu tién chira cac dinh ty do c6 nhan # +o0 dé thuan

tién trong viéc léy ra dinh c6 nhin nhé nhét cling nhu cap nhat lai nhan cua cac

dinh. Hang doi vu tién can hd tro cac thao tac sau:

e Extract: Ly ra mot dinh uu tién nhat (dinh u c¢6 d[u] nho nhét) khoi hang
doi uvu tién.

e Update(v): Thao tac nay bao cho hang doi wu tién biét rang nhan d[v] da
bi giam di, can t6 churc lai (thém v vao hang doi uu tién néu v dang nam
ngoai).

Khi d6 thuét toan Dijkstra c6 thé viét theo moé hinh méi sir dung hang doi wu

tién:
Init;
PQ := (s); //Hang dpiuwu tién dwoc khéi tgo chi gom dinh xuét phdt
repeat
u := Extract; /Ldyradinhu cé dfu] nhé nhit
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if u = t then Break;
for V(u, v) €EE do
if Relax(u, v) then Update(v);
until PQ = @;
if d[(t] = +- then
Output <« Khéng cb6 dudng
else

«Truy vét tim dudng di tu s tédi t»

Vong lip repeat...until mdi 1an s& ldy mot dinh khoi hang doi wu tién va dinh lay
ra s& khong bao gio bi ddy vao hang doi vu tién lai nita. Vong lip for bén trong
xét trong tong thé ca chuong trinh s& duyét qua tit ca cac cung (u, v) cia do thi.
Vay thuét toan Dijkstra can thuc hién khong qua n phép Extract va m phép
Update véin 1 sb dinh va m 1a sé cung cta d6 thi.

Trong chuong trinh cai dat thuat toan Dijkstra dudi day toi sit dung Binary Heap
dé biéu dién hang doi wu tién, khi d6 thoi gian thyc hién giai thuat s& la
O(nlgn +mlgn). Ngoai ciu trac Binary Heap, nguoi ta cling da nghién ctru
nhiéu cau trac dit liéu hiéu qua hon dé biéu dién hang doi uu tién, chéng han
Fibonacci Heap[17], Relaxed Heap[11], 2-3 Heap[39], v.v... Nhiing c4u tric
dir liéu nay cho phép cai dat thuat toan Dijkstra chay trong thoi gian O(nlgn +
m). Tuy nhién viéc cai dat cac cAu truc dit lidu nay kha phuec tap, cac ban cé thé
tham khdo trong nhitng tai liéu khac.

DIJKSTRAHEAP.PAS v Thuat toan Dijkstra va ciu trac Heap

{$MODE OBJFPC}
program DijkstraShortestPathUsingHeap;

const
maxN = 10000;
maxM = 100000;
maxW = 100000;
maxD = maxN * maxW;
type

TAdjNode = record //Ciu tric nit ciia danh sdch ké
v: Integer; //Pinhké
w: Integer; //Trongsé cung twong irng

link: Integer; //Chisé niitké tiép trong cing danh sdch ké
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end;
THeap = record //Ciu triic Heap
Items: array[l..maxN] of Integer; //Cdcphan tirchira trong
nltems: Integer; //Séphdn tichira trong
Pos: array[l..maxN] of Integer;
//Pos[v] = vi tri ciia dinh v trong Heap
end;
var
adj: array[l..maxM] of TAdjNode; //Ming chira tit ci cdc niit
head: array[l..maxN] of Integer;
//head[u]: Chi sé niit ditng ddu danh sdch ké ciia u
d: array[l..maxN] of Integer;
trace: array[l..maxN] of Integer;
n, m, s, t: Integer;
Heap: THeap;
procedure Enter; //Nhap dirli¢u
var i, u: Integer;
begin
Readln(n, m, s, t);
FillChar (head[1l], n * SizeOf (head[1]), 0);
//Khéi tao cdc danh sdch ké rong
for i := 1 to m do
begin
ReadLln (u, adj[i].v, adjl[i].w);
//Poc mét cung (u, v) trong sé w, dwa v va w vao trong miit adj[i]

adj[i].link := head[ul; /Chén nitadjfi] vao diu danh sich ké ciia u
head[u] := 1i; //Cipnhdt chisé niitdirng diu danh sdch ké ciia u
end;

end;
procedure Init;
var v: Integer;
begin
for v := 1 to n do d[v] := MaxD;
d[s] := 0;
with Heap do //Khéitao Heap chi chira méi phin tir s
begin
FillChar (Pos[1l], n * SizeOf (Pos[1l]), 0);
Items[1l] := s;
Pos[s] := 1;




nlitems := 1;
end;
end;
function Extract: Integer; /Ldy dinhu cénhin dfu] nhé nhit ra khéi Heap
var p, ¢, v: Integer;
begin
with Heap do
begin
Result := Items[1l]; //TrivédinhégécHeap
v := Items[nItems]; //VunlgiHeap bing phép Down-Heap
Dec (nItems) ;
p := 1; //Bitdiutigoc
repeat
/Tim c la nut con chira dinh mang nhan khodng cdach nhé hon trong hai nit con
c :=p * 2;
if (¢ < nItems)
and (d[Items[c + 1]] < d[Items[c]]) then
Inc(c);
if (¢ > nItems)
or (d[v] <= d[Items[c]]) then Break;

Items[p] := Items[c]; //Chuyéndinhticlénp
Pos[Items[p]] := p; //Cap nhatvitri
P := c; //Pixuéng niitcon
until False;
Items[p] := v; //Pdtdinhv vao niitp ciia Heap
Pos|[v] := p; //Cap nhgtyvitri
end;

end;
procedure Update (v: Integer); //d[v]virabjcuc tiéu héa, té chirc lai Heap
var p, c: Integer;

begin
with Heap do
begin
c := Pos|[v]; //clavitriciadinhvtrong Heap
if ¢ = 0 then //Néuvchwa cétrong Heap

begin
Inc(nItems);
c := nltems; //Chovvao Heap ¢ vitri mgt nitla
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end;
repeat //Thuc hién Up-Heap
p := c div 2; //Xétniitcha ciiac

if (p = 0) or (d[Items[p]] <= d[v]) then Break;

//Dirng néu di xét 1én goc hogc gap vi tri diing

Items[c] := Items[p]; //Kéo dinh tinitcha xudng niitcon

Pos[Items[c]] := c; //Cipnhatvitri
c := p; //Pilén nitcha
until False;
Items[c] := v; //Ddtvvdonitc
Pos[v] := c; //Cipnhdtvijtri
end;
end;

function Relax(u, v: Integer; w: Integer):

//Phép co theo cgnh (u, v) trong s6 w
begin
Result := d[v] > d[u] + w;
if Result then
begin
dlv] := d[u] + w;
tracelv] := u;
end;
end;
procedure Dijkstra; //Thudttodn Dijkstra
var u, i: Integer;
begin
repeat
u := Extract; //Liyradinhu cé d[u] nhé nhdt
if (u = 0) or (u = t) then Break;
i := headl[u]; //Duyéttirdiudanh sdch ké ciia u
while i <> 0 do
begin
if Relax(u, adj[i].v, adj[i].w) then
//Néu thuc hign dwoc phép co
Update (adj[i].v); //Té chiiclgi Heap

Boolean;

i := adj[i].link; //Chuyén sang nit ké tiép trong danh sdch ké

end;
until Heap.nItems = 0;
end;




procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then
WriteLn ('There is no path from ', s, '
else
begin
WritelLn ('Distance from ', s, ' to ',

while t <> s do
begin
Write(t, '<-=');
t := tracelt];
end;
Writeln (s) ;
end;
end;
begin
Enter;
Init;
Dijkstra;
PrintResult;
end.

g) buong di ngdn nhat trén d6 thi khéng c6 chu trinh
Q Thudt toan

Xét trueong hop dd thi c6 hwéng, khong c6 chu trinh (Directed Acyclic Graph
- DAG), c6 mot thuat toan hiéu qua dé tim duong di ngin nhat dya trén ky thuat
sap xép To pd (Topological Sorting), co s cia thuat toan dua vao dinh 1y: Néu
G = (V,E) 1a mot DAG thi cac dinh ciia n6 c¢6 thé danh sé sao cho mdi cung cua

G chi no1 tur dinh ¢co6 chi s0 nhd hon dén dinh co6 chi so 16n hon.
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Hinh 2.2. Phép dinh chi sé lai theo thir tw t6 pé

Phép danh sb theo thtr ty t6 pd dd duoc trinh bay trong thuat toan Kosaraju-
Sharir (Error! Reference source not found., Muc Error! Reference source
not found.): Dung thuit toan tim kiém theo chiéu sdu trén d6 thi ddo chiéu va
danh sd cac dinh theo thir tu duyét xong (Finish).

procedure TopoSort;
procedure DFSVisit (VEV) ;
//Thuiit todn tim kiém theo chiéu sdu tir dinh v trén db thj dio chiéu
begin
avail[v] := False; /avail[v] = False < v di thim
for Yu €V: (u, Vv)€EE do /Duyétmeidinhv chwa thim néi dén u
if avail[u] then
DFSVisit (u); /Goidé quy dé tim kiém theo chiéu siu tiv dinh u
«banh s& v»; /Ddnh sé v theo thir tw duyét xong
end;
begin
for Vv €V do avail[v] := True; /Pdnh diu moidinh déu chua thim
for Vv €V do
if avail[v] then DFSVisit (v);
end.

Mot cach khac dé danh sb theo thir tu t6 po 1a sir dung thuét toan tim kiém theo
chiéu rong: Vi mdi dinh v ta tinh va luu trit deg™[v] 13 ban bac vao cua nd. St
dung mot hang dgi chira cac dinh c6 ban bac vao bé“lng 0 (dinh khong c6 cung di
va0). Sau d6 ctr 14y mot dinh u khoi hang doi, danh sé cho dinh u d6 va xda
dinh u khoi db thi. Viéc xoa dinh u khoi d6 thi twong dwong véi viée giam tat ca
cac deg~[v] cua nhitng dinh v ndi tir u di 1, néu deg~[v] bi giam vé 0 thi day v
vao hang doi dé cho...Qua trinh danh s6 s& két thuc khi hang doi rong (tat ca
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cac dinh déu da dugc danh sé tht ty moi). Phuong phép nay tuy cai dat co dai
dong hon va cham hon mét chit nhung khong can sir dung dé quy.

Néu cac dinh duge danh s6 sao cho mdi cung phai ndi tr mdt dinh t&i mot dinh
khac mang chi s6 1on hon thi thuat toan tim duong di ngén nhét c6 thé thuc hién
kha don gian:

Init;
for v := s + 1 to t do
for Vu: (u, v) EE do Relax(u, Vv); //Cotheo cdccung néitéiv

Co thé thiy rang sau mdi budc lip véi dinh v, nhin d[v] khong thé co thém
duogc nira (d[u] = 6(s,u)).

Q Cai dat

Vi muc tiéu cua chung ta chi can tim dudng di tir s t&i t, vi thé ching ta chi can
danh s6 thtr tu t6 pd cho nhitng dinh dén duoc t bang 101 goi DFSVisit(t),
nhirng dinh dén duoc tir t (c6 thi ty t6 pd 16m hon t) s& bi bo qua.

Céch cai dat thong thuong nhit dé tim duong di ngan nhat trén d6 thi khong ¢
chu trinh 1 tach biét hai pha: Sap xép t6 pd va tbi wu nhin. Pha sip xép t6 pd
trude hét thuc hién tim kiém theo chiéu sau trén dd thi dao chiéu bang 101 goi
DFSVisit(t). Mdi khi mét dinh duoc duyét xong (danh sé thtr ty t6 pd), nd sé
dugc day vao mot hang doi. Pha t6i vu nhén lan luot liy cac dinh ra khoi hang
doi (theo dung tht ty t6 pd) va thuc hién phép co theo tit ca cac cung ndi toi
dinh vira 14y ra. Cach cai dit nay c6 vu diém 13 kha sang sua, trong truong hop
ma ta bé qua dugc khau sip xép t6 pd hodc co thé xac dinh tht tu t6 pd biang
mot cach don gian hon, chuong trinh tré nén rat gon.

Tuy nhién néu ta phai giai quyét bai toan tong quat bao gdm ca hai pha sip xép
t6 pd va toi uu nhian thi c6 thé khéo 160 16ng pha t6i wu nhan vao pha sip xép to
pd: Trudce khi dinh v dugc danh sé (duyét xong), ta thuc hién tat ca cac phép co
theo cac cung (u, v) v6i moi dinh u ndi dén v.

SHORTESTPATHDAG.PAS v Pudng di ngin nhat trén DAG

{$MODE OBJFPC}
program DAGShortestPath;
const

maxN = 10000;
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maxM = 100000;

maxW = 100000;

maxD = maxN * maxW;
type

TAdjNode = record //Ciu tric niit ciia danh sdch ké dang reverse star
u: Integer; //Pinhké
w: Integer; //Trongsé cung twong irng
link: Integer; //Chisé niitké tiép trong cing danh sdch ké
end;
var
adj: array[l..maxM] of TAdjNode; //Ming chira tit ci cdc nit
head: array[l..maxN] of Integer;
//head[u]: Chi sé niit diing ddu danh sdch ké ciia u
d: array[l..maxN] of Integer; //Nhdnkhoding cdch
trace: array[l..maxN] of Integer; //Vét
avail: array[l..maxN] of Boolean;
n, m, s, t: Integer;
procedure Enter; //Nhdp ditli¢u
var i, v: Integer;
begin
Readln(n, m, s, t);
FillChar (head([1l], n * SizeOf (head[1]), 0);
for i := 1 to m do
begin
ReadLn (adj[i] .u, v, adjl[i].w);
//Poc mét cung (u, v) trong sé w, dwa u va w vao trong nuit adj[i]

adj[i].link := head([v]; /Chén nitadjfi] vio diu danh sich ké ciia v
head([v] := 1i; //Cipnhdt chisé niit dirng didu danh sdch ké ciia v
end;

end;
procedure Init;
var v: Integer;

begin
FillChar(avail[l], n * SizeOf (avail[l]), True):;
for v := 1 to n do d[v] := maxD;
d[s] := 0;

end;

procedure Relax(u, v: Integer; w: Integer);




begin
if (d[u] < maxD) and (d[v] > d[u] + w) then

begin
d{v] := d[u] + w;
tracel[v] := u;
end;
end;

procedure DFSVisit (v: Integer); //DFStréndo thidio chiéu
var i: Integer;

begin
avail[v] := False;
i := head[Vv];

while i <> 0 do //Duyétdanh sdch cdc dinh noi dén v
begin
if availladj[i].u] then
//adj[i].u la mgt dinh néi dén v, néu adj[i].u chwa thdm thi di thdm,
DFESVisit (adj[i].u); /sau loigeinay dladjfil.u] sé bang (s, adjfi].u)
Relax (adj[i].u, v, adj[i].w);
//Thwe hién luén phép co (adjfi].u, v)
i := adj[i].link; //Nhdiy sang niit ké tiép trong danh sdch ké
end;
end; //Khi thii tuc két thiic, d[v] sé bang 8(s,v)
procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then
WriteLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn('Distance from ', s, ' to ', t, ':

while t <> s do
begin
Write(t, '<-=");
t := tracelt];
end;
WriteLn (s);
end;

end;
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begin
Enter;
Init;
DFSVisit (t) ;
PrintResult;
end.

Thoi gian thyc hién giai co thé danh gia qua thoi gian thyc hién giai thuat DFS,
ttrc 1a bang O(|E|) khi d6 thi duoc biéu dién boi danh sach ké.

1.3. Duong di ngd'n nhit gitra moi cap dinh

Trong mjt sb tmg dung thyc té, doi khi ngudi ta ta co nhu cau tinh san diwong di
ngdn nhat gitta moi cdp dinh ctua do thi (all-pairs shortest paths) dé tra 10i
nhanh nhiing truy van tim duong di ngin nhat ma khong can thyc hién lai thuat
toan. RS rang ta co thé ap dung thuat toan tim dudng di ngan nhat xuat phat tir
mdt dinh v&i n luot chon dinh xuét phat, nhung nhirng thuat toan trong muc nay
c6 thé thue hién nhanh hon va don gian hon nhiéu.

a) Thuat toan Floyd

Cho don dd thi c6 huéng, c6 trong s G = (V,E) v6in dinh va m cung. Thuét
toan Floyd tinh tit ca cac phan tir cia ma trdn khoang cach D = {d,,},,xn. trong
d6 d[u, v] 1a khoang cach tur u ti v. Cach lam tuong ty nhu thuét toan Warshall
dé tim bao dong dd thi: tr ma tran trong s6 W = {(w[u, v]}xn, trong do
wv,v] = 0,Vv € V, thuat toan Floyd tinh lai cdc w[u, v] thanh d6 dai duong di
ngén nhét tir u téi v theo cach sau: Vi Vk € V duge xét theo thtr tu tir 1 téi n,
thuat toan xét moi cip dinh u, v va cuc tiéu hoa wlu, v] theo cong thirc:

wlu, V] = min{w([u, v]g, wlu, k] + wlk, v]} (1.4)

Tt 12 néu nhu dudng di tir u t6i v dang co lai dai hon dudng di tir u t6i k cong
vo1 duong di tu k téi v thi ta huy bo duong di tur u to1 v hién thoi va coi duong
di tir u t&i v s& 1 ndi cua hai duong di tir u toi k rdi tir k toi v:

for k := 1 to n do
for u := 1 to n do
for v := 1 to n do

wlu, v] := min(w[u, v], wl[u, k] + wl[k, Vv]);
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Q Tinh ding ciia thudt toan

Goi 6, (u,v) 1a do dai dudong di ngin nhat tir u t6i v ma chi di qua cac dinh

trung gian thudc tap {1,2,..,k}. RO rang khi k =0 thi §y(u,v) = wlu, v]

(duong di ngin nhat 1a dudng di truc tiép khong qua dinh trung gian nao).

Néu duodng di ngin nhit tir u téi v ma chi qua cac dinh trung gian thudc tip

{1,2, ..., k} lai:

e Khong di qua dinh k, tic 1a chi qua cic dinh trung gian thudc tap
{1,2, ...,k — 1} thi 8, (u, v) = 81 (u, v).

e (o di qua dinh k, thi duong di d6 s& 1a ndi cia mot dudng di ngan nhét tir u
t6i k va mot duong di ngin nhét tir k t6i v, hai duong di nay chi di qua cac
dinh trung gian thudc tap {1,2,..,k — 1}, vay 8,(uw,v) = 8p_1(u, k) +
6}(—1 (k, U).

Vi ta mudn &, (u, v) nho nhit nén suy ra:
51{ (u' 17) = min{ak—l(u' U), 6k—1(ur k) + 6k—1(k1 17)} (1 5)

Cudi cung ta quan tim tdi cac 8, (u, v): Do dai dudng di ngin nhét tir u téi v ma
chi di qua cac dinh trung gian thudc tap {1,2, ..., n}, tic la khoang cach gitta u va
v: §(u, v).

Ta s& ching minh rang sau mdi budc lip cua vong lap “for k...”, thi:
wlu, v] < 6, (u, v) (1.6)

Phép ching minh dugc thyc hién quy nap theo k. Ky hiéu wy [u, v] 1a gia tri
wlu, v] sau vong lap tht k, khi k = 0 thi nhu da chi ra & trén, wylu,v] =
8o(u, v). Gia st bt ding thirc ding véi k — 1, trudc hét dé thdy rang cac
w(u, v] s& duoc toi wu hoa giam dan theo timg bude. Tir cong thic (1.5), ta co:

6r(u, v) = min{&p_1(u, v), 81 (u, k) + 8,_1(k,v)
2wp-1(Wv)  zwi_ (k) 2wg-1(k,v)

> wy[u, v]

Mit khac co thé thay thuat toan Floyd tim dugc w,[u,v] 13 do dai cia mot
duong di tir u toi v. Tac 1a wy[u, v] = 6,,(u, v). T nhiing két qua trén suy ra
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khi két thuc thuat toan, wy,(u, v) = 6,(u, v) = §(u, v) 1a do dai duong di ngin

nhét tlr u t6i v.

Q Cai dat

Ta s€ cai dat thuat toan Floyd trén dd thi ¢o6 huong g@)m n dinh, m cung véi

khuon dang Input/Output nhu sau:

Input

e Dong | chira sé dinh n < 103, s6 cung m < 10° cua db thi, dinh xuét phat
s, dinh cén dén t.

e m dong tiép theo, mdi dong co dang ba sé u, v, w, cho biét (u,v) 1a mot
cung € E va trong sd cua cung d6 1a w (w 1a sb nguyén c6 gia trj tuyét doi
< 10°)

Output

DPuodng di ngan nhit tir s t6i t va do dai duong di do.

Sample Input Sample Output

6 714 Distance from 1 to 4: 15
121 1->2->3->6->5->4

10
2
20
3
5
4

o U W W N -
U B oY B W oY N

Thuét toan Floyd chi can thuc hién mot 1an trén dd thi va khi can tim duong di
ngdn nhit gitra mot cap dinh khac, ta chi can do dudng dya trén ma tran khoang
cach ma thoi. Trén thuc té nguoi ta thuong két hop véi mot co ché luu vét dé tra
16i nhanh nhiéu truy vin vé duong di ngan nhat: Goi trace[u,v] 1a dinh dung
lién sau u trén duong di ngin nhat tir u téi v. Sau mdi phép cuc tiéu hoa
clu,v] = c[u, k] + c[k, v] (dudng di ngin nhat tir u téi v phai di vong qua k), ta
cap nhat lai vét trace[u, v] = trace[u, k.
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IO

FLOYD.PAS v’ Thuét toan Floyd

{$MODE OBJFPC}
program FloydAllPairsShortestPaths;

const

maxN = 1000;

maxW = 1000;

maxD = maxN * maxW;
var

w: array[l..maxN, 1..maxN] of Integer; //Ma trintrongsé
trace: array[l..maxN, 1..maxN] of Integer; //Vét
n, m, s, t: Integer;
procedure Enter; //Nhdp dili¢u, cdc canh khéng c6 dwoc gdn trong sé +00
var

i, u, v, weight: Integer;

begin
ReadLn(n, m, s, t);
for u := 1 to n do
for v := 1 to n do
if u = v then wlu, v] := 0
else wlu, v] := maxD;
for i := 1 tom do
begin

ReadLn (u, v, weight);

if w[u, v] > weight then

//Phong trwong hop nhidu cung néi tiv u t6i v (da do thi)

wl[u, v] := weight; //Chighinhdn cung trong sé nhé nhit
end;

end;
procedure Floyd;
var k, u, v: Integer;

begin
for u := 1 to n do
for v := 1 to n do tracelu, v] := v;
//Khéi tgo dwong di ngin nhat la dwong di triec tiép
for k := 1 to n do
for u := 1 to n do
if wlu, k] < maxD then

for v := 1 to n do
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if (wlk, v] < maxD)
and (w[u, v] > w[u, k] + w[k, v]) then
begin //Cuc tiéu héa c[u, v]
wlu, v] := wlu, k] + wlk, Vv];
//Ghi nhdn dwong di vong qua k
tracelu, v] := tracelu, k]; //Lwuvét
end;
end;
procedure PrintResult; //Inkétqui
begin
if w[s, t] = maxD then
WriteLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn ('Distance from ', s, ' to ', t, ':

while s <> t do
begin
Write(s, '->');
s := tracels, t];
end;
WritelLn (t) ;
end;
end;
begin
Enter;
Floyd;
PrintResult;
end.

D& thay rang thoi gian thyc hién giai thuat Floyd 1a ©(n®) va chi phi b nhé 1a
0(n?).
b) Thuat toan Johnson

Trong trudng hop G = (V,E) 1a d6 thi thwa gdm n dinh va m canh: m < n?,
thuat toan Johnson tim duong di ngin nhét gitra moi cip dinh hoat dong hiéu
qua hon thuat toan Floyd. Ban chit cua thut toan Johnson 1a thuc hién thuat
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toan Bellman-Ford dé gan lai trong s6 va thuc hién tiép thuat toan Dijkstra dé
tim duong di ngan nhat.
Néu d6 thi khéng co canh trong s6 am, ta c¢6 thé thuc hién thuat toan Dijkstra n
lan voi cach chon lan lugt n dinh 1am dinh xuat phat. Bang cach két hop v&i mot
hang doi uu tién dugc to chic dudi dang Fibonacci Heap, thoi gian thuc hién
mot 1an thuat toan Dijkstra 1a O(nlgn + m), va nhu vay ta c6 thé tim duong di
ngan nhat giita moi cip dinh trong thoi gian 0(n?lgn + mn).
Néu dd thi c6 canh trong s am nhung khong c6 chu trinh am, thut toan
Johnson thyuc hién mot ky thuat goi 1a gdn lai trong sé (re-weighting). Tuc 13
trong sb w: E — R s& duogc bién d6i thanh trong s6 W: E - R thoa man hai diéu
kién sau day:
e V6imoi cip dinh u, v € V, dudng di P 1a dudng di ngdn nhit tr u t6i v tng

v6i trong s6 w néu va chi néu P ciing 1a dudng di ngin nhét tir u t6i v Gng

v6i trong s W
e Véimoicanhe € E, trong sb w(e) 1a mot ) khong am
Dinh ly 1-2
Cho @6 thi G = (V, E) véi trong sé w: E = R. Goi h: V - R 1a mot ham gan cho
mdi dinh v mét sé thue h(v). Xét trong sé w: E - R dinh nghia bai:

w(u,v) =w(u,v) + h(u) — h(v)
Xét p = (Vg, Uy, ..., Vg ) 12 mot dudng di tir v, t6i vy, khi d6 p 1a duong di ngin
nhit tir v t6i v, v6i trong s& w néu va chi néu p 1a duong di ngin nhét tir v, t6i
vy, v6i trong s& W. Hon nita G c6 chu trinh 4m twong tng véi trong sé w néu va
chi néu G ¢6 chu trinh 4m véi trong s6 W.
Chirng minh

Ky hiéu w(p) va Ww(p) lan luot 1a d6 dai duong di p véi trong s6 w va w. Ta c6

w(p) W(w;_1,v;)

Il
-
= 1 Ma-
Juy

= (W(Uz’—p v) + h(v;_1) — h(v))

i=1
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Dinh Iy 1-3

k
= <Z w(v;_q, Ui)) + h(vo) — h(vy)

=w(p) + h(vo) — h(vy)
Viy qua phép bién dbi trong s6, do dai moi duong di tir v, t&i v, s& duoc cong
thém mot lwong h(v,) — h(v,). Hay néi cach khac, duong di nao ngin nhat véi
trong s w ciing 1a duong di ngan nhat véi trong sb W.
Néu p 1a mot chu trinh, vy, = vy, ta suy ra Ww(p) = w(p). P dai ciia chu trinh
dugc bao toan qua phép bién doi trong sd, tirc 1a G ¢d chu trinh Am vdi trong sé w
néu va chi néu G ¢ chu trinh 4m v&i trong sb W.
Muc tiéu tiép theo 1a chi ra mot phép gan trong s6 méi cho dd thi G dé dam bao
céc trong s6 khong 4m. Néu G khong c6 chu trinh 4m ta thém vao d6 thi mot dinh
gia s va cac cung ndi tir dinh s ti tit ca cac dinh con lai ciia d6 thi, trong sd cua
cac cung nay dugc dat bang 0. Do dinh s khong c¢6 cung di vao, do thi méi tao
thanh ciing khong c6 chu trinh am. Thyc hién thuét toan Bellman-Ford trén dd thi
moi véi dinh xuit phat s dé xac dinh cac h[v] = 8(s,v) 1a do dai duong di ngin
nhit tir s t6i v twong ng véi trong sb c.

Trong s6 W:E — R xac dinh boi w(u, v) = w(u, v) + h[u] — h[v] la mot ham

trong s6 khong am.

Chirng minh

Khi thuat toan Bellman-Ford két thuc, s& khong ton tai mot canh (u, v) nao ma
h(v) > h(u) + w(u,v)

hay né6i cach khac, vdi moi canh (u, v) cta db thi, ta co

w(u,v) +h(uw) —h(w) =0

Cac nhan xét ké trén, dac biét 1a Pinh 1y 1-2 va DPinh ly 1-3, cho ta mé hinh cai
dat thuat toan Johnson:
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Thém vao d6 thi mot dinh s va cac cung trong sd 0 ndi tir s toi tat ca cac
dinh khac, dung thuat toan Bellman-Ford tinh cac h[v] l1a d0 dai duong di
ngan nhét tr s t6i v. Thoi gian thuc hién giai thuat O(nm)

Loai bé s va cac cung mdi thém vao khoi d6 thi, gan lai trong sb
canh w(u,v) := w(u,v) + h[u] — h[v] véi moi canh (u,v) € E. Thoi gian
thuc hién giai thuat @(m)



e Lan luot lay cic dinh v € V 1am dinh xuat phat, thyc hién thuét toan
Dijkstra dé tim dudng di ngin nhat tir v toi tat ca cac dinh khac. Thoi gian
thuc hién giai thuat 0(n? gn + nm) néu str dung Fibonacci Heap

Vay thuat toan Johnson tim dudng di ngin nhat gitta moi cip dinh c6 thé thuc

hién trong thoi gian O(n?lgn + nm). Thuat toan dya trén hai thuat toan da biét

dé tim duong di ngin nhat xuat phat tir mot dinh, viéc cai dit xin danh cho ban
doc.

1.4. Mt s6 chii y

O mot sd chuong trinh trong bai, doi khi ta st dung ma tran trong s6 va dem
trong s6 4o gan cho nhiing canh khong cé trong do thi ban dau, hay khi khoi
tao cac nhan khoang cach, ching ta thuong gan d[v] = 4o va cyc tiéu hoa dan
cac nhan do6. Trén may tinh thi khong c6 khai niém troru tuong +o0o nén ta sé
phai chon mot sb duong maxD du 16n dé thay. Nhu thé nao 1a da 16n?. S6 d6
phai du 16n hon tat ca trong sb cia cac dudng di don dé cho du duong di that co
tdi t& dén dau van tot hon duong di truc tiép theo canh tudng twong ra do.

Trong trudng hop dd thi c¢6 canh trong sb am, can can than véi phép cong trong
s6: Néu mot trong hai hang tir 1a maxD, ta coi nhu tong bang maxD (C + o =
o) va khong can cong nira. Ly do thir nhét 13 dé han ché 15i tran s6 khi hang sb
maxD trong bai toan cu thé qua 16n, 1y do thw hai 13 dé khong bi tinh sai khi
cong maxD voi mot s6 am duoc két qua < maxD, khi do rat co thé d[t] <
maxD mic du khong ton tai dudng di tir s t6i t.

Nhiing thuat toan tim duong di ngén nhat boc 10 rt rd uvu, nhuge diém trong
ting trudong hop cu thé (Vi du nhu s6 dinh ciia d6 thi qua 16n 1am cho khong thé
biéu dién bang ma tran trong sd thi thuat toan Floyd s& gip khé khin, hay thuat
toan Ford-Bellman lam viéc kha cham). Vi vay can phai hiéu ban chat va thanh
thao trong viéc cai dat tAt ca cac thuét toan trén dé co thé s dung chung mot
cach uyén chuyén trong ting bai toan thuc té.
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Cho dd thi c6 huéng G = (V, E) khong c6 chu trinh am, hay tim thuét toan
O(|V||E|) dé tinh tat ca cac 6*(u) = minye, {8(u, v)}
Cho d6 thi ¢6 huéng G = (V, E) gdm n dinh va m cung, hiy tim thuét toan
0(nm) dé xac dinh do thi c¢6 chu trinh am hay khong va chi ra mot chu
trinh 4m néu co.
Goi y: Thyc hién thuat toan Bellman-Ford (téi dan —11lan quét danh sach
canh va thyc hién phép co), sau do ta quét lai danh sach canh xem c6 thé
thuc hién duoc phép co nao nita hay khong. Néu con cé thé co theo canh
(u, v) nao do, ta két luan d6 thi c6 chu trinh 4m va thuc hién phép co nay,
sau d6 lan nguoc vét duong di tir dinh v, néu qua trinh lan vét di lap lai
mét dinh x nao do, ta cé6 mot chu trinh bt dau va két thic & dinh x.
Hé rang budc: Cho x4, X5, ..., X,, 12 cac bién sd, cho m rang budc, mdi rang
budc co6 dang:

Xj — Xj < Wij, (WU € R)
Vén dé dit ra 1a hiy tim cach gan gia tri cho cac bién x4, x5, ..., x,, thoa
man tit ca cac rang budc da cho.
Goi y: Co nhiéu vi du vé hé rang bugc trén thuc té, ch:fmg han mdt cong
trinh xay dyng c6 n cong doan. Vi ly do ky thuat, mot cong doan x; khong
duoc bat ddu mudn hon w; ; thoi gian so véi cong doan x;. Rang budc nay
c6 thé viét duoi dang Xj — x; < wij. Mot dang rang budc khac la cong
doan x; phai bit dau sau khi cong doan x; bat ddu dugc it nhat w; j thoi
gian, rang budc ndy ciing c6 thé viét dudi dang Xj — x; = w;j hay x; —
Xj < —W; j-
Coi mdi bién 12 mot dinh ctia d6 thi, mdi rang budc x; — x; < w;; cho
tuong trng voi mdt canh (xl-, xj) c6 trong sd w; ;- Khi do néu dd thi c6 chu
trinh am thi khong ton tai giai phap. That vay, gia st ton tai chu trinh am,
khong giam tinh tong quat, gia sit chu trinh am 46 la C =
(X1, X2, eue) Xj, X1), ta co

Xy — X1 S Wy



24.

X3 — Xy < Wp3

X1 — X S Wiy

Tong vé trai ciia cac bat dang thuc trén bang 0 va tong vé phai chinh la
trong s6 ctia chu trinh (d4m), bat dang thic 0 < w(c) < 0 khong thé duoc
thoa man.

Néu dd thi khong c6 chu trinh am, ta thém vao mot dinh s va cac cung ndi
trong s6 0 tur s toi moi dinh khac. Dung thuat toan Bellman-Ford dé tim
duong di ngan nhat tir s, khi d6 cac nhan d[x;] = 6(s,x;) chinh 1a mot
cach gan gia tri thoa man tit ca cac rang budc. Hon nita cach nay con lam
khoang gia tri gan cho céac bién 1a hep nhét:
sl = min, G} — min

(Cai tién ciia Yen cho thuat toan Bellman-Ford) Vé&i d6 thi c6 hudng
G = (V,E) gdm n dinh, ta ddnh sb cic dinh tir 1 t6i n, chia tap canh E lam
hai tp con: E; gdm céac cung ndi tir dinh c6 chi s6 nho t6i dinh c6 chi sb
16n va E, gdbm cac cung ndi tir dinh ¢ chi s6 16n téi dinh c6 chi sé nho.
bit G, = (V,E;) va G, = (V, E,), hai @6 thi nay 1a do thi c6 huéng khong
¢6 chu trinh dugc biéu dién bang danh sach ké.

Thuat toan Bellman-Ford sau d6 duoc thuc hién nhu sau:

Init;
repeat
Stop := True;
for u := 1 ton - 1 do
for Vv: (u, v)€EELl do
if Relax(u, v) then Stop := False;
for u := n downto 2 do
for Vv: (u, v)EE2 do
if Relax(u, v) then Stop := False;

until Stop;

Bén trong vong lip repeat...until 13 hai pha t6i uvu nhan: pha tha nhat xét
cac dinh theo thir ty ting dan con pha thir hai xét cac dinh theo thir ty giam
dan cua chi s6. Mdi khi mot dinh duogc xét va thuc hién phép co theo tat ca
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2.5.

2.6.
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cac cung di ra khoi u, mdi pha thyc hién twong tu nhu thuit toan tim
duong di ngin nhat trén d6 thi khong ¢ chu trinh.

Chi ra rang vong lap repeat...until trong cai tién ciia Yen lip khong qua
[n/2] 1an. Cai dat thut toan va so sanh v&i cach cai dat chuan cua thuat
toan Bellman-Ford.

Arbitrage 12 mot cach str dung su bat hop 1y trong hdi doai tién té dé kiém
16i. Vi du néu 1$ mua duge 0.7£, 1£ mua duoc 190¥, 1¥ mua dugc 0.009$
thi tr 18, ta c6 thé ddi sang 0.7£, sau do6 sang 0.7x190=133¥, roi ddi lai
sang 133x0.009=1.197$. Kiém duoc 0.197$ lai.

Gia sir rang c6 n loai tién té danh s tir 1 t6i n. Bang R = {rij}nxn cho biét
ti 16 hdi doai: mot don vi tién i ddi duge r;j don vi tién j. Hay tim thuat
toan dé xac dinh xem c6 thé kiém 151 tir bang ti gia hdi doai nay bing
phuong phép arbitrage hay khong? Néu co thé sir dung arbitrage, hiy chi
ra mot cach kiém 10i.

(Thuat toan Karp tim chu trinh c6 trung binh trong sé nhé nhit) Cho d6 thi
c6 huéng G = (V,E) gém n dinh, ham trong sd w:E - R. Ta dinh nghia
trung binh trong s6 cia mot chu trinh € gdm cac canh (ey, ey, ..., ex) 1a:

k
1
k(€)= 2 ) wiep

# = min{u(C)}

Khi d6 chu trinh € ¢6 u(C) = p* goi 1a chu trinh co trung binh trong sd
nho nhat (minimum mean-weight cycle). Chu trinh c6 trung binh trong sb
nho nhat c6 nhiéu ¥ nghia trong cac thuat toan tim ludng véi chi phi cuc
tiéu.

Khong gidm tinh téng quat, gia st moi dinhv €V déu dén duoc tir mot
dinh s € V (Ta c6 thé thém mot dinh gia s va cung trong s6 0 ndi tir s t6i
moi dinh khéc, s khong ndm trén chu trinh don nao nén khong anh hudng
t6i tinh ding ddn cua thuat toan). Pat §(v) 1a 6 dai duong di ngan nhat tir
s t6i v. Dit 8, (v) 1a do dai dudng di ngin nhat trong sb cac duong di tir s



2.7.

t6i v qua dung k canh (ta c6 thé thém vao cic cung trong sd du 1on dé véi
moi cdp dinh u, v ludn ton tai cung (u,v) va (v,u), viéc tim chu trinh
trung binh trong s6 nhé nhéat khong bi anh huong boi nhing cung thém
vao va &y (v) ludn la gia tri hiru han).

a) Chirg minh rang néu u* = 0, d6 thi G khong c6 chu trinh 4m va:

o(v) = Osrl‘?slrrll_l{Sk(v)},Vv EV

b) Chirng minh rang néu u* = 0 thi

On(v) — 6 (v)
ax
0<ksn—-1 n—k

=>0,YveV

(Goi y: St dung két qua cau a)
¢) Goi C 1a mdt chu trinh trong s6 0, u, v 1a hai dinh nidm trén C, gia su
u*=0vaxla dd dai duong di tu u téi v doc theo chu trinh €. Chung
minh rang

d(v) =6(u) +x
d) Chirng minh rang néu u* = 0 thi trén mdi chu trinh trong s6 0 sé& ton tai
mot dinh v sao cho:

80() = 6 (v) _

0<k<n—1 n—=k 0
e) Chtng minh rang néu u* = 0 thi
. 0, (v) — 6 (v)
min max =0
VeV 0<ksn-1 n—=k

f) Chi ra rang néu chung ta cong thém mot hang sé A vao tit ca cac trong
s6 canh thi pu* ting 1én A. Str dung tinh chat nay dé chimg minh rang

. . On(v) = 6, (v)
W' = min max
vEV 0<k=n—1 n—=k

g) Tim thuat toan O(||V||E|) va 1ap chuwong trinh dé tinh p* va chi ra mot
chu trinh c6 trung binh trong sé nho nht.

Trén mit phang cho n duong tron, dudng tron thi i duoc cho boi bd ba s6
thue (x;, 5, 77), (x;, ;) 1a toa d6 tdm va r; 1a ban kinh. Chi phi di chuyén
trén mdi duong tron bang 0. Chi phi di chuyén gitta hai dudng tron bing
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khoang cach giita chung. Hiy tim phuong an di chuyén giita hai dudng
tron s, t cho trude voi chi phi it nhat.

Thuat toan Dijkstra c6 thé sai néu dd thi ¢ canh trong s6 4m, hay chi ra
mot vi du.

Cho d6 thi vo hudéng G = (V, E) ¢6 n dinh va m canh, cac canh co trong s6
1a s6 nguyén trong pham vi tir 0 téi k. Hay thay d6i thuat toan Dijkstra dé
duoc thuit toan O(kn + m) tim duong di ngin nhat xuat phat tir mot dinh
seV.

Goi y: Dé y rang néu mot nhin d[v] < +oo thi nhin nay phai 1a s6 nguyén
nam trong khoang [0 ... (n — 1) X k], d6ng thdi néu xét nhin khoang cach
ciia cac dinh lay ra khoi hang doi wu tién thi cic nhin khoang cach nay
dugc sip xép theo thir tw khong giam. Ta t6 chirc hang doi wu tién dudi
dang bang bam: q[0 ...(n — 1) X k] trong d6 g[x] 12 chét cua mot danh
sach moc ndi chira cac dinh v ma d[v] = x. Khi d6 cic phép chén, cap
nhat trén hang doi wu tién chi mat thoi gian 0(1). Phép ldy ra mot phan tir
trong hang doi wu tién tinh téng thé mat thoi gian 0(kn).

Tuong tu nhu Bai tap 2.9 nhung hay tim mot thuat toan O((m + n) log k)

Goi y: Dé ¥ rang tai mdi budc cia thuat toan Dijkstra, co tbi da k + 2 gia
tri khac nhau cuia cac nhin d[v] trong hang doi uvu tién. Mdi gia tri x s&
cho twong tmg véi mot danh sach moéc cac nat v ma d[v] = x, cac cht
cia danh sach moc ndi duge luwu trir trong mot Binary Heap, khi d6 cac
phép diy vao, ldy ra, co nhin khoang cach duoc thuc hién trong thoi gian
O(logk).
(Thuat toan Gabow) Xét d6 thi G = (V,E) c¢6 céc trong sd canh 1a sb tu
nhién: w: E — N. Gia sir rang tir dinh xuat phat s ¢6 duong di tdi moi dinh
khac. Goi k 1a trong s6 16n nhit cua cac canh trong E. Goi z = [lg(k +
1)], khi @6 trong s6 mbi canh c6 thé duoc biéu dién bang mot diy z bit.
Véi mbi canh e € E mang trong sé w(e), ta ky hiéu w;(e) 1a s6 tao thanh
bang i bit dau tién cua w(e), tic la:

w;(e) = w(e) div277,, (Vi = 1,2, ..., 2).
Viduz =5vaw(e) =11 =01011,. Ta co:



Wl(e) = 0(2) =0

Wz(e) = 01(2) =1

W3(€) = 010(2) =2

W4(€) = 0101(2) = 5

ws(e) = 01011, = 11
Pinh nghia 6;(s,v) 1a 46 dai duong di ngan nhat tir s t6i v trén d6 thi G
véi ham trong sé w;. R& rang w,(e) = w(e) nén 8,(s,v) = 8(s, v) véi
Vv eV.
a) Gia sir rang 6(s,v) < |E| v6i moi dinh v c6 duong di tir s, tim thuat
toan O(|E|) dé xac dinh tat ca cac 6(s,v). (Goi y: St dung hang doi wu
tién nhu trong Error! Reference source not found.).
b) Ching minh ring cac 8;(s, v) c6 thé tinh duoc trong thoi gian O(|E]).
(Goi y: Chl y rang cac trong s6 wy (e) € {0,1}).
¢) Chi ra rang voi moi i = 2,3,...,z: w;(e) = 2.w;_4(e) hodc w;(e) =
2.w;_,(e) + 1. Tir @6 chirg minh rang:

2.8;_1(s,v) < 6;(s,v) < 2.6;_1(s,v) + |V]|
(Goi y: B dai dwong di ngdn nhdt tir s t6i v sé nhan déi néu ta nhdn doi
cdc trong sé canh)
d) Vi moi canh e = (u, v) € E, dinh nghia:
w;(e) =w;(u,v) =w;(u,v) +2.6;_1(s,u) — 2.6;,_,(s,v)
Chung minh rang véi moi duong di p:u ~ v, ta co:
wi(p) = wi(p) +2.8;_1(s,u) — 2.6;_1(s,v)
e) Pinh nghia §;(s, v) 1a d6 dai dudng di ngin nhat tir s t6i v trén d6 thi G
v6i ham trong s6 w;. Chimg minh rang v6i i = 2,3, ...,z va Vv € V:
5;(s,v) = 6;(s,v) — 2.8;_1(s,v) < |E|

f) Tim thuat toan tinh céac §;(s, v) tir cac 6;_, (s, v) trong thoi gian O(|E]).
Ttr &6 chting minh rang c6 thé tim duong di ngin nhat trén d6 thi G trong
thoi gian O(|E|.z) = O(|E|lgk).
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2.12.

2.13.

2.14.

2.15.

Cho mdt bang cac s6 tu nhién kich thuéc m x n. T mot 6 co thé di
chuyén sang mot 6 ké canh véi nd. Hiy tim mét cach di tir 6 (x, y) ra mot
6 bién sao cho tong cac s ghi trén cac 6 di qua 1a nho nhit.

Cho mét diy sé nguyén A = (ay,a,, ..., a,). Hiy tim mot diy con gom
nhiéu nhét cac phan tir ciia ddy di cho ma téng cta hai phan tir lién tiép 1a
s6 nguyén to.

Mot cong trinh 16n dugc chia lam n cong doan. Cong doan i phai thuc
hién mat thoi gian t;. Quan hé gilta cic cong doan duoc cho bai bang
A= {aif}nxn trong d6 a;; =1 néu cong doan j chi dugc bat dau khi ma
cong doan i da hoan thanh va a;; = 0 trong truong hop ngugc lai. Mbi
cong doan khi bit dau can thuc hién lién tuc cho t6i khi hoan thanh, hai
cong doan doc lap nhau co thé tién hanh song song, hay bd tri lich thuc
hién cac cong doan sao cho thoi gian hoan thanh ca cong trinh 13 sém nhit,
cho biét thoi gian sdm nhét do.

Goi y: Dung d6 thi c6 hudéng G = (V,E), mdi dinh twong tng véi mot
cong doan, dinh u ¢6 cung ndi tdi dinh v néu cong doan u phai hoan thanh
trude khi cong doan v bt dau. Thém vao G mot dinh s va cung ndi tir s t6i
tat ca cac dinh con lai. Gan trong sé mdi cung (u, v) cia do thi bang t,,.
Néu d6 thi ¢6 chu trinh, khong thé c6 cach Xép lich, néu d6 thi khong c6
chu trinh (DAG) tim dudng di dai nhat xuét phat tir s toi tat ca cac dinh
ctia d6 thi, khi d6 nhin khoang cach d[v] chinh 1a thdi diém hoan thanh
cong doan v, ta chi can xép lich dé cong doan v dugc bat dau vao thoi
diém d[v] — t, 1a xong.

Cho db thi G = (V,E), cac canh dugc gan trong ) khong am. Tim thuéat
toan va viét chuong trinh tim mét chu trinh c6 d¢ dai ngén nhét trén G.

2. Cay khung nhé nhét
Cho G = (V,E,w) 1a d6 thi vo hudng lién thong co trong s6. Vi mot cdy khung

T cua G, ta goi trong sb cua cay T, ky hiéu w(T), la téng trong sb cac canh trong

T. Bai toan dit ra 13 trong s cac cdy khung cta G, chi ra cay khung c6 trong s

nho nhat, cdy khung nhu vay duoc goi 1a cdy khung nho nhat (minimum
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spanning tree) cta do thi. Sau ddy ta s& xét hai thuat toan thong dung dé giai bai
todn cdy khung nho nhét cua don d6 thi vo huéng c6 trong sb, ca hai thuat toan
nay déu 1a thuét toan tham lam.

2.1. Phuwong phap chung

Xét do thi vo hudng lién thong co trong s6 G = (V, E,w). Ca hai thuét toan dé
tim cdy khung ngin nhat déu dua trén mot cach 1lam chung: N& dan cay khung.
Cach lam nay dugc mo ta nhu sau: Thuat toan quan 1y mot tap cac canh A € E
va cd ging duy tri tinh chat sau (tinh bat bién vong lap):

A ludn nam trong tap canh ciia mdt cAy khung nhé nhét.

Tai mdi budc lip, thuat toan tim mot canh (u, v) dé thém vao tap A sao cho tinh
bt bién vong lip duoc duy tri, tirc 14 A U (u, v) phai nam trong tip canh cua
mot cay khung nho nhit. Ta ndi nhitng canh (u, v) nhu vay 13 an todn (safe) dbi

voi tap A.
procedure FindMST; /Tim ciy khung ngin nhit
begin
A = 0;
while «A chua phai cédy khung» do
begin
«Tim canh an toan (u, v) dbéi vdéi BAx»;
A := A U {(u, Vv)}; /Bbsung(uv) vioA
end;

end;

Vén dé con lai 1a tim mot thuat toan hi€u qua dé tim canh an toan ddi véi tap A.
Chung ta can mot sd khai niém dé giai thich tinh dung dan ciia nhitng thuat toan
sau nay.

Mot 1at cét (cuf) trén dd thi 1a mot cach phan hoach tap dinh V thanh hai tap roi
nhau X,Y: XUY =V;XNY = @. Ta n6i mot lat citV =XuUY tuong thich voi
tap A néu khong c6 canh nao cua A ndi gitra mgt dinh thudc X va mét dinh thudc
Y. Trong nhiing canh ndi X voi Y, ta goi nhitng canh c6 trong s6 nho nhét 1a
nhitng canh nhe (light edge) ciia lat cat V = X U'Y.
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Dinh Iy 2-1

<

2‘/2/'-3-._14

X Y
Lat cat

Hinh 2.3. Lt cit va canh nhe

Cho db thi vo hudng lién thong ¢ trong s6 G = (V, E,w). Goi A 1a mdt tap con

ciia tdp canh ctia mot cdy khung nho nhat vaV = X UY 1a mot 1at cit tuong
thich v&i A. Khi d6 mdi canh nhe cua 14t cat V = X U Y déu 1a canh an toan d6i

voi A.

H¢ qua

Chirng minh

Goi (u,v) 1a mot canh nhe cia lat catV = X UY, goi T la cdy khung nho nhét
chtra tit ca cac canh cua A. Néu T chira canh (u,v), ta ¢6 diéu phai ching minh.
Néu T khong chira canh (u, v), ta thém canh (u,v) vao T s& dugc mot chu trinh,
trén chu trinh nay c6 dinh thudc X va cling c6 dinh thudc Y, vi vy s€ phai co it
nhat hai canh trén chu trinh ndi X v6i Y. Ngoai canh (u,v) nbi X voi Y, ta goi
(u',v") 1a mdt canh khac ndi X véi Y trén chu trinh, theo gia thiét (u,v) 1a canh
nhe nén w(u,v) < w(u/,v'"). Ngoai ra do lat cit V = X U Y tuong thich véi A nén
W', v') ¢ A.

Cit bo canh (u',v") khoi cdy T, cay s& bi tach roi [am hai thanh phén lién thong,
sau d6 thém canh (u, v) vao cdy ndi lai hai thanh phan lién thong d6 dé dugc cay
T'. Tacod

w(T) =w() —wi@',v) +wu,v)
<w(T)
Do T 1a cdy khung nhé nhét, T’ ciing phai 14 cdy khung nhé nhét. Ngoai ra cay T
chira canh (u, v) va tt ca cac canh ciia A. Ta ¢ diéu phai chirng minh.

Cho db thi vo hudng lién thong co trong s6 G = (V, E,w). Goi A 1a mét tdp con

cla tdp canh ciia mot ciy khung nhé nhit. Goi C 13 tap cac dinh ciia mot thanh
phan lién thong trén do thi G, = (V, A). Khi d6 néu (u,v) € E 1a canh trong sb
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nho nhét ndi tir C téi mot thanh phan lién thong khac thi (u, v) 1a canh an toan
d6i véi A.
Chirng minh
Xét lat catV = C U (V — (), lat cat nay twong thich v6i A va canh (u,v) 1 canh
nhe cua lat cit nay. Theo Pinh 1y 3-17, (u, v) an toan ddi voi A.
Chuing ta sé& trinh bay hai thuat toan tim cay khung nhé nhat trén don d6 thi vo
hudng va cai dat chuong trinh voi khuén dang Input/Output nhu sau:

Input

e Dong 1 chua s6 dinh n < 1000 va s canh m cua d6 thi
e m dong tiép theo, mdi dong chtra chi sé hai dinh ddu mut va trong sb cua
mot canh. Trong sb canh 13 s6 nguyén c6 gia tri tuyét doi khong qua 1000.

Output

Cay khung nho nhét cua db thi
Sample Input Sample Output
6 8 Minimum Spanning Tree: 3 °
123 (5, 6) =1 3 )
133 (4, 5) = 2 QI N 2 B
243 (1, 2) =3 3 1
253 (2, 5) = 3 @4 °
354 (1, 3) =3
4 5 2 Weight = 12
4 6 2
561

2.2. Thudt toan Kruskal

Thuit toan Kruskal [27] dwa trén mé hinh xay dung cdy khung bang thuat toan
hop nhat, chi c6 diéu thuat toan khong phai xét cac canh voi thir ty tuy ¥ ma xét
cac canh theo thir ty da sip xép: Pé tim cay khung ngin nhat cua do thi G =
(V, E,w), thuat toan khoi tao cdy T ban dau khong c6 canh nao. Duyét danh sach
canh cta dd thi tir canh ¢6 trong $6 nho dén canh c6 trong s6 16n, mdi khi xét téi
mot canh va viéc thém canh d6 vao T khdong tao thanh chu trinh don trong T thi
két nap thém canh do vao T... Cr lam nhu vay cho to1 khi:

154



e Hoic da két nap duoc |V| — 1 canh vao trong T thi ta dugc T 1a cdy khung
nho nhét

e Hoic khi duyét hét danh sach canh ma van chwa két nap du |V| — 1 canh.
Trong trudng hop nay d6 thi G 1a khong lién thong, viéc tim kiém cay
khung thit bai.

Nhu vay can lam rd hai thao tac sau khi cai dat thuét toan Kruskal:

e Lam thé nao dé xét duogc cac canh tir canh ¢ trong sb6 nho t6i canh ¢6 trong
s6 16m.

e Lam thé nao kiém tra xem viéc thém mdt canh c6 tao thanh chu trinh don
trong T hay khong.

a) Duyét danh séch canh

Vi céc canh cta dd thi phai dugc xét tir canh c6 trong $6 nho téi canh ¢o trong
6 1on. Ta c6 thé thyc hién mot thudt toan sép xép danh sach canh roi sau d6
duyét lai danh sach da sip xép. Tuy nhién khi cai dit cu thé, ta co thé khéo 1éo
16ng thuat toan Kruskal vao QuickSort hoic HeapSort dé dat hiéu qua cao hon.
Ching han véi QuickSort, ¥ tudng 13 sau khi phan doan danh sach canh bing
mdt canh chét Pivot, ta dugc ba phan doan: Poan dau gém cac canh co trong sb
< w(Pivot), tiép theo 1a canh Pivot, doan sau gdm cic canh co trong sb
> w(Pivot). Ta goi dé quy dé sép Xép va xu ly cac canh thudc doan dau, tiép
theo xir 1y canh Pivot, cudi cing lai goi dé quy dé sip xép va xtu ly cac canh
thuoc doan sau. Dé théy rﬁng thu tu xur 1y cac canh nhu vay ding theo thu tu
tang dan cua trong s6. Ngoai ra khi thay da c6 di n — 1 canh dugc két nap vao
cdy khung, ta c6 thé ngung ngay QuickSort ma khong can xu 1y tiép nita.

b) Két nap canh va hogp cay

Trong qué trinh xay dung cay khung, cac canh trong T ¢ cac budc s€ tao thanh
mot ring (dd thi khong ¢ chu trinh don), mdi thanh phan lién théng cua ring
nay 1a mot cdy khung. Mudn thém mét canh (u,v) vao T ma khong tao thanh
chu trinh don thi (u, v) phai néi hai cdy khac nhau cta rimg T. Diéu nay lam
chung ta nghi d&én cau trac dir liéu biéu dién cac tip roi nhau: Ban dau ta khoi
tao n tap S;,S,, ..., S, Moi tp chira dung mot dinh cua dd thi. Khi xét t&i canh
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(u, v), néu u va v thudc hai tdp khac nhau S, S, thi ta hgp nhat S, S, lai thanh
mot tap.
Vay c6 hai thao tac can phai cai dit hiéu qua trong thuat toan Kruskal: phép
kiém tra hai dinh c6 thudc hai tip khac nhau hay khéng va phép hop nhat hai
tap. Mot trong nhitng cu trac dir liéu hiéu qua dé cai dit nhirng thao tac nay 1a
rirng cdc tdp roi nhau (disjoint-set forest). Cau trac dit liéu nay duogc cai dit nhu
sau:
MBbi tap S[.] duoc biéu dién boi mot cay, trong d6 mdi dinh trong tap tuong tng
v6i mot nut trén cay. Cay dugc biéu dién boi mang con tro t6i nut cha: lab[v] 1a
nut cha cia nat v. Trong trudng hop v 1a nit ge cua cay, ta dit:

lab[v] := —hang cua cay
Hang (rank) ctia mot cay 1a mot s6 nguyén khong nho hon do cao cua cay. Ban
dau mdi tap S[.] chi gdm mét dinh, nén ho cac tap Sy, S,, ..., S, duoc khoi tao
v6i cac nhan lab[v] = 0, Vv € V tuong Gmg vi mot rimg gom n ciy do cao 0.
Dé xac dinh hai dinh u, v c6 thudc 2 tip khac nhau hay khong, ta chi cAn xac
dinh xem gdc cua ciy chira u va gbe cua cdy chira v c6 khac nhau hay khong.
Viéc xac dinh géc cua cay chira u dugc thuc hién boi ham FindSet(u): Di tir u
1én nat cha, dén khi gip nat gbc (nut r ¢6 lab[r] < 0) thi dimg lai. Pi kém voi
ham FindSet(u) la phép nén duong (path compression): Doc trén duong di tir u
t6i nat gbe r, di qua dinh nao ta cho ludn dinh d6 lam con cua 7

function FindSet (u: Integer): Integer;
//Xidc dinh goc cdy chiva dinh u
begin

if lab[u] <= 0 then Result := u

//u la goc ciia mt tip S[.] nao do, trd vé chinh u
else //u khéng phii géc

begin
Result := FindSet (lablu]); /Goidéquytimgéc
lab[u] = Result; //Nén dwong, cho u lim con ciia niit géc luén
end;
end;
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Viéc hop nhat hai tap tic 1a xay dung cAdy méi chira tit ca cac phan tir trong hai

cdy ban dau. Gia st va s 1a gbc ciia hai cAy twong Gng véi hai tap can hop
nhét. Khi dé:

Néu cay géc 7 ¢6 hang cao hon cdy géc s, ta cho s lam con cia r, hang cua
cay gdc r khong thay doi, twong tu cho trudng hop cdy gbe r thip hon cay
gbc s.

Néu hai cdy ban dau c6 cung hang, ta cho ciy gdc r 1am con cia gbc s khi
d6 cay gdc s co thé s& bi tang do cao, do vay dé hop Iy hoa ta ting hang cua
s 1én 1, tuong dwong véi viée giam lab[s] di 1.

procedure Union(r, s: Integer); /Hop nhithaitiprvis
begin
if lab[r] < labl[s] then /hang ciiarlén hon

lab[s] := r /fchoslam con ciar
else
begin
if lab[r] = lab[s] then Dec(lab[s]):;
//Néu hai tdp bang hang, ting hang ciia s
lab[r] := s; //Chorlam con cias
end;

end;

Hinh 2.4 m6 ta hai cay biéu dién hai tap roi nhau, sau khi xét t6i mot canh (u, v)
ndi giita hai tap, hai cdy dugc hop nhat lai bang cach cho mét cay 1am cdy con
cua goc cay kia.

A
®\ /&

Hinh 2.4. Hai tdp roi nhau dwoc hop nhit lai khi xét t6i mot canh néi mét dinh ciia tip nay véi mot

iz
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dinh cia tdp kia

KRUSKAL.PAS v Thuit toan Kruskal

{$MODE OBJFPC}
program MinimumSpanningTree;




const

maxN = 1000;
maxM = maxN * (maxN - 1) div 2;
type

TEdge = record //Ciu triic canh
x, y: Integer; //Haidinh diumit
w: Integer; //Trongsé
Selected: Boolean; //Pdnh diuchon/khéng chon vao cdy khung
end;
var
lab: arrayl[l..maxN] of Integer; //Nhdn cia disjoint set forest
e: array[l..maxM] of TEdge; //Danh sdch canh
n, m, k: Integer;
procedure Enter; //Nhdp ditli¢u
var i: Integer;
begin
ReadLn (n, m);
for i := 1 to m do
with e[i] do

begin
Readln (x, y, Ww);
Selected := False; //Chwachgn canh nao
end;
for i := 1 to n do lab[i] := 0;
//Khéi tao n tip réi nhau hang ciia méi tip bing 0
k := 0; //Biéndém sé canh dwoc két ngp vao cdy khung
end;

function FindSet (u: Integer): Integer; //Xdcdinh tip chira dinhu

begin
if lab[u] <= 0 then Result := u //ulagéccia mjttip S[.] nao dé
else //ukhéng phiigic
begin
Result := FindSet (lablu]); //Geidéquytimgéc
lab[u] := Result; //Néndwong
end;
end;

procedure Union(r, s: Integer); //Hopnhithaitiprvas
begin
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if lab[r] < lab([s] then //hang ciiarlénhon

lab[s] := r //choslamconciar
else

begin
if lab[r] = lab[s] then Dec(lab[s]):
//Néu hai tip bing hang, tiing hgng ciia s
lab[r] := s; //Chorlamconcias

end;

end;

procedure ProcessEdge (var e: TEdge); //Xirly métcgnhe
var r, s: Integer;
begin
with e do
begin
r := FindSet (x);
s := FindSet (y); //Xdcdinh 2 tip twong irng véi 2 dau miit
if r <> s then //Haidiu miit thugc hai tip khdc nhau
begin
Selected := True; /Canh esédwgc chon vio cdy khung nhé nhit
Inc (k) ; //Tdng bién dém sé canh dwoc két nap
Union(r, s); //Hopnhithaitip thanh mjt
end;
end;
end;
procedure QuickSort (L, H: Integer); //Xilydanhsdch canh e[L..H]
var
i, j: Integer;
pivot: TEdge;
begin
//Néu cdy dd cé dii k canh hodic danh sdch canh réng thi thodt luén
if (L > H) or (k = n - 1) then Exit;
//Chiiy L > H, khéng phdi L 2 H nhu trong QuickSort

i := L + Random(H - L + 1);
pivot := e[i];

e[i] := el[L];

i = L;

J = H;

repeat




while (e[j].w > pivot.w) and (i < j) do Dec(]);
if i < j then
begin
e[i] := elJl;
Inc (i) ;
end
else Break;
while (e[i].w < pivot.w) and (i < j) do Inc(i);
if i < j then
begin
elj] = eli];
Dec (J) 7
end
else Break;
until i = J;
QuickSort (L, 1 - 1);
//Cdc canh e[L...i — 1] cé trong sé < Pivot.w, goi dé quy xit ly trwéc
e[1] := Pivot;
if k < n - 1 then ProcessEdge(e[i]); /Xilytiép canh efi] = Pivot
QuickSort (i + 1, H);
//Cdc canh efi + 1...H] c6 trong s6 > Pivot.w, goi d¢ quy xit Iy sau
end;
procedure PrintResult;
var
i, Weight: Integer;
begin
if k < n - 1 then //Khéng két nap dii n - 1 canh, d thi khéng lién théng
WriteLn ('Graph is not connected!')
else //Inra cdy khung nhé nhit

begin
WriteLn ('Minimum Spanning Tree:');
Weight := 0;
for i := 1 tom do

with e[i] do
if Selected then //Inra cdch canh dwoc ddnh diu chon
begin
WriteLn('(', x, ', ', vy, ") =", w);
Inc (Weight, w);
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end;
WriteLn ('Weight = ', Weight);
end;

end;
begin

Enter;

QuickSort (1, m); //Léng thudttodn Kruskal vao QuickSort

PrintResult;
end.

Tinh dang din cua thuat toan Kruskal dugc suy ra tir Dinh 1y 3-17: Pé ¥ rang
cac canh dugc két nap vao ciy khung sau mdi budc sé tao thanh mét ring (dd
thi khong c6 chu trinh don). M&i khi canh (u, v) duoc xét dén, no sé chi dugc
két nap vao cay khung néu nhu u va v thudc hai cy (hai thanh phan lién thong)
T, T, khac nhau. Ky hiéu A 14 tdp canh cta T, khi d6 latcat V =T, U (V —T,)
1a twong thich voi tap A, (u, v) 1a canh nhe cua lat ¢t nén (u, v) ciing phai 1a
mot canh trén mot cay khung nho nhét.

c) Thai gian thyc hién giai thuat
V6i hai sb ty nhién m, n, ham Ackermann A(m, n) dugc dinh nghia nhu sau:

n+ 1,néum =0
Amn) ={A(m—-1,1),néum >0van=0
A(m—1,A(m,n—1)),néum >0van >0

Duéi day 1a bang mot sb gia tri ham Ackermann:
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0 1 5 3 4
1 2 3 4 5

2 3 4 5 6

3 5 7 9 1

> 13 29 61 125
13 65533 265536 _ 3 | 5265536 _ o | 06553

Ham A(m,n) 1a mot ham tang rit nhanh theo ddi sé n. C6 thé chirmg minh duoc
AO,n)=n+1
A(l,n)=n+2
A(2,n) =2n+3
A(3,n) =2"*3 -3

2

A(4,n) = 227 -3
——
n+3 Iy thira
Chang han A(4,2) 1a mot s c6 19729 chir s6, A(4,4) 1a mot s6 ma s6 chir sb cua
n6 16n hon ca sb6 nguyén tir trong phan vil tru ma con ngudi biét dén.
Khin > 0, xét ham a(m,n), goi la nghich dao ctia ham Ackerman, dinh nghia
nhu sau:

a(m,n) = min {k >1:A (k, l%]) > lgn}

Nguoi ta da ching minh dugc réng voi cAu tric dit lidu rung cac tap roi nhau,
viéc thyc hién m thao tac FindSet va Union mat thoi gian O(ma(m, n)). O day
a(m,n) 1a mot hing sb rat nho (trén tat ca cac dir liéu thuc thé, khong bao gid
a(m,n) vuot qua 4). Piéu do chi ra rr:ing ngoai trur viéc sép xép danh sach canh,
thuat toan Kruskal ¢ trén c6 thoi gian thyc hién O(IEIa(IEI, |V|)).

Tuy nhién néu phai thyc hién sip xép danh sach canh, ching ta cin cong thém
thoi gian thyuc hién giai thuat sip xép O(|E|1g|E|) nira.
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2.3. Thuat toan Prim
a) Tu tudng cha thuat toan

Trong trudng hop d6 thi day (c6 nhiéu canh), c6 mot thuét toan hiéu qua hon dé
tim cdy khung ngin nhat 1a thuat toan Prim [32]. Véi mot cay khung T va mot
dinh v & T, ta goi khoang cach tir v téi T, ky hiéu d[v], 13 trong s6 nho nhét cia
mdt canh ndi v v&i mét dinh nam trong T':

d[v] = min{w(u, v)}

Tu tudng cua thudt toan c6 thé trinh bay nhu sau: Ban dau khaoi tao mot cay T
chi gdbm 1 dinh bat ky cua d6 thi, sau d6 ta cir tim dinh gan T nhat (c6 khoang
cach t6i T ngan nhat) két nap vao T va két nap ludn canh tao ra khoang cach gan
nhat dé, ci [am nhu vay cho téi khi:

e Hoic di két nap dii n dinh vao T, ta c6 mot cdy khung ngan nhat.

e Hoic chua két nap di n dinh nhung khong con canh nao nbi mét dinh trong
T v6i mot dinh ngoai T. Ta két luan do thi khong lién thong va khong thé
ton tai cdy khung.

b) Ky thuat cai dat

Khi cai dit thudt toan Prim, ta st dung cic nhin khoang cach d[v] dé luu

khoang cach tir v t6i T tai mdi bude. Mdi khi cay T bd sung thém mot dinh u, ta

tinh lai cac nhan khoang cach theo cong thirc sau:
d[V]mei = min {d[v]g w(u, v)}

Tinh ding din cua cong thirc ¢ thé hinh dung nhu sau: d[v] 1a khoang cach tir

v t61 cay T, theo dinh nghia 1a trong s6 nho nhat trong sb cac canh ndi v v4i mot

dinh nam trong T. Khi cay T “né” ra thém dinh u nita ma dinh u nay lai gan v

hon tit ca cac dinh khac trong T, ta ghi nhan khoang cach méi d[v] 1a trong sd

canh (u, v), néu khong ta van giir khoang cach cil.
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d [V] cil

w(u, v)

Hinh 2.5. Co ché cdp nhit nhiin khodng cich
Tai mdi bude, dinh ngoai cdy c6 nhan khoang cach nhé nhat s& dugc két nap vao
cay, sau do6 cac nhan khoang cach dugc cap nhat va lap lai. Mo hinh cai dat cta

thuét toan c6 thé viét nhu sau:

u «Mdt dinh bat ky»;
T := {u};
for Vv ¢ T do d[v] := +=;
//Cac dinh ngoai T dwoc khdi tao nhédn khodng cdach +o
for i := 1 ton - 1 do /Limn-1lin
begin
for (Vv ¢ T:(u, v) EE) do
dlv] := min{d[v], w(u, v)};
//Céip nhdt nhén khodng cdch ciia cic dinh ké u nam ngoai T

u := arg min{d[v]:v ¢ T};
//Chon u la dinh c¢é nhan khodng cdch nhé nhit trong sé cdc dinh ndm ngoai T
if d[u] = +e then /Do thi khong lién thong

begin
Output <« "Khéng tdén tai cdy khung";
Break;
end;
T := T U {u}; /BésunguvioT

end;

Output <« T;

Cai dat dudi day sir dung ma tran trong sb dé biéu dién dd thi. Ky thuat danh
dau duoc str dung dé biét mot dinh v dang nam ngoai (outside[v] = True) hay
nam trong cdy T (outside[v] = False). Ngoai ra dé tién loi hon trong viéc chi
ra cdy khung nho nhét, v6i mdi dinh v nim ngoai T ta luu lai trace[v] 1a dinh u
nim trong T ma canh (u, v) tao ra khoang cach gan nhét tir v t6i T: w(u,v) =
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d[v]. Khi thuat toan két thac, cac canh trong cdy khung la nhing canh
(trace[v], v).

(]

fimasd)
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PRIM.PAS v Thuit toan Prim

{$MODE OBJFPC}
program MinimumSpanningTree;

const
maxN = 1000;
maxW = 1000;
var

w: array[l..maxN, 1..maxN] of Integer; /Ma trin trongsé
d: array[l..maxN] of Integer; //Cdcnhinkhodng cich
outside: array[l..maxN] of Boolean; /Pdinh diu cicdinh ngodi ciy
trace: array[l..maxN] of Integer; /Wét
n: Integer;
procedure Enter;
var

i, m, u, v: Integer;

begin
ReadLn (n, m);
for u := 1 to n do
for v := 1 to n do wlu, v] := maxW + 1;
//Khdi tao ma trdn trong sé véi cic phin tiv +oo
for i := 1 to m do
begin

ReadLn (u, v, wlu, v]);
//Chii y: Pon do thi méi c6 thé doc dir liéu thé nay
wlv, u] := wlu, Vv]; /Péthivé huong
end;
end;
function Prim: Boolean; /Thuittodin Prim, trd vé True néu tim dwoc ciy khung
var

u, v, dmin, i: Integer;

begin
u := 1; //Céy ban diu chi gém dinh 1
for v := 2 to n do d[v] := maxW + 1;

//Nhiin khodng cich cho cdc dinh ngodi ciy khéi tgo bing +o
FillChar (outside[2],




(n = 1) * SizeOf (outside[2]),

True) ; /Pdnh diu cic dinh 2...n nam ngodi ciy

outside[l] := False; /Pinh 1 nim trong ciy
for i := 1 ton - 1 do /Lamn-11lan
begin

//Trwée hét tinh lgi cdc nhan khodng cich
for v := 1 to n do

if outside[v] and (d[v] > w[u, v]) then
//Canh (u, v) tao khodng cich ngdn hon khodng cdch cii

begin
d[v] := wlu, v]; /Cipnhitnhan khodng cich
trace[v] := u; /Luuvét
end;
//Tim dinh u ngodi cdy cé nhin khodng cich nhé nhit
dmin := maxW + 1;
u := 0;
for v := 1 to n do
if outside[v] and (d[v] < dmin) then
begin
dmin := d[v];
u = vy
end;

if u = 0 then Exit (False);

//Céy khéng cé canh nio néi ra ngodi, do thi khéong lién thong, thodt

outside[u] := False; /Kétnap uvio ciy
end;
Result := True;

end;

procedure PrintResult; /Inkétquai trong truong hop tim ra ciy khung nhé nhit
var

v, Weight: Integer;

begin
WriteLn ('Minimum Spanning Tree:');
Weight := 0;
for v := 2 to n do
begin

)

WriteLn (' (', trace] ,
1):
v]);

’ P

v]
wl[tracel[v] v
[v

14
Inc (Weight, wl[tracelv],
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end;

WriteLn ('Weight = ', Weight);
end;
begin

Enter;

if Prim then PrintResult

else Writeln ('Graph is not connected!');
end.

Tinh dang din cua thuit toan Prim ciing dé dang suy ra duoc tir Dinh 1y 3-17:

Goi A 1a tap canh cua cay T tai mdi budc, xét 1at cat tach tap dinh V 1am 2 tap

roi nhau, mot tap gém cac dinh € T va tap con lai gém cac dinh € T. Pinh v

duoc két nap vao cay T tai mdi budc tuong tng v6i canh (Trace[v], v) 1a canh

nhe cua lat cit nén né 1a an toan vai tip A, viéc bo sung canh ndy vao A van dam

bao A 14 tip con cua tap canh mot ciy khung ngin nhat.

c) Thoi gian thuc hién gidi thuat

Chuong trinh cai dit thuat toan Prim & trén c6 thoi gian thuc hién ©(n?), hiéu

qua hon thuat toan Kruskal trong truong hop d6 thi day nhung lai kém hon néu

dd thj thua. Trong truong hop dd thi thua, ta c¢6 thé cai tién mo hinh cai dat thuat

toan Prim bang cach két hop véi mot hang doi wu tién chira cac dinh ngoai ciy

c6 nhin khoang cach < +oo. Hang doi vu tién can hd trg cic thao tac sau:

e Extract: Ly ra mot dinh uu tién nhat (dinh u c¢6 d[u] nho nhit) khoi hang
doi uvu tién.

e Update(v): Thao tac nay bao cho hang doi wu tién biét ring nhan d[v] da
bi giam di, can to chtrc lai (thém v vao hang doi wu tién néu v dang nam
ngoai).

Khi d6 thuét toan Prim c6 thé viét theo mo hinh méi:

T := {Mot dinh bat ky u};
for Vv €T do d[v] := +=;
//Cac dinh ngoai T dwoc khdi tao nhéan khodng cdch +o
PQ := @; //Hang doiwu tién dwoc khdi tao rong
for i := 1 to |V| - 1 do //Lamn-1lin
begin
for (Vv €V:(u, Vv)€EE) do /Cip nhitnhin cic dinh ngodi ciy ké véi u
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if (v €T) and (d[v] > w(u, v)) then

begin
d{v] := w(u, v);
Update (v) ;
end;
if PQ = @ then /Pé thi khéong lién thong
begin
Output <« "Khéng tén tai cdy khung";
Break;
end;
u := Extract;
//Chon u la dinh co nhéan khodng cach nho nhit trong §6 cdc dinh nam ngoai T
T := T U {u}; /BésunguvioT
end;

Thoi gian thyc hién giai thuat co thé wdc luong theo sb 10i goi Update va
Extract. Tuong tu nhu thut toan Dijkstra, c6 thé thdy rang chung ta can st
dung khong qua n — 1 101 goi Extract va khong qua m 101 goi Update véin la
s6 dinh va m 14 s6 canh cua dd thi.

Mot s6 cdu triic dit liéu biéu dién hang doi wu tién c6 thé sir dung dé cai thién
tbc d6 thuat toan Prim trong truong hop dd thi thua. Ching han néu st dung
Fibonacci Heap lam hang do¢i uu ti€n, thoi gian thuc hién gidi thuat la
o(|V|1g|V| + |E]). Mic du vdy can nhin manh rang trong cc ung dung thuc té
ma danh sach canh c6 thé dugc sip xép trong thdi gian O(|E|) (ching han dung
cac thuat toan sip xép co sd hodc dém phan phdi), thuat toan Kruskal ludn 1a sy
lya chon hop 1y hon ca vi ndé c6 thé tim dwoc cdy khun trong thoi gian
O(IEla(IEL,IV])).

Bai tap

2.16. Cho T la cay khung nho nhat cua d6 thi G va (u, v) 14 mot canh trong T.
Chung minh réng néu ta trir trong sb canh (u, v) di mot s6 duong thi T van
1a cay khung nho nhét cua do thi G.
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2.17.

2.18.

2.19.

2.20.

2.21.

2.22,

169

Cho G 1a mot dd thi vo hudng lién thong, C 1a mdt chu trinh trén G va e 1a
canh trong sb 16n nhét cua C. Chung minh réng néu ta loai bo canh e khoi
db thi thi khong anh hudng téi trong s6 cia cay khung nho nhat.

Chtng minh rang d6 thi c6 duy nhit mot cdy khung nhé nhat néu voi moi
lat cat ctia d6 thi, co duy nhdt mot canh nhe ndi hai tip cia 1at cat. Cho
mot vi du dé chi ra rang diéu nguoc lai khong ding.

Goi T 1a mot cdy khung nho nhét cia do thi vo hudng lién thong G, ta
giam trong sd ctia mot canh khong nam trong cdy T, hiy tim mot thuat
toan don gian dé tim cay khung cua do thi méi.

Goi y: Goi canh bi gidm trong sé la (u,v), thém (u,v) vao T ta sé dwoc
ding mot chu trinh don, loai bé canh trong sé I6n nhdt trén chu trinh don
nay sé dwoc cdy khung nhé nhdt cia dé thi méi.

Gia st rang do thi vo hudng lién théng G ¢ cay khung nho nhat T, ngudi
ta thém vao d6 thi mot dinh m&i va mot sd canh lién thude véi dinh do.
Tim thuat toadn xac dinh cay khung nho nhat cua d6 thi moi.

Gido su X dé xuat mot thuat toan tim cdy khung ngin nhat dya trén y
twong chia dé tri: Vi dd thi vo huéng lién thong G = (V, E), phan hoach
tdp dinh V 1am hai tap roi nhau V3, V, ma luc lugng ctua hai tdp nay hon
kém nhau khong qua 1. Goi E; 1a tap cac canh chi lié€n thudc véi cac dinh
€ V, va E, 1a tap céac canh chi lién thudc véi cac dinh € V,. Tim cay khung
nho nhat trén d6 thi G; = (Vy, E;) va G, = (V,, E,) bang thuit toan dé quy,
sau d6 chon canh trong sb nhé nhat ndi V; véi V, dé ndi hai cay khung tim
dugc thanh mot cay. Ching minh tinh dung dn cua thuit toan hodc chi ra
mot phan vi du cho théy thuat toan sai.

(Cay khung nhé thir nhi) Cho G = (V, E,w) 1a db thi v6 huéng lién thong
coO trong s, gia su rr:ing |E| = |V| va cac trong sb canh 1a hoan toan phan
biét (w 1a don anh). Goi T 1a tap tat ca cac cdy khung cua G va A 1a cay
khung nho nhét cta G, khi d6 cdy khung nho thtr nhi duoc dinh nghia 1a
cay khung B € T théa man:

w(B) = _min (w(")



2.23

2.24,

2.25.

2.26.

Chi ra rang d6 thi G c6 duy nhat mot cay khung nho nhét 1a A, nhung c6 thé
¢6 nhiéu cay khung nho thir nhi.

Chting minh rang ludn ton tai mot canh (u,v) € A va (x,y) € A dé néu ta
loai bo canh (u, v) khoi A rdi thém canh (x,y) vao A thi s& dugc cdy khung
nhd thir nhi.

Véi Vu,v € V, goi f[u, v] 12 canh mang trong s6 16n nhat trén duong di duy
nhat tir u toi v trén cay A. Tim thuat toan O(|V|?) dé tinh tat ca cac f[u, v],
Yu,vev.

Tim thuét toan hiéu qua dé tim cay khung nho thir nhi cta db thi.

. Cho s va t 12 hai dinh ctia mot do thi vo hudng cé trong s6 G = (V, E,w).
Tim mot dudng di tir s ti t thoa man: Trong sd canh 16n nhat di qua trén
duong di 1a nho nhat co thé.

Goi y: Cé rdt nhiéu cach lam: Két hop mét thudt todn tim kiém trén do thi
véi thudt todn tim kiém nhi phdn, hodc swa déi thudt todn Dijkstra, hodc
sir dung thudt todn tim cdy khung ngdn nhat.

(Euclidean Minimum Spanning Tree) Trong trudng hop cic dinh cua d6
thi déy du duoc dat trén mat phang truc chuan va trong sb canh ndi gilra
hai dinh chinh 1a khoang cach hinh hoc gitra chung. Nguoi ta cé mot phép
tién xir Iy dé giam bot sé canh cua dd thi bang thuit toan tam giac phan
Delaunay (O(nlgn)), do thi sau phép tam giac phan Delaunay s& con
khong qua 3n canh, do d6 s& lam cac thuat toan tim cdy khung nho nhat
hoat dong hiéu qua hon. Hiy ty tim hiéu vé phép tam giac phan Delaunay
va cai dat chuong trinh dé tim cay khung nho nht.

Trén mdt nén phéng v6i hé toa d truc chudn dat n may tinh, may tinh thtr
i duoc dat ¢ toa do (x;,y;). P co sdn mot s6 day cap mang ndi giita mot
s6 cdp may tinh. Cho phép ndi thém cac diy cap mang ndi giita ting cip
may tinh. Chi phi ndi mot day cap mang ti 18 thuan v6i khoang cach giita
hai may can ndi. Hiy tim cach ndi thém cac ddy cap mang dé cho cac may
tinh trong toan mang 1a lién thong va chi phi ndi mang 1a nho nhét.

Hé théng dién trong thanh phd duoc cho boi n tram bién thé va cac dudng
day dién ndi gitta cac cip tram bién thé. Mdi dudng day dién e c6 do an
toan la p(e) € (0,1]. B0 an toan cta ca ludi dién la tich d6 an toan trén cac
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duong ddy. Hay tim cach bo di mot sé day dién dé cho cac tram bién thé
van lién thong va d6 an toan ctia mang 1a 1on nhét co thé.

Goi y: Béng k¥ thuat léy logarithm, d0 an toan trén ludi dién tr¢ thanh
tong do an toan trén cac duong day.

3. Ludng cwc dai trén mang
3.1. Cdac khdi niém va bai todn
a) Mang
Mang (flow network) la mét bé nam G = (V, E, c, s, t), trong do:
V va E lan luot 1a tap dinh va tdp cung ctiia mot d6 thi c6 huéng khong co
khuyén (cung ndi tir mot dinh dén chinh no).
s va t l1a hai dinh phan biét thudc V, s goi 1a dinh phat (source) va t goi la dinh
thu (sink).
¢ 1a mgt ham xéc dinh trén tap cung E:
c:E — [0,+x)

e — c(e)
gan cho mdi cung e € E mot s6 khong am goi 13 site chira (capacily)* c(e) = 0.
Bing cach thém vao mang mot sb cung cé stc chira 0, ta c6 thé gia thiét rang
mdi cung e = (u, v) € E ludn c6 twong Gmg duy nhit mot cung nguoc chiéu, ky
hiéu - e = (v,u) € E, goi 1a cung doi cua cung e, ta ciing coi e 1a cung ddi cia
cung —e (tic 12 - (—e) = e). C6 thé thiy ring sb cung can thém vao mang la
mot dai lugng O(E).
Chu ¥ rang mang 1a mét da do thi, tic 13 giita hai dinh c6 thé ¢6 nhiéu cung
nbi.

Dé thuan tién cho viéc trinh bay, ta quy udc cac ky hi¢u sau:

* Tir ndy con c6 thé dich 1a “kha nang théng qua” hay “lru lwgng”
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V61 X, Y 1a hai tap con cua tdp dinh V va f: E - R la mdt ham xéc dinh trén tap
canh E:

Ky hiéu {X — Y} 1a tap cac cung n6i mot tir mot dinh thude X tdi mot dinh thudce
Y:

{(X->Y}={e=Wwv)EE:ueX yeyY}
Ky hiéu f(X,Y) 1a tong cac gia tri ham f trén cic cung e € {X — Y}:

fEN= ) f@

eEX—Y
b) Ludng
Luéng (flow) trén mang G 1a mot ham:
fiE—R
e — f(e)

gan cho mdi cung e mot sb thuc f(e), goi 1a ludng trén cung e, thoéa min ba

rang budc sau day:

e Rang budc vé stc chira (Capacity constraint): Ludng trén mdi cung khong
dugc vugt qua suc chira cia cung do: Ve € E: f(e) < c(e).

e Rang budc vé tinh ddi xing 1éch (Skew symmetry): Vi Ve € E, ludng trén
cung e va ludng trén cung ddi —e ¢ cung gia tri tuyét di nhung trai dau
nhau: Ve € E: f(e) = —f(—e).

e Rang budc vé tinh bao ton (Flow conservation): Vi mdi dinh v khong phai
dinh phat va ciing khong phai dinh thu, tong ludng trén cac cung di ra khoi
vbing 0: Vv € V — {s,t}: f({v},V) = 0.

Tur rang budc vé tinh di xung léch va tinh bao tdn, ta suy ra dugc: V6i moi dinh

v € V — {s, t}, tong ludng trén cac cung di vao v bang 0: f(V,{v}) = 0.

Gia trj cua ludng f trén mang G duoc dinh nghia bang téng ludng trén cac cung

di ra khdi dinh phat:

IfI = f{shV) (3.1)
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Bai toan luéng cuc dai trén mang (maximum-flow problem): Cho mdt mang G
voi dinh phat s va dinh thu ¢, ham suc chtra ¢, hdy tim méot luéng c6 gia tri 16n
nhat trén mang G.

c) Ludng duong
Luéng dirong (positive flow) trén mang G 13 mot ham
@:E — [0,+x)
e g(e)
gan cho mdi cung e mot sb thuc khong am ¢ (e) goi 1a ludng duong trén cung e
thoa man hai rang budc sau day:

e Rang budc vé sttc chita (Capacity constraint): Luéng duong trén mdi cung
khong dugc vugt qua stre chira ctia cung do: Ve € E: 0 < ¢(e) < c(e).

e Rang budc vé tinh bao tdn (Flow conservation): Véi mdi dinh v khong phai
dinh phat va ciing khong phai dinh thu, tong ludng duong trén cac cung di
vao v bang tong ludng duong trén cac cung di ra khoi v: Vv € V — {s, t}:
eV, {v}) = o({v}, V).

Gia tri ciia mot ludng dwong dugc dinh nghia bang téng ludng duong trén cac

cung di ra khoi dinh phét trir di tong ludng duong trén cic cung di vao dinh

phat':

lpl = (s}, V) — @V, {s}) (3.2)

Hinh 2.6. Mang véi cic sicc chira trén cung (I phdt, 6 thu) va mét luong dwong véi gid tri 7

* Mot sb tai liéu khac dua vao thém rang budc: dinh phat s khong c6 cung di vao va dinh thu t khong co
cung di ra. Khi d6 gia tri ludng dwong bing tong ludng duong trén cic cung di ra khoi dinh phat. Cach
hiéu nay c6 thé quy v& mot trudng hop riéng cua dinh nghia.
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d) M&i quan hé gitra lubng va luéng duong
Bé dé 3-1
Cho ¢: E - R 1a mot luéng duong trén mang G = (V,E, ¢, s, t). Khi d6 ham
fiE—R
e fe) =g(e) — g(-e)

12 mot ludng trén mang G va |f| = |@|

Chirng minh

Trudc hét ta chimg minh f thoa méan tat ca cac rang budc vé ludng:

Rang budc vé sirc chtra: Véi Ve € E:

fle) =g(e) —p(=e) < p(e) < c(u,v)
20

Rang budc vé tinh ddi ximg léch: Véi Ve € E
f(e) = ¢(e) —p(=e)
=—(p(=e) —p(e)
= —f(-e)
Rang budc vé tinh bao ton: Vv € V, ta co:

f@n = Y (9 -o-e)

ee{{v}—»V}

=< > <p(e)>—< > <p(—e)>

ee{{v}—>V} ee{{v}—»V}

=< > ¢(e>>—< > w(—e)>
ee{{v}-v} —ee{v-{v}}

= (P({V}: V) - (P(V; {U})

Néuv #svav # t, ta co:
fAvLV) =o{v},V) — oV, {v}) =0
(Do téng ludng duong di ra khoi v bang tong ludng dwong di vao v)
Néu v = s, xét gia tri ludng f
If1=FUAshV) =o({s}V) —oWV.{s}) = ol
B6 dé 3-2
Cho f: E = R 1a mot ludng trén mang G = (V,E, ¢, s, t). Khi d6 ham:
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¢:E — [0, 0)
e = ge) = maxtf(e),0) = £ 0 =0
0,néuf(e) <0

12 mot ludng dwong trén mang va |@| = |f]
Chirng minh
Trudc hét ta chimg minh ¢ théa min céac rang budc vé ludng duong:
Rang budc vé sirc chua: Ve € E, 16 rang @(e) 1a sb khong am va ¢(e) =
max{f (e), 0} < c(e).
Rang budc vé tinh bao ton: Vv € V, tong ludng dwong ra khoi v trir tong ludng

duong di vao v bang:

PN -0 wh = Y fE@- > f@

eE{{v}—»V} eE{V—>{v}}

f(e)=0 f(e)>0
= D @+ ) fe)=f{whV)
ee{{v}-v} —ee{{v}-v}

f(e)=0 f(-e)<o0

Néuv #svav #t, f{v},V) = 0 nén ludng duong di vao v (¢ ({v},V)) dugc bao

ton khi di ra khoi v (@ (V, {v})).

Néuv = s, ta co:

lol = @{shV) — oV, {s}) = f{s}V) = If]

B6 dé 3-1 va B6 dé 3-2 cho ta mot mdi twong quan giita ludng va ludng duong.
Khai niém vé ludng dwong d& hinh dung hon so v6i khai niém ludng, tuy nhién
nhimng dinh nghia vé ludng tong quat lai thich hop hon cho viéc trinh bay va
chting minh cac thudt toan trong bai. Ta s& sit dung ludng dwong trong cic
hinh vé va output (chi quan tdm t6i cac gia tri ludng duong @(e)), con cac khai
niém vé ludng s& duoc dung dé dién giai cac thuat toan trong bai.
Trong qué trinh cai dat thuat toan, cac ham c va f s€ dugc xac dinh bdi tap céc
gia tri {c[e]}eer V& {f[e]}ecr nén ta c6 thé dung 13n cac ky hiéu c(e), f(e) (néu
mubn dé cap t6i gia tri ham) hodc c[e], f[e] (néu mudn dé cap t6i cac bién sd).

e) Mot so tinh chat co ban

Cho mang G = (V,E,c,s,t) va mot ludng f trén G. Goi c(X,Y) 13 luu lwong tir
X sang Y va f(X,Y) 1a gia tri ludng tir X sang Y.
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Dinh Iy 3-3
Cho f 1a mot ludng trén mang G = (V,E, ¢, s, t), khi d6:
a)VX SV, taco f(X,X) =0.
b)VX,Y SV, tacé f(X,Y) = —f(Y, X).
OVX,Y,ZSVvaXnY=0,taco f(X,2) + f(Y,Z) =F(XUY,2).
dvXcV—{st}taco f(X,V)=0.

Chirng minh

a) VX C V, taco:

fE0= ) f@©
ee{X—-X}
nhu vay f(e) xuat hién trong tong néu va chi néu f(—e) ciing xudt hién trong
tong. Theo tinh d6i xtmg 1éch cua ludng: f(e) = —f(—e), tacd f(X,X) = 0.
b)VX,Y CV, taco:
fEN= ) fE@== > f(=e)=~f¥X)
ee{X-Y} —ee{y-X}

OVX,Y,ZcVvaXxnY =@,taco:

fXuy,z)= f(e)
ee{XVUYy—Z}
= > f@+ Y f@
ec{X—Z} ee{y—Zz}
fX.2) f.z)
dvxcV —{st} do
x = Jw

Nén theo chung minh phén c):

FOV) =) F V)

uex
Mai hang tir cia téng: f({u}, V) chinh 13 tong ludng trén cac cung di ra khoi dinh
u, do tinh bao ton ludng va u khong phai dinh phat ciing khong phai dinh thu,
hang tir nay phai bang 0, suy ra f(X,V) = 0. Tir chimg minh phan b), ta con suy
ra f(V,X) = 0 nira.
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Dinh ly 3-4

Gia tri ludng trén mang bang tong ludng trén cac cung di vao dinh thu
Chirng minh
Gia str f 1a mot luéng trén mang G = (V,E, ¢, s, t), ta co:

Ifl =f{s}hV)
=fW.V)=fV—-_{s}V)
=—fV—-{s}V)
=fW,V—A{sh
=fWAth +fWV,V —{s,t})
=fW.{t})

H¢ qua
Gia tri ludng duong trén mang bang tong ludng duong di vao dinh thu trir tong
ludng duong ra khoi dinh thu.
f) Mang thang du
Véi f 12 mot ludng trén mang G = (V, E, ¢, s, t). Ta xét mang G cling 1a mang G
nhung véi ham stre chira mdéi cho béi:

Cr: E — [0, -|-OO)

e ce(e) =c(e) — f(e)

Mang Gy xay dung nhu vdy dugc goi la mang thang duw (residual network) cua

(3.3)

mang G sinh ra boi luéng f. Suc chira cua cung (e) trén Gr thuc chét 1a lugng
ludng t6i da chung ta co thé ddy thém vao ludng f(e) ma khong lam vuot qua
strc chtra c(e).

Mot cung trén G goi 13 cung bdo hoa (saturated edge) néu ludng trén cung do
dung bang sirc chira, nguoc lai cung d6 goi 13 cung thing dir (residual edge). Ky
hiéu E 1a tap cac cung thang du trén mang thang du Gy. Mot duong di chi qua
cac cung thang du trén Gy goi 1a duwong thang du (residual path).

Cung bao hoa cua mang G trén mang thang du s€ c6 suc chira 0, cung nay it co y
nghia trong thudt toan nén ching ta s€ chi v€ cac cung thing du (€ Ef) trong céc
hinh vé.

177



Hinh 2.7. Mt lubng trén mang (sé ghi trén cdc cung la: sicc chira:ludng dwong) va mang thing dw
twong wng.
Hinh 2.7 12 mot vi du vé mang thing du. Nhu di quy udc, chung ta chi vé cac
ludng duong. Db thi c6 cung (2,4) véi strc chira ¢(2,4) = 6, tirc 1a phai co cung
dbi (4,2) véi c(4,2) = 0. Ludng duong trén cung (2,4) 1a ¢(2,4) = f(2,4) = 5,
diéu nay ciing cho biét ludng trén cung (4,2) 13 £(4,2) = —5 theo tinh d6i xtng
l1éch. Vay trén mang thang du, ta c6 cung (2,4) vdi suc chira c(2,4) — f(2,4) =
6 — 5 = 1 dong thoi c6 cung (4,2) véi sic chira c(4,2) — f(4,2) = 0 — (=5) =
5.
Dinh ly 3-5
Cho f 1a mot luéng trén mang G = (V,E,c, s, t). Khi do néu f'1a mot lué)ng trén
Gy thi ham:
f+f"E—>R
e (f + (&) = fe) +['(e)
1a mot ludng trén mang G voi gia tri ludng |f + f'| = |f] + |f].
Chirng minh
Ta chimg minh (f + f’) thoa min ba tinh chat cua ludng:
Rang budc vé sirc chira: Vi Ve € E:
(f + (e =f(e) + f'(e)
< f(e) + (cle) — f(e))
= c(e)
Tinh di xtng léch: Vi Ve € E:
fF+fe)=fle)+f'(e
=—f(-e)—f'(—e)
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=—(f(=e) + f'(-e))
==(f+f)(-e)
Tinh bao ton: Véi Vu € V, tong luong f + f' di ra khoi u bang:

F+OE@ = D (FE@+7)

eE{{u}—»V}
= > f@+ Y @
eE{{u}—»V} ee{{u}—>V}

=fu )+ f'{uh V)
Néuu#svau#t tacé(f+fH)uLV) = F{ud V) +f ({u},V) = 0.
Thay u = s, ta cod
lf+f1=F+UAsLV) =fUsh V) + ' AsLV) = If1 +1f']
Dinh ly 3-6
Cho f va f' 1a hai luéng trén mang G = (V,E, c, s, t) khi d6 ham:
f'—-fE—>R
e—(f'=fle)=f"(e)—f(e)
1a mot ludng trén mang thang du Gy v6i gid tri luong |f" = fl = If'| = If].
Chirng minh
Ta chiing minh ring f’ — f thoa man ba tinh chét ciia luong
Rang budc vé sirc chira: Voi Ve € E:

(f" = )e) =f'(e) — f(e)
<c(e) - f(e)
= cr(e)
Tinh d6i xtng léch: Véi Ve € E:
(f" = f)e) =f'(e) — f(e)
= —(f'(-e) - f(~e))
=—=(f"=f)(=e)
Tinh bao ton: Véi Vv € V
F =P = > (F'@©-f@)
ee{{v}—>V}
rE- Y fE©
ee{{v}-v} ee{{v}-v}

f'@wh V) = f{wh V)
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Néuu=#svau=#t tacé (f' —HLV) = f'{w}LV) - F{w},V) = 0.
Thay u = s, ta co
lf' = fIl=¢"=HNAsLV) = f/Ash V) = fAsh V) = If'] = If]
3.2. Thudt toan Ford-Fulkerson
a) Buong tiang ludng
Véi f 12 mot ludng trén mang G = (V,E, ¢, s, t). Goi P 1a mot duong di don tir s
toi ¢ trén mang thiang du Gy. Gid tri thang duw (residual capacity) cua dudng P,
ky hiéu Ap, dugc dinh nghia bang sirc chira nho nhat cua cac cung doc trén
duong P (xét trén Gy):
Ap = min{cf (e): (e) nam trén P}

Vi céc stic chira cr(e) 1a s6 khong 4m nén Ap ludn 1a sb khong am. Néu Ap > 0
tic 1a duong di P 12 mot duong thiang du, khi d6 duong di P goi 1a mdt duwong
ting luong (augmenting path) twong tmg véi ludng f.
Dinh ly 3-7
Cho f 1a mot luéng trén mang G = (V,E,c,s,t), P 1a mot duong ting luéng trén
Gy. Khi d6 ham fp: E — R dinh nghia nhu sau:

+Ap, nueeP
fo(e) ={ —Ap,néu —e € P (3.4)
0, truong hop khac

12 mot ludng trén Gy vOi gia tri ludng |fp| = Ap > 0.

Chirng minh

Chung ta s& khong ching minh cu thé vi viéc kiém chung fp thoa min ba tinh chit
ctia ludng kha d& dang. Ban chit cua ludng fp 1a ddy mot gia tri ludng Ap tir s toi t
doc theo cac cung trén duong P, dong thoi kéo mot gia tri ludng —Ap tir t vé s
theo hudng nguogc lai".

* C6 thé hinh dung co ché nay nhu mot qué trinh dién phan: Bao nhiéu ion duong (cation) chuyén dén cuc
4m (catot) t thi ciing phai c6 biy nhiéu ion am (anion) chuyén dén cuc duong (anot) s.

180



Dinh ly 3-5 va Binh 1y 3-7 cho ta mot hé qua sau:

H¢ qua 3-8

Cho f 1a mét ludng trén mang G = (V,E, c,s,t) va P 1a mot duong ting ludng
trén Gy, goi fp 1a ludng trén Gy dinh nghia nhu trong cong thac (3.4). Khi do
f + fr 1a mot ludng mdéi trén G véi gia tri |f + fol = |f| + |fp| = |f] + Ap.

Hinh 2.8. Ting luéng doc dwong ting ludng.

Hinh 2.8 12 vi du vé co ché tang ludng trén mang véi dinh phat 1, dinh thu 6 va
ludng f gia tri 7 (hinh a) (chi y rang ta chi v& cac ludng dwong cho d& rdi). Vai
mang thang du Gy (hinh b), gia su ta chon duong di P = (1,3,4,2,5,6) lam duong
ting ludng, gia tri thing du cua P bing Ap = 2 (stc chira cua cung (3,4)).
Ludng fp trén Gy s€ ¢6 cac gia tri sau:

fr(1,3) = fp(34) = fp(42) = fp(2,5) = fp(5,6) =2

frB1) = fp(43) = fp(2/4) = fp(5,2) = p(6,5) = -2
Cong cac gia tri nay vao ludng f dang co, ta s& duoc mot ludng méi trén G véi
gia tri 9 (hinh c).
Co ché cong ludng f» vao ludng f hién co goi 1a ting luéng doc theo dwong
tang luong P.
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b) Thuat toan Ford-Fulkerson

Thuat toan Ford-Fulkerson [14] dé tim luéng cuc dai trén mang dua trén co ché
tang ludng doc theo dudng ting ludng. Bt ddu tir mot ludng f bat ky trén mang
(chiang han ludng trén moi cung déu bang 0), thuat toan tim duong ting ludng P
trén mang thing du, gan f == f + fp dé ting gia tri ludng f va lap lai cho t&i khi
khéng tim duoc dudng ting ludng nita.

f 1= «Mot ludng bat ky»;

while «Tim dugc dudng tidng ludng P» do
f := £ + £f;;

Output <« £;

c) Cai dat

Chiing ta s& cai dit thuat toan Ford-Fulkerson dé tim ludng cuc dai trén mang

v6i khudn dang Input/Output nhu sau:

Input

e Dong 1 chta sé dinh n < 103, sé cung m < 10° cia mang, dinh phat s,
dinh thu t.

e m dong tiép theo, mdi dong chira ba sé nguyén dwong u, v, ¢ twong tng véi
mot cung ndi tir u téi v voi stre chira ¢ < 10%.

Output

Ludng cuc dai trén mang (nhu dd quy udc, chi dua ra cac ludng duong trén cac
cung).
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Sample Input Sample Output

6 81 6 Maximum flow:

56 6 e[l] = (5, 6): c =6, £ =3
4 6 6 e[2] = (4, 6): c =6, £ =6
351 e[3] = (3, 5): c=1, £=1
343 e[4] = (3, 4): c =3, £ =3
253 e[5] = (2, 5): ¢ =3, £ =2
2 46 e[6] = (2, 4): c =6, £ =3
135 e[7] = (1, 3): ¢ =5, £ =4
125 e[8] = (1, 2): ¢ =5, £=5

Value of flow: 9

Dé cai dat thuat toan duoc hiéu qua can ¢6 mot co ché té chire dir lidu hop 1y.
Chung ta can luu trit ludng f trén cac cung, tim dudng ting ludng P trén Gy va
cong ludng fp vao ludng f hién co. Viée tim duong ting ludng P trén Gy s€ dugc
thuc hién béng mot thuat toan tim kiém trén dd thi con viéc tang luéng doc trén
duong P doi hoi phai ting gia tri ludng trén cac cung doc trén duong di dong
thoi giam gié tri ludng trén cac cung ddi. Vay ciu trac dir liéu can td chuc dé tao
diéu kién thuan loi cho thuat toan tim duong ting ludng ciing nhu dé dang chi ra
cung ddi ciia mot cung cho trude.

D6 thi duoc biéu dién boi danh sach lién thude. Tat cam cung cua mang duoc
chtra trong danh sach e[1 ...m]. Ngoai ra ta thém m cung d6i ctia chung véi sirc
chtra 0. Cac cung d6i nay duoc luu trit trong danh sach e[—m ... — 1], cung d6i
cia cung e[i] 12 cung e[—i], cung e[0] dugc st dung vdi vai trd phan tir cAm
canh va khong dugc tinh dén.

MJi phan tir cia danh sach e 1a mot ban ghi gdm 4 trudng (x, v, ¢, f) trong d6 x,
y 1a dinh dau va dinh cudi cta cung, c 1a sttc chira va f 1a ludng trén cung. Danh
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sach lién thudc duoc xay dung bdi hai mang head[1 ...n] va link[-m ..m],

trong do:

e head[u] 12 chi sé cung dau tién trong danh sach lién thudc cac cung di ra
khoi u, trudng hop u khong ¢ cung di ra, head[u] duge gan bang 0.

e link[i] 1a chi sb cung ké tiép cung e[i] trong cing danh sach lién thudc cac
cung di ra khoi mot dinh. Trudng hop e[i] 12 cung cudi cung cia mot danh
sach lién thudc, link[i] dugc gan bang 0

Viéc duyét cac cung di ra khéi dinh u s€ dugc thuc hién theo cach sau:

i := head[ul]; /ilachisé cung diu tién trong danh sich lién thugc cic cung ra khéi u
while i # 0 do //Chirng nio chwa duyét qua cung cudi danh sich lién thugc
begin
«Xt ly cung e[i]l»;
i := 1link[i]; //Nhdysang xét cung ké tiép trong danh sdch lién thujc
end;

Tai mdi budc, ta dung thuat todn BFS dé tim dudng di tir s t6i ¢ trén Gy, mdi
dinh v trén dudng di duoc luu vét trace[v] 1a chi sé cung di vao v trén dudng di
P tim duoc. Dya vao vét nay, ta s€ liét ké duogc tat ca cac cung trén dudng di,
ting ludng trén cac cung nay 1én Ap dong thoi giam ludng trén cac cung dbi di
Ap.

Edmonds va Karp [12] dd dé xuit mé hinh cai dat thuat toan Ford-Fulkerson
trong d6 thuat toan BFS duoc str dung dé tim dudng ting ludng nén ngudi ta con
goi thuat toan Ford-Fulkerson véi k¥ thuat st dung BFS tim dudng ting ludng 13
thuat toan Edmonds-Karp.

EDMONDSKARP.PAS v' Thuét toan Edmonds-Karp

{$MODE OBJFPC}
program MaximumFlow;

const
maxN = 1000;
maxM = 100000;
maxC = 10000;
type

TEdge = record //Ciu triic mjt cung
x, y: Integer; //Haidinh diumit
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c, f: Integer; //Sikcchiravaluéng
end;
TQueue = record //Hang dgiding cho BFS
items: array[l..maxN] of Integer;
front, rear: Integer;
end;
var
e: array[-maxM..maxM] of TEdge; //Danh sdch cdccung
link: array[-maxM..maxM] of Integer;
//Méc néi trong danh sdch lién thujc
head: array[l..maxN] of Integer;
//head[u]: Chi sé cung dau tién trong danh sdch lién thugc cdc cung ra khéi u
trace: array[l..maxN] of Integer; //Vétdwong di
n, m, s, t: Integer;
FlowValue: Integer;
Queue: TQueue;
procedure Enter; //Nhdp ditli¢u
var i, u, v, capacity: Integer;
begin
Readln(n, m, s, t);
FillChar (head([1l], n * SizeOf (head[1]), 0);
for i := 1 to m do
begin
Readln (u, v, capacity);
with e[i] do //Thém cung e[i] = (u, v) vao danh sdch lién thujc cia u

begin
X 1= u;
y 1= v;
c := capacity;
link[i] := head[u];
head[u] := 1i;
end;
with e[-i] do //Thém cung e[-i] = (v, u) vao danh sdch lién thugc ciia v
begin
X v;
y = Uy
c := 0;
link[-1] := head[Vv];
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end;
procedure InitZeroFlow; //Khditgo luong0
var i: Integer;

begin
for i := -m to m do e[i].f := 0;
FlowValue := 0;

end;

function FindPath: Boolean; //Tim duwong ting luéng bing BFS
var u, v, i: Integer;

begin
FillChar(trace[l], n * SizeOf (trace([l]), 0);
tracel[s] := 1; /wacels]#0: dinh di tham, cé thé ding bt civ hing s6 nao khdc 0
with Queue do
begin
items[1l] := s;
front := 1;
rear := 1; //Hang dyichigém dinhs
repeat
u := items|[front];
Inc (front); //Liy mgtdinh ukhéi hang dgi
i := head[ul:
while i <> 0 do //Duyétdanh sdch lién thugc ciia u
begin
v := el[i].y; //mite[i] chirve mjtcung di tir u téiv
if (trace([v] = 0)

and (e[i].f < e[1].c) then
//v chwa thdm va e[i] la cung thang dw
begin
trace([v] := i; //Luuvét
if v = t then Exit (True);
//Tim thiy dwong tdng luéng, thodt
Inc (rear) ;

items [rear] := v; //Pdyvvao hang dyi
end;
i := 1link[i]; //Nhdysang nitké tiép trong danh sdch lién thupc
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end;
until front > rear;
Result := False; //Khéng tim thiy dwong ting luong
end;
end;
procedure AugmentFlow; //Tding luéng doc duong mét ting luéng
var Delta, v, i: Integer;
begin
//Truéc hét xdc dinh Delta bang sirc chira nhé nhit ciia cdc cung trén dwong ting luéng
v := t; //Bitdiutirt
Delta := maxC;
repeat
i := tracelv];
// efi] la mét cung trén dwong ting ludng véi sivc chire efi].c - efi].f
if e[i].c - e[i].f < Delta then
Delta := e[i]l.c - e[i].£f;
v := el[i].x; //Pidinvés
until v = s;
//Ting luéng thém Delta
v := t; //Bitdiutit
repeat
i := trace([v]; //e[i]la mtcung trén dwong ting luéng
[1]1.f, Delta); //Tdng luong trén efi] Ién Delta
[-1].f, Delta); //Giim luéng trén cung doi twong irng di Delta
v := el[i].x; //Pidinvés
until v = s;
Inc (FlowValue, Delta); //Gid triluéng fdwoc ting lén Delta
end;
procedure PrintResult; //Inkétqui
var i: Integer;

begin
WriteLn ("Maximum flow: ') ;
for i := 1 to m do

with e[i] do
if £ > 0 then //Chicéininra cdccung céluéng >0

WriteLn('el[', i, '1 = (', %, ', ', y, "): c
:'r Cy 'l f = 'I f),
WriteLn ('Value of flow: ', FlowValue);

end;




begin
Enter; //Nhdp diiliéu
InitZeroFlow; //Khditao luéng 0
while FindPath do //Thugttodn Ford-Fulkerson
AugmentFlow;
PrintResult; //Inkétqui
end.

d) Tinh ddng cta thuat toan
Trudc hét dé thiy rang thuat toan Ford-Fulkerson tra vé mot ludng, tirc 1a két
qua ma thudt toan tra vé thoa min cac tinh chét cua ludng. Viéc chimg minh
ludng d6 1a cuc dai d3 xay dung mot dinh 1y quan trong vé mbi quan hé giira
luﬁ‘)ng cuc dai va lat cét hep nhit.
Ta goi mot lat cat (X, Y) 1a mot cach phan hoach tap dinh V 1am hai tap roi nhau:
XNY=0vaXuY=V.Latcit c6s € Xvat €Y duoc goi 1a mot 14t cit s —
t.
Luu luong tir X sang Y (c(X,Y)) va ludng tir X sang Y (f(X,Y)) duoc goi 1a luu
lugng va ludng thong qua lat cét.
Bé dé 3-9
Véi f 12 mot ludng trén mang G = (V, E, ¢, s, t). Khi d6 ludng thong qua mot lat
cit s — t bat ky bang |f].

Chirng minh

V6iV = X UY lamot lat cat s — t bat ky, theo Pinh 1y 3-3

f(X!Y) Zf(X,V)—f(X,V—Y) :f(X'V) —f(X,X) Zf(X,V)
Ciing theo dinh ly nay ta co:

fEV)=fEM+ X —{s}hV) =f(s,V) =If]

B6 dé 3-10
Véi f 1a mot ludng trén mang G = (V, E, c, s, t). Khi d6 ludng thong qua mot lat
cit s — t bat ky khong vuot qua luu luong cua lat cit do.

Chirng minh

V6iV =X UY 1a mot lat cit s — t bat ky ta co
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fEN= Y fE@=< Y e =cty)

ee{X-Y} ee{X—Y}

Dinh ly 3-11 (méi quan hé gia luéng cwe dai, dwong ting luong va ldt cdit

hep nhit)

Néu f 12 mot ludng trén mang G = (V, E, ¢, s, t), khi d6 ba ménh dé sau 13 tuong

duong:

a) f 1a ludng cuc dai trén mang G.

b) Mang thang du Gy khong c6 duong tang ludng.

c)Tontai V =X UY lamot lat cat s — t dé f(X,Y) = c(X,Y)
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Chirng minh
‘Ca:>b‘)’
Gia st phan ching rang mang thang du Gy c6 duong ting ludng P thi f + fp ciing
1a mot ludng trén G véi gia tri ludng 16n hon f, trai gia thiét f 1a ludng cuc dai
trén mang.
G(.b:>C”
Néu Gy khong ton tai duong tang ludng thi ta dit X 1a tap cac dinh dén duoc tir s
bang mot duong thing du va Y 1a tap cac dinh con lai:

X ={v:3 duong thingdus ~v}Y=V-X
RérangXNY =0, XUY =V vas€X,teY (tkhong thé dén duoc tir s boi
mot duong thing du boi néu khong thi duong di d6 s& 1a mot duong ting ludng).
Céc cung e € {X — Y} chic chan phai 1a cung bdo hoa, boi néu co cung thing du
e=(u,v) €{X > Y}thi tir s s& toi duoc v bang mot dudong thiang du. Tic la
v € X, trai véi cach xay dung lat cit. Tir f(e) = c(e) v6i Ve € {X - Y}, taco

FX = ) f@= ) @ =city)
ee{X-Y} ee{X-Y}

113 2

c=a

B6 dé 16.9 va Dinh li 16.17 cho thiy gia tri ctia mot ludng trén mang khong thé
vuot qua luu lugng cua mot 1at cit s — t bat ky. Néu tdn tai mot lat cits —t ma
ludng théng qua lat cit ding bang luu lugng thi ludng d6 chic chan phai 1a ludng
cuc dai.

Lat cits — t ¢o luu luong nhd nhét (béng gia tri luéng cuc dai trén mang) goi la
Lat cdt hep nhat ciia mang G.



e) Tinh dimg cuda thuat toan

Thuét toan Ford-Fulkerson c6 thoi gian thyc hién phu thudc vao thuét toan tim
duong tang ludng tai mdi budc. C6 thé chi ra dugc vi du ma néu dung DFS dé
tim duong ting ludng thi thoi gian thyc hién giai thuat khong bi chin boi mot
ham da thirc cia sd dinh va sb canh. Thém nita, néu stc chta cia cac cung la sb
thyc, nguoi ta con chi ra dugc vi du ma véi thuat toan tim dudng ting ludng
khong tot, gia tri ludng sau mdi budc van ting nhung khéng bao giv dat ludng
cue dai. Tuc 1a néu c6 thé cai dit chuong trinh tinh toan s thuc véi do chinh
xé4c tuyét dbi, thuat toan s& chay mai khong ding.

10° 10°

10°
10°

Hinh 2.8. Mang véi 4 dinh (1 phdt, 4 thu), thugt todn Ford-Fulkerson cé thé mit 2 ti lan tim dwong
tang ludng néu luan phién chon hai dwong (1,2,3,4) va (1,3,2,4) lam dwong ting ludng, méi lin ting
gid tri luong lén 1 don vi.

Chinh vi vdy nén trong mot sb tai liéu ngudi ta goi 1a “phuong phap Ford-
Fulkerson” dé chi mét cach tiép can chung, con tur “thuat toan” dugc dung dé chi
mot cach cai dat phuong phap Ford-Fulkerson trén mot cdu trac dit lidu cu thé,
v6i mot thuat toan tim duong ting ludng cu thé. Vi du phuwong phip Ford-
Fulkerson cai dit v6i thuat toan tim dudng ting ludng biang BFS nhu trén dugc
goi 1a thuat toan Edmonds-Karp. Tinh dung ctua thuat toan Edmonds-Karp sé&

duogc chi ra khi ching ta danh gia thoi gian thuc hién giai thuat.

Xét Gr 1a mang thang du cia mot mang G tng véi ludng f nao do, ta gan trong
s6 1 cho cac cung thing du cua Gy va gan trong s6 400 cho cac cung bio hoa
cua Gy. D& thiy rang thuat toan tim dudng ting ludng bang BFS s& tra vé mot
duong di ngin nhat tir s t6i t twong Gmg voi ham trong s dd cho. Ky hiéu
8(u,v) 1a 46 dai duong di ngan nht tir u toi v (khoang cach tir u t6i v) trén

mang thang du.
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Bo dé 3-12
Néu ta khoi tao lué)ng 0 va thyc hién thuat toan Edmonds-Karp trén mang
G = (V,E) c6 dinh phat s va dinh thu t. Khi d6 v6i moi dinh v € V, khoang
cach tir s toi v trén mang thing du khong giam sau mdi budc tang ludng.
Chirng minh
Khi v = s, rd rang khoang cach tir s t6i chinh n6 luén bang 0 tir khi bat dau téi
khi két thic thuat toan. Ta chi can chimg minh b dé dung véi nhimng dinh v # s.
Gia st phan ching rang ton tai mot dinh v € V — {s} ma khi thuét toan Edmonds-
Karp ting ludng f 1én thanh f’ s& lam cho 8;1(s,v) nho hon &¢(s,v). Néu co
nhiéu dinh v nhu vay ta chon dinh v ¢ (s, v) nho nhit. GoiP=s~u-vla
duong di ngén nhit tir s t6i v trén Gy, ta co (w,v) 1a cung thang du trén G, va
8pr(s,u) =6p(s,v) — 1
Boi cach chon dinh v, d6 dai dudng di ngan nhét tir s t6i u khong thé bi giam di
sau phép tang ludng, tirc 1a
8pr(s,u) = 6¢(s,u)
Ta chimg minh rang (u, v) phai 1a cung bdo hoa trén Gy. That vay, néu (u,v) 1a
cung thing du (c6 trong sd 1) trén Gy thi:
Op(s,v) < 6(s,u) +1 (bat dang thirc tam giac)
< 8p/(s,u) + 1 (khoang céach tr s t6i u khong giam)
=6p(s,v)
Trai voi gia thiét ring khoang cach tir s t&i v phai giam di sau phép ting ludng.
Lam thé nao dé (u,v) 1a cung bio hoa trén Gy nhung lai 1a cung thing du trén
Gyr? Cau tra 161 duy nhit 1a do phép ting ludng tir f 1én £ lam giam ludng trén
cung (u,v), tic 1a cung dbi (v,u) phai 1a mot cung trén dudng ting ludng tim
dugc. Vi duong ting ludng tai mdi budc ludn 1a dudong di ngén nhat nén (v, u)
phai 14 cung cubi cung trén dwdng di ngdn nhét tir s t6i u cua Gy. Tt d6 suy ra:
Op(s,v) = 6¢(s,u) — 1
< 8p/(s,u) — 1 (khoang cach tir s t6i u khong giam)
= 8;/(s,v) — 2 (theo cdch chon u va v)
Mau thuan véi gia thuyét khoang cach tir s toi v phai giam di sau khi ting ludng.
Ta c6 diéu phai chimg minh: Véi Vv € V, khoang cach tir s t6i v trén mang thing
du khong giam sau mdi budc ting ludng.
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Bé dé 3-13

Néu thuat toan Edmonds-Karp thuc hién trén mang G = (V, E, c, s, t) v6i ludng
khoi tao 1a ludng 0 thi sé luot ting ludng dugc st dung trong thuat toan la
O(IVIIED.
Chirng minh
Ta chia qua trinh thyc hién thuat toan Edmonds-Karp thanh cac pha. Mdi pha tim
mot duong ting ludng P va ting ludng thém mot gia tri thang du Ap. Gid tri thing
du nay theo dinh nghia s& phai bang strc chira cia mot cung thing du e nao d6
trén duong P:
Je € P:Ap =c(e) — f(e)
Khi ting ludng doc trén dugc P thi cung e s& trd thanh bio hoa. Nhiing cung
thang du trd nén bio hoa sau khi tang ludng goi 1a cung t6i han (critical edge) tai
mdi pha. Mdi pha c6 it nhit mot cung toi han.
Ta danh gid xem mdi cung ctia mang c6 thé tro thanh cung t&i han bao nhiéu lan.
Véi mot cung e = (u, v), ta xét pha A dau tién lam e tré thanh cung t6i han va f,
1a ludng khi bit ddu pha A. Do e nim trén duong ting ludng ngan nhét trén Gr,
nén khi pha nay bat dau:
O, (s, W)+ 1= SfA(s, v)
Pha A sau khi ting ludng s& lam cung e s& trd nén bio hoa.
Dé e co thé tré thanh cung t6i han mot 1an nira thi tiép theo pha A phai c6 mot pha
B giam ludng trén cung e dé bién e thanh cung thing du, tic 1a cung - e = (v, u)
phai 1 mot cung trén duong ting ludng ciia pha B. Goi fp 1a ludng khi pha B bat
dau, ciing vi tinh chat cia duong di ngin nhat, ta c6

SfB(s, v)+1= SfB(s, u)

B6 dé 16.12 da ching minh rang khoang cach tir s téi v trén mang thang du khong
giam di sau mdi pha, nén 0py(s,v) = &f,(s,v). Suy ra:
Opp(s,u) =65, (s,v) +1
=65, (s,v) +1
=0p,(s,u) +2
Nhu vdy néu mot cung (u,v) 1a cung t6i han trong k pha thi khi pha tht k bét
dau, khoang cach tir s t6i u trén mang thang du da ting 1én it nhit 2(k — 1) don vi
so v6i thoi diém trude pha thir nhat. Khoang cch 8, (s, u) ban dau la sé khong 4m
va chimg nao con duong thang du di tir s téi u, khoang cach 8 (s, u) khong thé
Y= = o).

vuot qua |V| — 1. Piéu d6 cho thdy k < —
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Tong hop lai, ta co:
e  Mang cé tit ca |E| cung.
®  Moi pha c¢¢ it nhat mot cung téi han
e Mot cung c6 thé tré thanh toi han trong O(|V]) pha
Vay téng sb pha dugc thyc hién trong thuat toan Edmonds-Karp 1a mét dai lugng
O(IVIIED)
Dinh ly 3-14
Co thé cai dat thuat toan Edmonds-Karp dé tim ludng cuc dai trén mang
G = (V,E,c,s,t) trong thoi gian O(|V||E|?).
Chirng minh
B6 dé 3-15 da chimg minh ring thuit toan Edmonds-Karp cin thuc hién
O(|V||E]) luot tang luéng. Tai mdi lugt thuat toan tim duong ting luéng béng
BFS va ting ludng doc duong nay c6 thoi gian thyuc hién O(|E]). Suy ra thoi gian
thye hién gidi thuat Edmonds-Karp 1a O(|V||E|?).
Néu kha ning thong qua trén cac cung ctia mang 13 sd nguyén thi con c6 mot
cach danh gia khac dua trén gia tri luéng cuc dai, néu ta khéi tao luéng 0 thi sau
mdi luot ting ludng, gia tri ludng duoc ting 1én it nhat 1 don vi. Suy ra thoi gian
thuc hién giai thuat khi d6 1a O(|f||E|) véi |f] 1a gia tri ludng cuc dai.

3.3. Thudt todn ddy tién luong

Thuét toan Ford-Fulkerson khong nhirng 1a mot cach tiép can thong minh ma
viéc chirng minh tinh dung dén ctia n6 cho ta nhidu két qua thd vi vé mbi lién hé
giita ludng cuc dai va lat cit hep nhit. Tuy vy voi nhitng dd thi kich thudc rat
16n thi tdc d6 cua chwong trinh trong d6i cham.

Trong phan nay ta s& trinh bay mot 16p cac thuat toan nhanh nhat cho t6i nay dé
giai bai toan ludng cyuc dai, tén chung cua cac thuat toan nay 1a thuat toan ddy
tien luong (preflow-push).

Hay hinh dung mang nhu mot hé thdng duong dng din nudc tir voi diém phat s
t6i diém thu ¢, cac cung 1a cac dudng Ong, strc chua 1a luu luong dudng bng cd
thé tai. Nudc chay theo nguyén tic tir chd cao vé chd thip. Vi mot luong nude
16n phat ra tir s t6i mot dinh v, néu ¢ cach chuyén luong nude d6 sang dia diém
khac thi khong c6 van dé gi, néu khong thi c6 hién twong “tran” xay ra tai v, ta
“dang cao” diém v dé luong nudc d6 d6 sang diém khac (co thé d6 nguogc vé s).
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Cu tiép tuc qué trinh nhu vady cho téi khi khong con hién tugng tran & bt ctr
diém nao. Cach tiép can nay hoan toan khac voi thuat toan Ford-Fulkerson: thuat
toan Ford-Fulkerson c¢6 ging tim mot dong chay phu tir s téi t va thém dong
chay nay vao ludng hién c6 dén khi khong con dong chay phu nita.

a) Tién ludng
Cho mot mang G = (V, E,c,s,t). Mot tién luong (preflow) trén G 1a mot ham:
fiE—R
e f(e)
gan cho mdi cung e € E mot sb thue f (e) théa man ba rang budc:
e Rang budc vé sirc chta (capacity constraint): tién ludng trén mdi cung
khong dugc vugt qua stre chira ctia cung do: Ve € E: f(e) < c(e).
e Rang budc vé tinh d6i xung léch (skew symmetry): Voi Ve € E, tién luéng

trén cung e va cung ddi - e c6 cung gia tri tuyét d6i nhung trai ddu nhau:
fle) =—f(-e).

e Rang budc vé tinh du: V&i moi dinh khong phai dinh phat, tong tién ludng
trén cic cung di vao dinh d6 1a sé khéng 4m: Vv € V — {s}: f(V,{v}) =
ZeE{Vﬁ{v}}f(e) = 0.

Véi Vv € V, ta goi luong tran tai v, ky hiéu excess[v], 1a tong tién ludng trén

cac cung di vao dinh v:

excesslvl = fV, (D = Y f(©)
ee{V-{v}}
Pinh v € V — {s,t} goi 1a dinh tran (overflowing vertex) néu excess[v] > 0.

Khai niém dinh tran chi c6 nghia véi cac dinh khong phai dinh phat cling khong
phai dinh thu.

function Overflow (VEV): Boolean;
begin

Result := (v # s) and (v # t) and (excess[u] > 0);
end;
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Dinh nghia vé tién ludng twong tu nhu dinh nghia ludng, chi khac nhau ¢ rang
budc thur ba. Vi vay chung ta cling c6 khai niém mang thang du, cung thing du,
duong thing du... ing voi tién ludng twong tu nhu ddi véi ludng.

b) Khéi tao
Cho f 1a mot tién ludng trén mang G = (V,E,c,s,t). Ta goi h:V - N 1a mot

ham do cao tng véi f néu h gan cho mdi dinh v € V mot sé tu nhién h(v) thoa
mién ba diéu kién:
e h(s)=|V]
e h(t)=0.
e h(u) < h(v) + 1 véi moi cung thang du (u, v).
Nhiing rang budc nay goi la rang budc dé cao.
Ham dd cao h khi cai dit s€ dugc xac dinh boi tap cac gia tri {h[v]},ep nén tuy
theo ting truong hop, ta c6 thé str dung ky hiéu h(v) (néu mudn néi toi gia tri
ham) hodc h[v] (néu mudn ndi téi mot bién sb).
Thao tac khoi tao Init chiu trach nhiém khéi tao mot tién luéng va mot ham do
cao twong ung. Mot cach khoi tao 1a dit tién ludng trén mdi cung e di ra khoi s
dung bang strc chira c(e) clia cung d6 (di nhién s& phai dat ca tién ludng trén
cung ddi - e bang - c(e) dé théa man tinh dbi xtmg 1éch), con tién ludng trén
cac cung khac bang 0. Khi d6 tit ca cac cung di ra khoi s 1a bdo hoa.

c(e),néue € E*(s)

f(e) =4—c(e),néu —e € E*(s)

0, truong hop khéc

Ta khoi tao ham d0 cao h: V — N nhu sau:
V], néuv =s
h(v) =50, néuv =t
1, néuv # {s, t}

R& rang moi cung thing du (u, v) khong thé 1 cung di ra khoi s (u # s) nén ta
c6 h(u) <1 < h(v) + 1. Ham d6 cao trén 1a thich tmg véi tién ludng f.

Viéc cudi cung 1a khéi tao cac gia tri excess|. ] Gmg véi tién luong f.

‘ procedure Init;
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begin
//Khéi tao tién luéng
for Ve €E do fle] := 0;
for Vv €V do excess[v] := 0;
for Ve =(s,v)EE"(s) do
begin
fle] := c(e);
fl-e] := -c(e);
excess[v] := excess[v] + c(e);
end;
//Khdi tao ham dp cao
for Vv €V do hiv] := 1;
his] := [V];
hit] := 0;
end;

c) Phép ddy ludng

Phép day ludng Push(e) c6 thé thuc hién trén cung e = (u, v) néu cac diéu kién
sau duoc thdoa man:

e uladinhtran: u € V — {s,t} va excess[u] > 0

e e lacung thing du trén G¢: ¢r(e) = c(e) — f(e) >0

e ucaohonwv: h(u) > h(v)

Rang budc h(u) > h(v) két hop vé6i rang budc do cao: h(u) < h(v) + 1 co thé
viét thanh h(u) = h(v) + 1.

Phép Push(e = (u,v)) s& tinh lugng ludng tbi da c6 thé thém vao theo cung e:
A= min{excess[u], cr (e)}, thém luong ludng nay vao cung e va bot mot luong
ludng A tir v vé u theo cung - e dé giir tinh ddi xtmg 1éch cia tién ludng. Viéc
cudi cung 1a cip nhat lai excess[u] va excess[v] theo tién ludng mai. Ban chét
cua phép Push(e = (u, v)) 12 chuyén mot luong ludng tran A tir dinh u sang
dinh v. D& thay rang cac tinh chét cua tién ludng van duoc duy tri sau phép
Push:

procedure Push(e = (u,v));
begin
A := min (excess[ul, ce(u, Vv)); /Tinhlwong lubng téi da cé thé diy
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fle] =
excess[u] := excess[u] - A;
[

]
excess[v] + A; //Cap nhdt micc tran

fle] + A; fl-e] := f[-e] - A; /Ddyluéng
]
]

excess
end;

\4

Phép Push bao ton tinh chit cia ham d6 cao. That vay, khi thao tac Push(e =
(u, v)) dugc thuc hién, nd chi co6 thé sinh ra thém mot cung thang du —e =
(v, u) ma thoi. Phép Push khong 1am thay doi cac d6 cao, tirc 1a trude khi Push,
h[u] > h[v] thi sau khi Push, h[v] van nho hon h[u], tic 1a rang budc do cao
h[v] < h[u] + 1 van duoc duy tri trén cung thing du —e = (v, u).

Phép Push(e = (u, v)) day mot luong ludng A = min{excess[u], cf(e)} tran tir
u sang v. Néu A diing bang ¢, (e) = c(e) — f(e) c6 nghia la khi phép Push ting
f(e) Ién A thi cung e s& bao hoa va khong con la cung thing du trén G nita, ta
goi phép ddy ludng ndy 13 ddy bdo hoa (saturating push), nguoc lai phép day
ludng d6 goi 1a ddy khéng bdo hoa (non-saturating push), sau phép day khong
bao hoa thi excess[u] = 0, tic 1a u khéng con 1a dinh tran nira.

d) Phép nang

Phép nang Lift(u) thyc hién trén dinh u néu cac diéu kién sau duoc thoéa man:

e uladinh tran: (u # s), (u # t) va excess[u] > 0.

e u khong chuyén dugc ludng xudng noi nao thap hon: V&i moi cung thing
due = (u,v) € Ef: h(w) < h(v).

Khi d6 phép Lift(u) nang dinh u 1én bang cach dat h[u] bang do cao thap nhat

cua mot dinh v no6 co6 thé chuyén tai sang cong thém 1:

hlu] = min{h[v]: A(u,v) € Ef} +1

procedure Lift (u€ev);
begin
minH := +;
for Vv: (u,v)€EE: do
if h{v] < minH then minH := h[v];
h[u] := minH + 1;
end;
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Néu u 1a dinh tran thi it nhat phéi c6 mdt cung thang du di ra khoi u, diéu nay
dam bao cho phép lay min{h[v]: (u, v) € E;} dugc thuc hién trén mot tap khéc

rong. That vay, do u 1a dinh tran, ta c6 excess[u] = Zee{v_){u}} f(e) >0thaclait

nhat c6 mot cung e € {V - {u}} dé f(e) > 0. Cung dbi - e chic chin 1a mot
cung thang du di ra khoi u béi:
cr(—e) =c(—e)— f(—e) =c(—e) + f(e) >0

Phép Lift khong dong cham gi dén tién ludng f. Ngoai ra phép Lift chi ting
dd cao cia mdt dinh va bao ton rang budc dd cao: Vi mot cung thing du
(v,u) di vao u, rang budc d6 cao h(v) < h(u) + 1 khong bi vi pham néu ta
nang do cao h(u) cua dinh u. Mat khac, véi mot cung thang du (u, v) di ra khoi
u thi viéc dat h[u] = min{h[v]: A(u,v) € Ef} + 1 cling dam bao rang h(u) <
h(v) + 1.

e) M6 hinh chung va thuat toan FIFO Preflow-Push
Q Mé hinh chung
Thuét toan ddy tién ludng c6 mo hinh cai dit chung kha don gian: Khoi tao tién
ludng f va ham d6 cao, sau d6 néu thay phép nang (Lift) hay dy ludng (Push)
nao thuc hi¢n dugce thi thuc hién nga... Cho t&i khi khong con phép nang hay
déy nao c6 thé thuc hién duoc nita thi tién luéng f s€ tré thanh lué)ng cuc dai
trén mang.
Chinh vi tht tu cac phép Push va Lift dugc thuc hién khong anh hudng tdi tinh
dung ding cua thuat toan nén ngudi ta dd dé xudt rat nhiu co ché chon thu tu
thuc hién nham giam thoi gian thuc hién giai thuat.
Bé dé 3-15
Cho mang G = (V,E,c,s,t) cb tién luéng f va ham do cao h. V6i mot dinh tran
u, ludn co6 thé thuc hién duogc thao tic Push(e) trén mot cung e di ra khéi u
hodac thuc hién dugc thao tac Lift(u)
Chirng minh
Néu thao tic Push khong thé ap dung dugc cho cung thing du nao di ra khoiu
tirc 1a voi moi cung thiang du (u, v) € Ef, h(u) khong cao hon h(v), diéu d6 chinh
1a diéu kién hop 18 dé thyc hién thao tac Lift(u).
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O Thudt toan FIFO Preflow-Push

Pinh 1y 3-17 1a co s& cho thuat toan FIFO Preflow-Push. Thuat toan duogc
Goldberg dé xuat [18] dya trén co ché xir 1y dinh tran 1y ra tir mot hang doi.

Tai thao tac khéi tao, cac dinh tran s€ dugc luu trit trong mot hang doi Queue

hd tro hai thao tac: PushToQueue(v) dé diy mot dinh tran v vao hang doi va

PopFromQueue dé 1dy mot dinh tran khoi hang doi. Thuat toan s& xtu 1y ting

dinh tran z 13y ra khoi hang doi theo cach sau: Trudc hét c¢b ging day ludng trén

cac cung thing du di ra khoi z bang phép Push. Néu day duoc hét luong tran

(excess[z] = 0) thi xong, néu khong ta dang cao dinh z bang phép Lift(z) va

day lai z vao hang doi cho xir 1y sau. Thuat toan sé& tiép tuc véi dinh tran tiép

theo trong hang doi va két thuc khi hang doi rng, boi khi mang khong con dinh
tran thi khong con thao tdc Push hay Lift nao co thé thuc hién dugc nita.

Gia st rang chung ta c6 mot dinh tran u va mot cung e = (u, v) khong thé day

luéng dugc, tre 12 it nhat mot trong hai diéu kién sau day duoc thdéa man:

e (u,v)lacungbio hoac(e) = f(e).

e u khong cao hon v: h(u) < h(v).

Khi do:

e Sau bit ky phép Push ndo, ching ta van khong thé diy ludng duoc trén
cung e = (u,v). That vy, néu u khong cao hon v, phép Push khong lam
thay d6i ham d6 cao nén sau phép Push thi u van khong cao hon v. Néu u
cao hon v thi e phai 13 cung bio hoa, 1énh Push duy nhit c6 thé bién no
thanh cung thing du 1a 1énh Push(—e) lam giam f(e). Nhung 1énh
Push(—e) khong thé thyc hién duoc vi cung - e = (v, u) ¢6 v thip hon u.

e Sau bat ky phép Lift nao ngoai trir Lift(u), chung ta ciing khong thé day
ludng duoc trén cung e = (u,v). Boi phép Lift khong lam thay doi tién
ludng trén cic cung, tinh bdo hoa hay thing du cia cac cung dugc giir
nguyén. Nhu vay néu (u, v) dang bdo hoa thi sau phép Lift n6 van bdo hoa
va khong thé day ludng dugce. Néu (u, v) 1a cung thing du thi u dang khong
cao hon v, 1énh Lift duy nhit c6 thé khién u cao hon v 1a 1énh Lift(w).

Hai nhan dinh trén cho phép ta xay dung mot cAu tric dit liéu hiéu qua dé cai dat

thuat toan:
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Tuong ty nhu chuong trinh cai dat thuat toan Edmonds-Karp, ta st dung mang
e[—m ...m] chtra cac cung, mang link[m ...m] chta méc ndi trong danh sich
lién thudc va méang head[1 ...n] chtra chi sé cung dau tién cua cac danh sach
lién thudc. Ngoai ra thuat toan duy tri mot mang chi sé current[1...n], & day
current[v] 1 chi s6 cia mot cung nao dé trong danh sach lién thudc cic cung
di ra khoi v, ban dau current[v] dugc gan bang head[v] voi moi dinh v € V.

type
TEdge = record //Ciu triic mjt cung
X, y: Integer; //Haidinh diu miit
c, f: Integer; //Sikcchiravaluéng
end;
var
e: array[-maxM..maxM] of TEdge; //Danh sdch cdccung
link: array[-maxM..maxM] of Integer;
//Méc néi trong danh sich lién thupc
head, current: array[l..maxN] of Integer;

Trén ciu trac dit liéu nay, danh sach moéc ndi cdc nut chira cac cung di ra khéi z
la:

eli1], eliz], elis], ..
Trong d6 i; = head|z], i, = link[i,], i3 = link[i,],...
Thuét toan FIFO Preflow-Push s& xir 1y 1an lugt ting dinh tran 1y ra khoi hang
doi. Véi mdi dinh tran z 14y khéi hang doi, cung e[current(z]] 1a mot cung di
ra khoi z, gia st cung d6 1a (z, v). Néu phép ddy ludng (Push) trén cung d6 co
thé thyc hién duoc thi thuc hién ngay, dong thoi ddy v vao hang doi néu v chua
c6 trong hang doi. Néu phép ddy ludng nay lam z hét tran thi chuyén sang xu ly
dinh tran ké tiép trong hang doi, nguoc lai néu z van con 1a dinh tran (tuc 1a
khong thé diy ludng trén cung e[current[z]] nita), ta dich chi sb current|[z]
sang cung ké tiép trong danh sach lién thudc (current[z] = link[current[z]])
dé chuyén sang xét mot cung khac...Khi dich chi sb current[z] dén hét danh
sach lién thuoc ma z van tran, dinh z s& duoc nang 1én bang phép Lift(z), chi sd
current[x] duoc dit trd lai bang head[z] dé n6 tro lai vé dau danh sach lién
thudc. Dinh z sau d6 dugc ddy lai vao hang doi chd xtr 1y sau. ..
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Tinh hop 1y ctua thuat toan nam & chd : khi dinh tran z bt dau duoc xu ly, tat ca
nhimg cung ding trudce cung e[current[z]] déu khong thé day ludng duge. Tuc
1a néu muén day ludng ra khoi z thi chi can xét cac cung tir e[current[z]] tro di
1a du, khong can duyét tir dau danh sach lién thudc.

procedure FIFOPreflowPush;
begin
Init; //Khditao tién luong, dp cao, hang doi Queue chira cdc dinh trin
while Queue # @ do
begin
z := PopFromQueue; /Xilydinh tran x ldy ra tiv hang doi
while current[z] <> 0 do //Céging diy luéng khéi z
begin /Xét cung (z, v) chira trong niit e[current(z]]

v := e[current[z]].y;
if «C6 thé diy ludng trén cung (z, v)» then
begin
NeedQueue := (v # s) and (v # t)

and (excess[v] = 0);
Push(z, v); /Piyluong
if NeedQueue then
//Sau phép ddy, v dang khéng tran tré thanh tran
PushToQueue (V) ; /Péy v vio hing dgi cho xik Iy
if excess[z] = 0 then Break;
//Sau phép ddy ma z hét tran thi dieng diy
end;
current[z] := link[current(z]];
//z chwa hét tran, chuyén sang xét cung lién thugc tiép theo
end;
if excess([z] > 0 then /Duyét hétdanh sich lién thupc ma x vén tran
begin
Lift(z); //Dingcaoz
current[z] := head(z]:;
/Dt lai chi 56 current|z] vé niit dau danh sdch lién thujc
PushToQueue (z) ; /Péy z vao hing dpi cho xiv Iy sau
end;
end;

end;
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Tir nhan xét trén, c6 thé nhan thay rang nhitng phép Push va Lift trong md hinh
cai dat dam bao duoc goi tai nhitng thoi diém ma nhitng diéu kién can dé thyc
thi ching dugc thoa man.

f) Tinh ding cua thuat toan

Sau mdi budc ciia vong lip chinh, hang doi Queue ludén chtra danh sach céc
dinh tran va thuat toan s& két thic khi khong con dinh tran nao trén mang. Voi
Vv €V —{s,t}, tacod:

fQvLV) = —f(V,{v}) = —excess[v] = 0
Tt 14 v6i Vv € V — {s, t} thi tong ludng trén cac cung di ra khoi v bang 0, diéu
nay chi ra rang khi thuat toan két thuc, tién ludng ching ta duy tri trén mang tré
thanh mot ludng.
Dinh ly 3-16
Cho f 1a mot tién luéng trén mang G = (V,E, ¢, s, t), néu tdn tai mot ham do cao
h:V - N g v6i f thi mang thang du Gr khong c6 dudng tang ludng.
Chirng minh
Nhic lai vé& rang bude do cao: h(s) = |V|, h(t) = 0 va v6i moi cung thing du
(u,v) thi h(u) < h(v) + 1. Gia st phan ching ring c6 duong ting ludng (s =
Vo, V1, -, Vg = t) trén mang thing du Gy di qua k cung thing du. Khi do:
hay

@s@+k
V| 0

Ta ¢6 |V| < k, nhung duong ting ludng phai 1a duong di don, tic 1a qua khong
qua |V| — 1 canh, vay k < |V| — 1. Diéu ndy mau thuin, nghia la khong thé ton tai
duong tang luong trén Gy.
Dinh 1y 3-17 va DPinh 1y 3-11 (mbi quan hé giita ludng cuc dai, dudng ting
ludng va lat cat hep nhat) chi ra rang: thuat toan day tién ludng tra vé mot ludng
va mot ham do cao ung voi ludng d6 nén ludng tra vé chic chéin 1a ludng cuc
dai.
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g) Tinh dimng cuda thuat toan

Tinh ding cua thuét toan day tién ludng & trén s& duoc suy ra khi ching ta phan

tich thoi gian thyc hién gidi thuat. Tuwong ty nhu thuat toan Ford-Fulkerson,

chung ta s& khong phan tich thoi gian thyc hién trén mé hinh tong quat ma chi

phan tich thoi gian thyuc hién gidi thuat FIFO Preflow-Push ma thoi.
Dinh ly 3-17

Cho f 1a mot tién luﬁ‘)ng trén mang G = (V,E, ¢, s, t), khi d6 v4i moi dinh tran u,

ton tai mot duong thing du di tir u t6i s.

H¢ qua

Chirng minh
Véi mot dinh tran u bat ky, xét tip X 1a tip cac dinh ¢ thé dén dwoc tir u bing
mdt duong thing du. Pat Y = V — X 1a tap nhitng dinh ndm ngoai X. Trudc hét ta
chi ra rang tién ludng trén cac cung thudc {Y — X} khong thé 1a s6 duong. That
vay néu coe € {Y » X} ma f(e) > 0thi-e € {X > Y} va f(—e) < 0. Suy ra co
cung thing du - e ndi mot dinh thudc X véi mot dinh y nao d6 thude Y. Theo cach
xdy dung tap X, y sé& phai la dinh thuoc X. Mau thudn.
Tién ludng trén cac cung thudc {Y — X} khong thé 1a sé dwong thi £(¥,X) < 0.
Ta xét tong muc tran cta cac dinh € X:

excessX)=fV,X)=fX, X))+ f{¥,X) <0

0 <0

Luong tran tai mdi dinh khong phai dinh phat déu 1a s khong am, ngoai ra u la
dinh tran € X nén excess[u] > 0, diéu nay cho thiy chic chan dinh phat s phai
thudc X dé excess (X) < 0. No6i cach khac tir u dén duge s béng mdt dudng thing
du.

Cho mang G = (V,E,c,s,t). Gia st ching ta thuc hién thuat toan déy tién luéng

vo1 ham do cao h:V — N thi do cao cua cac dinh trong qua trinh thuc hién giai

thuat khong vuot qua 2|V| — 1.
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Chirng minh
Mang phai c6 it nhdt mét dinh phat va mot dinh thu nén V]| = 2. Ban dau,
h(s) = V|, h(t) = 0 va h(v) = 1,Vv & {s,t} nén do cao cua cac dinh déu nho
hon 2|V| — 1.
Do cao cua s va t khong bao gid bi thay d6i va véi mdi dinh u € V — {s, t} thi chi
phép Lift(u) c6 thé lam ting do cao cua dinh u. Didu kién dé thyc hién phép



Lift(u) 1a u phai 1a dinh tran. Phép Lift khong thay d6i tién ludng nén sau phép
Lift(u) thi u van tran. Ap dung két qua ctia Pinh 1y 3-17, ton tai duong di don
tr u théi s (u=vyvy,.., v =5) chi di qua k cung thing du
(v, v1),(v1, V2),...,(V_1, Vi). Tt rang budc d6 cao ta co:

h(u) =h(wy) <h(v)+1<h(w)+2<--<h(v)+k<|V|+k

Puong di don thi khéng qua nhiéu hon |V| — 1 canh nén ta c6 k < |V| — 1, két
hop lai c6 h(u) < 2|V| — 1. BPPCM.

Dinh ly 3-18 (thoi gian thuc hién gidi thudt FIFO Preflow-Push)

Co thé cai dat giai thuat FIFO Preflow-Push dé tim luéng cuc dai trén mang

G = (V,E,c,s,t) trong thdi gian O(|V |3 + |V||E]).
Chirng minh
Ta s& ching minh md hinh cai dat thuat toan FIFO Preflow-Push & trén c6 thoi
gian thuc hién 1a O(|V|3 + |V||E]). Vong ldp chinh cua thudt toan mdi luot ldy
mot dinh tran z khoi hang doi va ¢6 ging thdo ludng cho dinh z bang céac
phép Push theo cac cung di ra khoi z. Néu z chua hét tran thi thuc hién phép
Lift(z) va day lai z vao hang doi. Nhu vay thuat toan FIFO Preflow-Push s& thuc
hién mot diy cac phép Lift va Push:

Lift(.), Push(.), Push(.) ..., Push(.), Lift(.), Push(.), ...
Trude hét ta chimg minh rang s phép Lift trong diy thao tac trén 1a O(|V|?) va
tong thoi gian thuc hién ching 1a O(|V||E|). That vay, Mdi phép Lift s& nang do
cao cua mot dinh 1én it nhit 1, ngoai ra d§ cao cua mdi dinh khong vuot qua
2|V| — 1 (theo hé qua cua dinh Iy Pinh 1y 3-17). C& cho 1a moi dinh € V —
{s, t} khi két thiic thuat toan déu c6 do cao 2|V| — 1 di nita thi do ching dwgc khoi
tao bang 1, tong s6 phép Lift can thuc hién ciing khong vuot qua:
(vl-2)2Ivl—2) = o(vI*)

Madi cung (u,v) s& dugc xét dén ding mot lan trong phép Lift(u), phép Lift(uw)
lai dugc goi khong qua 2|V| — 2 1an. Vay tong cong trong tat ca cac phép Lift thi
mdi cung s& dugc xét khong qua 2|V| — 2 1an, mang cé |E| cung suy ra tong thoi
gian thuc hién cua cac phép Lift trong giai thuat 1a |E|(2|V| — 2) = O(|V||E]).
Tiép theo ta chimg minh ring s phép diy bao hoa ciing nhu tong thoi gian thyuc
hién chung 1a O(|V||E|). Sau phép diy bao hoa Push(e), néu mudn thyc hién tiép
phép diy Push(e) nira thi trude d6 chic chin phai co phép day Push(—e) dé lam
giam f(e) va bién e tré lai thanh cung thang du. Gia st e = (u,v) vi-e = (v,u)
thi dé thuc hién phép Push(e), ta phai co6 h(u) > h(v). Dé thuc hién Push(—e),
ta phai c6 h(v) > h(u) va dé thuc hién tiép Push(e) nita ta lai phai c6 h(u) >
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h(v). Bdi d6 cao cia cac dinh khéng bao gio giam di nén sau phép Push(e) thu
hai, d6 cao h(w) 16n hon it nhit 2 don vi so v6i h(u) & phép Push(e) thir nhét.
Viay néu mot cung e = (u,v) ciia mang dugc ddy bao hoa k lan thi do cao cua
dinh u s& tang 1én it nhat 1a 2(k — 1). Vi d0 cao cia cac dinh khong vuot qua
2|V| — 1 nén sb phép day bio hoa trén mdi cung e 1a k < |V|. Mang c6 |E| cung
va thoi gian thyuc hién phép Push 1a 0(1) nén s6 phép day bio hoa 1a O(|V||E|) va
thoi gian thue hién chung ciling 1a O(|V|[|E]).

Dbi véi cac phép day khong bdo hoa, viéc danh gia thoi gian thyc hién giai thuat
duoc thuc hién bang ham tiém ndng (potential function). Pinh nghia ham tiém
ning @ 1a d6 cao 16n nhit cua cac dinh tran:

@ = max{h[v]: v1a dinh tran}

Trong truong hop mang khong con dinh tran thi ta quy wéc @ = 0. Vay @ < 1 khi
khoi tao tién ludng va tro lai bang 0 khi thuat toan két thuc.

Chia ddy cac thao tac Lift va Push lam cac pha lién tiép. Pha thir nhat bat dau khi
hang dgi duoc khoi tao gdm cac dinh tran va két thuc khi tat ca cac dinh d6 (va
chi nhiing dinh d6 thoi) da duoc 1ay ra khoi hang doi va xir 1y. Pha thir hai tiép tuc
v6i hang doi gdm nhimng dinh dugc day vao trong pha thir nhat va két thuc khi tat
ca cac dinh nay duoc lay ra khoi hang doi va xir 1y, pha thir ba, th tu... dugc chia
ra theo cach tuong ty nhu vay.

Nhan xét rang phép Push chi ddy ludng tir dinh cao xubng dinh thap, viy nén
nhitng dinh dugc day vao hang doi sau phép Push luén thap hon dinh dang xét
vira lay ra khoi hang doi. Suy ra néu mot pha chi chira phép Push thi gia tri ham
tiém nang @ sau pha d6 giam di it nhat 1 don vi.

Gia tri ham tiém ning ® chi ¢é thé ting 1én sau mot pha néu pha d6 co chira phép
Lift va gia tri ® ting Ién phai bang mot ¢ cao ctia mot dinh v ndo d6 sau phép
Lift(v) trong pha. Xét mic tdng cua ® sau pha dang xét:

D — Py = AW i — P < AW mei — (V)

Tirc 1a sau mdi pha lam & ting 1én, luén ton tai mot dinh v ma muc tang do cao
ciia v 16n hon mirc ting ciia ®. Xét trén toan bo giai thuat, d6 cao ciia mdi dinh
v €V — {s,t} duoc khoi tao bang 0 va dugc nang 1én tdi da biang 2|V| — 1 nén
tong toan bo mirc ting cua cac dinh khong vuot qua (V] —2)Q2|V|—-1) =
o(vI®).

Vay néu ta xét cac pha lam & ting thi tong mirc ting ctia ® trén cac pha nay la
0(|V]?), tirc 1a s6 cac pha lam & giam ciing phai 1a O(|V|?). Néi cach khac, s& chi
c6 0(|V|?) pha c6 chtra phép Lift va O(|[V|?) pha khong chira phép Lift. Cong lai
ta co s6 pha can thuc hién trong toan bé giai thuat 1a O(|V|?).



Mot pha s& phai 1dy khoi hang doi tdi da |V| — 2 dinh dé xir Iy. Vi mdi dinh 14y
tir hang doi, viéc thao ludng s& chi st dung tdi da 1 phép ddy khong bdo hoa vi
sau phép day nay thi dinh s& hét tran va qua trinh xir 1y s& chuyén sang dinh tiép
theo trong hang doi. Vay trong mdi pha c6 khong qua |V| — 2 phép diy khong bio
hoa. Vi tong s6 pha 1a 0(|V|?), ta co s6 phép day khong bio hoa trong ca giai
thuat 1a O(|V|3) va tong thoi gian thyuc hién chang ciing 1a 0(|V|3).

Cubi cung, ta danh gia thoi gian thuc hién nhirng thao tic duyét danh sach lién
thudc bang cac chi sd current[.] trong thuat toan FIFO Preflow-Push. V&i mdi
dinh z, chi sé current[z] ban dau s& ung v6i nut ddu danh sach lién thudc va
chuyén dan dén hét danh sich gom deg*(z) nut. Khi duyét hét danh sach lién
thudc ma z van tran thi s& c6 mot phép Lift(z) va con tro current|[z] dugc dit lai
vé dau danh sach lién thudc. S6 phép Lift(z) trong toan bo giai thuat khong vuot
qua 2|V| — 1, nén s6 lugt dich chi sé current[z] khong vuot qua 2|V|deg*(z).
Suy ra néu xét tong thé, s phép dich cac chi sé current|.] trén tat ca cac danh
sach lién thudc phai nhé hon:

(2IVI)Zdeg+(Z) =2|VIIEl = O(IVIIE])

ZEV
Két luan:
Tong thoi gian thyc hién cac phép nang: O(|V||E]).
Tong thoi gian thyc hién cac phép day bao hoa: O(|V||E]).
Téng thoi gian thuc hién cac phép diy khong bio hoa: O(|V|3).

Téng thoi gian thuc hién cac phép duyét danh sach lién thudc bang chi sb
current[.]: O(|V||E]).

Thoi gian thuc hién giai thuat FIFO Preflow-Push: O(|V |3 + |V||E]).

h) Mot s6 ky thuat ting t6c do gidi thuat

Ta dd ching minh ring thuit toan Edmonds-Karp c6 thoi gian thyc hién
O(|V||E|?) va thuat toan FIFO Preflow-Push c6 thoi gian thuc hién O(|V|3 +
[VI|E]). Nhitng dai lugng nay thoat nhin lam chung ta c¢6 cam giac nhu thuat
todn FIFO Preflow-Push thuc hién nhanh hon thuit todn Edmonds-Karp, dac
biét trong trudng hop d6 thi day (|E| > |V]).

Tuy vay, nhitng danh gi4 nay chi 1a can trén cua thoi gian thuc hién gidi thuat

trong truong hgp xau nhat. Hién tai chua c6 cac danh gié chat vé can trén va can

duéi trong truong hop trung binh. Nhimng thir nghiém bang chuong trinh cu thé

cling cho thdy rang cac thuit toan day tién ludng nhu FIFO Preflow-Push, Lift-
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to-Front Preflow-Push, Highest-Label Preflow-Push... khong c6 c6 cai thién gi

vé tbe do so vai thuat toan Edmonds-Karp (tham chi con cham hon) néu khong

st dung nhiing meo cai dat (heuristics).

Chua c6 danh gia 1y thuyét chit ché nao vé tic dong cua nhitng meo cai dat 1én

thoi gian thuc hién giai thuat nhung hau hét cac thir nghiém déu cho thay viée st

dung nhirng meo cai dat trén thuc té gén nhu 13 bit budc ddi véi cac thuat toan

day tién ludng.

Q Ban chit ciia ham dp cao

Nhic lai vé rang budc do cao: Xét mot tién ludng f trén mang G = (V,E, c, s, t),

ham d6 cao h:V — N goi 1a twong tng véi tién ludng f néu h(s) = |V|;

h(t) = 0; va véi moi cung thang du (u, v) thi h(u) < h(v) + 1.

Néu ta gan trong sb cho cac cung cua mang thing du Gr theo quy tac: Cung

thing du c6 trong sd 1 va cung bio hoa co trong sb +oo. Ky hiéu 8r(u,v) la do

dai duong di ngin nhét tir u téi v trén Gy v6i cach géan trong s6 nay. Khi d6

khong kho khan kiém ching duogc rang véi Vv € V — {s, t}:

® h(v) < §:(v,1), tic 1a h(v) ludn la can dudi ciia do dai duong di ngén nhat
ttr v toi dinh thu.

® Trong trudng hop h(v) > |V|, tir v chic chin khong c6 dudng thing du di
téi t va h(v) — |V| < 6,(v,s), tac 1a h(v) — |V| trong truong hop nay la
can dudi cua do dai dudng di ngdn nhat tir v vé dinh phat.

Nhitng meo cai dit dudi day nham day nhanh cac d6 cao h(v) trong tién trinh

thuc hién giai thuat dua vao nhitng nhan xét trén.

U Gdn nhan lai toan bé

Noi dung ctia phuong phép gan nhan lai toan bd (global relabeling heuristic)

dugc tom tit nhu sau: Xét lat cat chia tap V 1am hai tap rdi nhau X va Y: Tap Y

gom nhimng dinh dén dugc t bing mot dudng thang du va tap X gdm nhing dinh

con lai. Chéc chan khong c6 cung thing du ndi tir X sang ¥, ta coOs € X,t € Y.

Phép gan nhan lai toan bo sé& dat:

e V6iVv €Y, ta gin lai d0 cao h[v] := 6;(v,t).

o Vo6iVu € X va dp(u,s) < +oo, ta gan lai do cao hlu] :== |V| + &¢(u, s)
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e Vé6iVu € X vade(u,s) = +oo, ta gan lai do cao hfu] = 2|V| -1

Khong kho khin dé kiém chung tinh hop 1y cia ham do cao médi. Co thé thiy
rang cac dd cao mdi it ra 1a khong thap hon cac d6 cao cil.

Cac gia tri 67(v,t) ciing nhu & (u, s) c6 thé duge xéc dinh bang hai luot thuc
hién thuat toan BFS tir t va s. Boi ta can thoi gian O(|E|) cho hai luot BFS va
gan lai cac do cao, nén phép gan nhan lai toan bg thuong dugc goi thuc hién sau
mot loat chi thi so cap dé khong lam anh hudng t6i danh gia O 16n cua thoi gian
thuc hién giai thuat (chang han sau mdi |V| phép Lift). Cha y 1a khi nang do cao
h[z] ctia mot dinh z ndo d6, can cap nhat lai current[z] :== head|z].

Q Day nhin theo khe

Phép day nhan theo khe (gap heuristic) duoc thuc hién nhd quan sat sau:

Gia st ta c6 mot sd nguyén 0 < gap < |V| ma khong dinh nao c6 do cao gap
(s6 nguyén gap nay duoc goi 1a “khe”), khi d6 moi dinh z c6 h[z] > gap déu
khong c6 duong thing du di dén t.

Nhan dinh trén c6 thé ching minh bang phan chimg: Gia st tir z ¢6 dudng thing
du di dén t, véi mot cung (u, v) trén duong di ta c6 h(u) < h(v) + 1, tic 1a trén
duong di nay, tir mot dinh u ta chi c6 thé di sang mot dinh v khong thap hon
hozc thip hon u dung mot don vi. Tir h(z) > gap > 0 va h(t) = 0, chic chin
trén duong thing du tir x t&i ¢t phai c6 mot dinh d6 cao gap. Mau thuan véi gia
thuyét phan chimg.

Phép ddy nhin theo khe néu phat hién khe 0 < gap < |V| s& xét tit ca nhing
dinh z € V — {s} c6 gap < h(z) < |V| vadat lai h[z] == |V| + 1.

Ta s& chi ra rang phép day do cao nay van dam bao rang budc d6 cao ctia ham h.
Do cao cua dinh phat va dinh thu khong bi dong cham dén, tic 1a h[s] = |V]| va
h[t] = 0. Trudc khi thuc hién phép day theo khe, ta chia tap dinh V thanh hai
tap roi nhau: Tap X gém nhing dinh cao hon gap va tap Y gdm nhiing dinh thap
hon gap. Do rang budc do cao h(u) < h(v) + 1 véi moi cung thang du (u, v),
khoéng ton tai cung thing du ndi tir X toi Y. Phép day theo khe chi ting d6 cao
cua mdt vai dinh x € X va nhu vay rang budc dg cao néu bi vi pham thi chi bi vi
pham trén nhiing cung thang du di ra khoi x. Nhu 1ap luan trén, cung thang du di
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ra khoi x chac chin phai di vao mot dinh x” € X ¢6 do cao it nhéat 1a |V| sau phép
day theo khe. Tir h(x) = |V| + 1 tacd h(x) < h(x") + 1.

Phép diy nhan theo khe sir dung mang count[0 ...2|V| — 1] dé dém count[k] 1a
s6 dinh c6 do cao k. Mdi khi c6 sy thay doi do cao, ta phai dong bo lai mang
count theo tinh trang ham d6 cao mdi. Sau mdi phép Lift(u), dd cao cii cua
dinh u duoc luu trir lai trong bién OldH va phép Lift thuc hién nhu binh
thuong. Sau d6 néu 0 < OldH < |V| va count[0ldH] = 0, phép diy theo khe
OldH s& dugc goi va thyc hién trong thoi gian O(|V|). Boi sé phép Lift can
thuc hién trong toan bd giai thuat 1a O(|V|?), tong thoi gian thuc hién cac phép
day theo khe s& 1a O(|V|®) nén khong anh hudng téi danh gia O-1on cua thoi
gian thuc hién giai thuat FIFO Preflow-Push.

Duéi day 1a bang so sanh toc d6 cua cac chuong trinh cai dit cu thé trén mot sd
bo dit lidu. V&i mot cip sdn,m, 100 dd thi véi n dinh, m cung dugc sinh ngiu
nhién voi strc chira 12 sb nguyén trong khoang tir 0 t6i 10*. C6 4 chwong trinh
duoc thr nghiém: A: Thuat toan Edmonds-Karp, B: thuat toan FIFO Preflow-
Push, C: thuat toan FIFO Preflow-Push vd6i1 phép gan nhan lai toan bo va D:
thuat toan FIFO Preflow-Push v&i phép ddy nhén theo khe. Mdi chwong trinh
duoc thir trén ca 100 dd thi va do thoi gian thuc hién trung binh (tinh bing gidy):

n =100 n =200 n =500 n = 800 n = 1000
m = 10000 | m = 30000 | m = 40000 | m = 90000 | m = 100000

A 0.0688 0.5925 0.6598 1.7158 2.7629
B 0.0983 0.7395 3.4377 9.9014 25.0723
C 0.0313 0.0624 0.0857 0.1809 0.2433
D 0.0282 0.0577 0.0828 0.1575 0.1889

Q Cai dat

Duéi day la chuong trinh cai dat thuat toan FIFO Preflow-Push két hop véi ky
thuat déy nhan theo khe, viéc cai dat va danh gid hi¢u suét cua phép géan nhan lai
toan bd chung ta coi nhu bai tap. Cac ban cé thé thor cai dat két hop ca hai ky
thuat tang tde nay dé xac dinh xem viéc dé c6 thuc su can thiét khong.
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Input/Output c¢6 khuén dang gidng nhu & chuong trinh cai dit thuat toan

Edmonds-Karp. Hang doi chira cac dinh tran dugc to chire dudi dang danh sach

vong: Céc chi s6 dau/cudi hang dgi s€ chay xudi trong mot mang va khi chay

dén hét mang sé& ty dong quay vé ddu mang.

(]

fimasi)

FIFOPREFLOWPUSH.PAS v Thuit toan FIFO Preflow-Push

{$MODE OBJFPC}
program MaximumFlow;
const

maxN 1000;
maxM = 100000;
maxC = 10000;
type
TEdge = record //Ciu triic mjt cung
x, y: Integer; //Haidinh diumit
c, f: Integer; //Sikcchiravaluéng

end;
TQueue = record //Ciu triic hang doi
items: array[0..maxN - 1] of Integer; //Danhsdchvong
front, rear, nlitems: Integer;
end;
var

e: array[-maxM..maxM] of TEdge; //Ming chira cdc cung
link: array[-maxM..maxM] of Integer;
//Méc néi trong danh sich lién thupc
head, current: array[l..maxN] of Integer;
//con tré téi dau va vi tri hi¢n tgi ciia danh sdch lién thujc
excess: array|[l..maxN] of Integer; //mirctran cia cdcdinh
h: array[l..maxN] of Integer; //hamdjcao
count: array[0..2 * maxN - 1] of Integer;
//count[k] = sé dinh c6 dj cao k
Queue: TQueue; //Hang dgichira cdc dinh tran
n, m, s, t: Integer;
FlowValue: Integer;
procedure Enter; //Nhdp di liéu
var
i, u, v, capacity: Integer;
begin
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Readln(n, m, s, t);
FillChar (head[1l], n * SizeOf (head[1]), 0);
for i := 1 to m do
begin
ReadLn (u, v, capacity);
with e[i] do //Thém cung e[i] = (u, v) vao danh sdch lién thuéc ciia u

begin
X 1= u;
y 1= Vv;
c := capacity;
link[i] := head[ul;
head[u] := i;

end;

with e[-i] do //Thém cung e[-i] = (v, u) vao danh sdch lién thugc ciia v

begin
X v,
y = Uy
c := 0;
link[-1] := head[V];
head[v] := -1i;

end;

end;
for v := 1 to n do current[v] := head[v]:;
end;

procedure PushToQueue (v: Integer); //Piy mgtdinhvvao hang doi
begin
with Queue do

begin
rear := (rear + 1) mod maxN;
//Dich chi sé cuéi hang doi, rear = maxN - 1 sé tré lgi thanh 0
items[rear] := v; //Pitvvao vitricudi hang doi
Inc (nItems); //Ting bién dém sé phan ti trong hang doi
end;
end;

function PopFromQueue: Integer; //Ldy mjtdinh khéi hang doi
begin
with Queue do

begin




Result := items[front]; //Trdvéphan tiédau hang dei
front := (front + 1) mod maxN;
//Dich chi sé ddu hang doi, front = maxN - 1 sé tré lgi thanh 0
Dec (nItems); //Giim bién dém sé phin tir trong hang doi
end;
end;
procedure Init; //Khditgo
var v, sf, i: Integer;

begin
//Khéi tao tién luéng
for i := -m to m do e[i].f := 0;
FillChar (excess[1l], n * SizeOf (excess[1l]), 0);
i := headl[s];

while i <> 0 do

//Duyét cdc cung di ra khéi dinh phdt va ddy bdo hoa cdc cung dé, cip nhit cdc mikc tran excess|.]

begin
sf = e[i].c;
e[i].f := sf;
e[-i].f := -sf;

Inc (excess[e[i].y], sf);
Dec (excess|[s], sf);

i := link[i];
end;
//Khdi tao ham dé cao
for v := 1 to n do hiv] := 1;
his] = n;
hit] := 0;

//Khéi tao cdc bién dém: count[k] la sé dinh c6 dé cao k
FillChar (count[0], (2 * n) * SizeOf (count([0]), 0);
count[n] := 1;

count[0] := 1;

count[1l] :=n - 2;

//Khéi tao hang dgi chira cdc dinh tran
Queue.front := 0;
Queue.rear := -1;

Queue.nltems 0; //Hang dgiréng

for v := 1 to n do //Duyéttip dinh
if (v <> s) and (v <> t) and (excess[v] > 0) then
//vtran
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PushToQueue (v) ; //diyvvao hang doi
end;
procedure Push (i: Integer); //Phép diy luéng theo cung efi]
var Delta: Integer;
begin
with e[i1] do
if excess[x] < ¢ - f then Delta := excess|[x]
else Delta := ¢ - f;
Inc(e[i].f, Delta);
Dec(e[-1].f, Delta);
with e[i] do
begin
Dec (excess[x], Delta);
Inc (excess[y], Delta);
end;
end;
procedure SetH(u: Integer; NewH: Integer);
//Bit dj cao ciia u thanh NewH, dong b héa ming count

begin
Dec (count[h[ull);
h[u] := NewH;
Inc (count [NewH]) ;
end;
procedure PerformGapHeuristic (gap: Integer);
//Pdy nhdn theo khe gap
var v: Integer;
begin
if (0 < gap) and (gap < n) and (count[gap] = 0) then
//gap diing la khe thdt
for v := 1 to n do
if (v <> s) and (gap < h[v]) and (h[v] <= n) then
begin
SetH(v, n + 1);
current[v] := head[Vv]:;
//Ndng d¢ cao ciia v cin phdi cdp nhgt lgi con tré current[v]
end;
end;

procedure Lift (u: Integer); //Phépndngdinhu
var minH, OldH, i: Integer;




begin

minH := 2 * maxN;

i := head[ul;

while i <> 0 do //Duyétcdc cung dira khéi u

begin
with e[i1i] do

if (¢ > f) and (h[y] < minH) then
//Gap cung thing duw (u, v), ghi nhin dinh v thip nhdt

minH := h[y];
i := 1link[1];
end;
OldH := hlul; //Nhé laih[u]cii

SetH(u, minH + 1); //ndng cao dinhu
PerformGapHeuristic (O1dH) ; //Cé thé tao ra khe OIdH, diy nhan theo khe
end;
procedure FIFOPreflowPush; //Thudttodn FIFO Preflow-Push
var
NeedQueue: Boolean;
z: Integer;
begin
while Queue.nlItems > 0 do //Chirng ndao hang dyivén con dinh tran
begin
z := PopFromQueue; //Ldy métdinh tran x khéi hang doi
while current[z] <> 0 do //Xét métcung dira khéix
begin
with e[current[z]] do
begin
if (¢ > f) and (h[x] > h[y]) then
//Néu cé thé diy luéng dwoc theo cung (u, v)
begin
NeedQueue := (y <> s) and (y <> t)
and (excess[y] = 0);
Push (current[z]); //Pdyluéng luén
if NeedQueue then
//v dang khéng tran sau phép ddy tré thanh tran
PushToQueue (y) ; //Pdyvvao hang dyi

if excess([z] = 0 then Break;
//x hét tran thi chuyén qua xét dinh khdc ngay
end;
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Dinh Iy 3-19 (dinh Iy vé tinh nguyén)

end;

procedure PrintResult; //Inkétqui
var i: Integer;

begin
Writeln ('Maximum flow: ') ;
for i := 1 to m do

end;
begin

end.

end;

current[z] := link[current[z]];

//X chwa hét tran thi chuyén sang xét cung lién thugc tiép theo
end;

if excess[z]
begin
Lift (z); //Ndng caox
current[z] := head[z];
//Bit con tré current|x] tré lai vé dau danh sdch lién thugc

PushToQueue (z) ; //Pdy lgi x vao hang dgi cho xi Iy sau
end;

end;
FlowValue :=

> 0 then /Duyét hét danh sich lien thupc ma x vén tran

excess|[t]:;

//Thudt todn két thiic, gid tri luéng bing téng luéng di vao dinh thu (= - excess[s])

with e[i] do

if £ > 0 then //Chicanin ra cic cung cé luong >0
WriteLn('e[', i, ']l = (', %, ', ', vy, "): cC

'y oc, ', £ =1, £);

, FlowValue) ;

WriteLn ('Value of flow: '

Enter; //Nhdp dirliéu
Init; //Khéitgo

FIFOPreflowPush; //Thuc hi¢n thudt todn ddy tién luéng
PrintResult; //Inkétqud

Néu tit ca cac stc chua 1a sé nguyén thi thuét toan Ford-Fulkerson ciing nhu

thuat toan day tién luong luon tim dugc ludng cuc dai vdi luong trén cung la cac
sO nguyén.
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Chirng minh

Dbi véi thuat toan Ford-Fulkerson, ban dau ta khoi tao ludng 0 thi ludng trén céac
cung 12 nguyén. Mdi lan ting ludng doc theo dudng ting ludng P, ludng trén mdi
cung hodc giit nguyén, hodc ting/giam mot lugng Ap ciing 1a sd nguyén. Vay nén
cudi cung ludng cuc dai phai ¢ gia tri nguyén trén tit ca cac cung.

Dbi vai thuat toan day tién ludng, ban dau ta khoi tao mot tién ludng trén cac cung
1a s6 nguyén. Phép Lift va Push khong lam thay dbi tinh nguyén cua tién ludng
trén cac cung. Vay nén khi thuat toan két thic, tién ludng trd thanh ludng cuc dai
v6i gia tri ludng trén cac cung 1a s6 nguyén.

3.4. M{jt s6 mé réng va teng dung ciia luong

a) Mang véi nhiéu dinh phat va nhiéu dinh thu

Ta m& rong khai niém mang biang cach cho phép mang G c6 p dinh phat:
S1,S2, -, Sp va q dinh thu ty, ¢, ..., t4, cac dinh phat va cac dinh thu hoan toan
phan biét. Ham stc chira va ludng trén mang duoc dinh nghia twong tu nhu
trong trudng hop mang c6 mot dinh phat va mot dinh thu. Gia tri cia ludng duoc
dinh nghia bang tong ludng trén cac cung di ra khoi cac dinh phat. Bai toan dat
ra 1 tim ludng cuc dai trén mang c6 nhiéu dinh phat va nhiéu dinh thu.

Thém vao mang hai dinh: mét si€u dinh phat s va siéu dinh thu t. Thém céc
cung ndi tir s t6i cac dinh s; co sirc chira +00, thém cac cung ndi tir cac dinh tj

toi t véi ste chira +00. Ta dugc mot mang méi G = (V,E') (h.2.9).

Hinh 2.9. Mang véi nhiéu dinh phdt va nhiéu dinh thu

Co6 thé thiy rang néu f 1a mot ludng cuc dai trén G, thi f han ché trén G ciing 1a
luéng cuc dai trén G. Vay dé tim luéng cuc dai trén G, ta sé tim luéng cuc dai
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trén G’ r0i loai bo siéu dinh phat s, siéu dinh thu t va tit ca nhiing cung gia mai
thém vao.

Mot cach khac co thé thuc hién dé tim ludng trén mang cé nhiéu dinh phat va
nhiéu dinh thu 1a loai bo tat cac cac cung di vao cac dinh phat ciing nhu cac
cung di ra khoi cac dinh thu. Chap tat ca cac dinh phat thanh mot siéu dinh s va
chap tat ca cac dinh thu lai thanh mét siéu dinh thu t, mang khong con cac dinh
S1,S2,++,Sp Va ty, by, ..., tg nlta ma chi ¢6 thém dinh phat s va dinh thu t. Trén
mang ban dau, mdi cung di vao/ra s; dugc chinh lai ddu mat dé n6 di vao/ra dinh
s, mdi cung di vao/ra tj cing dugc chinh lai dau mut dé nod di vao/ra dinh t, ta
duoc mot mang méi G

Khi d6 ta ta c6 thé tim f 1a mot ludng cuc dai trén G va khoi phuc lai ddu mat
clia cac cung nhu cii dé f tro thanh ludng cyc dai trén G.

b) Mang véi strc chia trén cd cac dinh va cac cung

Cho mang G = (V,E,c,s,t), mdi dinh v € V — {s, t} duoc gan mot sé khong 4m
d(v) goi 1a stc chira cua dinh d6. Ludng duong ¢ trén mang nay duoc dinh
nghia véi tit ca cac rang budc cua ludng duong va thém mot didu kién: Tong
ludng duong trén cac cung di vao mdi dinh v € V — {s, t} khong dugc vuot qua
d(): Yeee-) @(e) < d(v). Bai toan dat ra 1a tim ludng duong cuc dai trén
mang co6 rang budc strc chira trén ca cac dinh va cac cung.

Tach mdi dinh x € V — {s, t} thanh 2 dinh mdi x;,,, X,y V& MmOt cung (Xi, Xour)
véi stre chira d(x). Cac cung di vao x dugce chinh lai dau mat dé di vao Xin VA
cac cung di ra khoi x dugc chinh lai ddu mat dé di ra khoi x,,,; (h.2.10). Ta xay
dung dugc mang G' = (V', E") vdi dinh phat s va dinh thu t.

HOSESENOTE

d(x)

Hinh 2.10. Tach dinh
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Khi d6 viéc tim ludng duwong cuc dai trén mang G co thé thyc hién bang cach
tim ludng duong cuc dai trén mang G’, sau d6 chap tat ca cac cap (Xin, Xoye) tro
lai thanh dinh x (Vx € V — {s, t}) dé khoi phuc lai mang G ban dau.

) Mang véi rang budc ludng duong bi chan hai phia
Cho mang G = (V,E,c,s,t) trong d6 mdi cung e € E ngoai stuc chira (luu
luong) téi da c(e) con dugc gan mot sd khong 4m d(e) < c(e) goi 1a luu luong
t6i thiéu. Mot luong duwong tiwong thich ¢ trén G duoc dinh nghia véi tat ca cac
rang budc ciia luéng duong va thém mot diéu kién: Ludng duong trén mdi cung
e € E khong duoc nho hon sire chira tdi thiéu cua cung do:
d(e) < p(e) <c(e)
Bai toan dit ra 1a kiém chang sy ton tai cia ludng duong twong thich trén mang
v6i rang budc ludng dwong bi chin hai phia.
X4y dung mot mang G’ = (V',E") tir mang G theo quy tic:
e Tap dinh V' ¢6 duoc tir tAp V thém vao dinh phat gia s’ va dinh thu gia t':
V'=V+{s't'}
e Moicung e = (u,v) € E sé& tuong Gmg véi ba cung trén E': cung e; = (u, v)
c6 suc chra c(e) — d(e), cung e, = (s',v) va cung e; = (u, t") cé suc chura

d(e). Ngoai ra thém vao cung (t,s) € E' véi strc chira +o0

+o0

c(e) —d(e)

d(e) d(e)

Hinh 2.11.
Goi D = Y ,cx d(e) 1a tong strc chira tdi thiéu cua cac cung trén mang G. Khi do
trén mang G', tong strc chira cac cung di ra khoi s’ cling nhu tong stc chira cac
cung di vao t’ bang D. Vi vy voi moi ludng duong trén G’ thi gia trj ludng do
khong thé vuot qua D.
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Tir d6 suy ra rang néu ton tai mot ludng duong ¢’ trén G’ c6 gia tri ludng
l@'| = D thi ¢’ bit budc 1a ludng duong cuc dai trén G'.
Bo dé 3-20 cho phép ta kiém ching sy ton tai ludng duong twong thich trén G
bang viéc do gia tri ludng cuc dai trén G'.
B6 dé 3-20
Piéu kién can va du dé ton tai ludng duong twong thich ¢ trén mang G 1a ton tai
ludng duong cuc dai ¢’ trén G’ v6i gia tri ludng |@’| = D.
Chirng minh
Gia st ludng duong cuc dai ¢’ trén G' ¢ |p| = D = Y,epd(e). Ta xdy dung
ludng ¢ trén G bang cach cong thém vao ludng ¢’ trén mdi cung e mdt luong
d(e):
@:E - [0,+)
e—>p(e) =¢'(e) +d(e)
Khi d6 c6 thé dé dang kiém ching dugc ¢ thoa mén tit ca cac rang budc cua
ludng duong tuwong thich trén mang G.
Nguoc lai néu ¢ 1a mot ludng duong twong thich trén G. Ta xiy dung ludng
duong ¢’ trén G’ bang cach trir ludng ¢ trén mdi cung e di mot luong d(e), dong
thoi dat ludng ¢’ trén cac cung di ra khoi s’ ciing nhu trén cac cung di vao t’ dang
bang strc chira ciia cung d6. Khi d6 ciing dé dang kiém chimg duoc ¢’ 1 ludng
duong cuc dai va || = D.

d) Mang véi stic chira am

Cho mang G = (V,E,c,w,s,t) trong d6 ta m¢d rong khai niém stc chira b;ing
cach cho phép ca nhiing sirc chira &m trén mot sd cung. Khai niém ludng duoc
dinh nghia nhu binh thuong.

Néu nhu ¢6 thé khéi tao duge mot luéng thi thuat toan Ford-Fulkerson van hoat
dong dung dé tim ludng cuc dai trén mang co sirc chira am. Véan dé khéi tao mot
ludng bat ky trén mang khong phai don gian vi chiing ta khong thé khai tao bang
luéng 0, boi néu nhu vay, rang budc suc chua tdi da sé& bi vi pham trén céc cung
co suc chira am.

Gia sir mot cung e € E c6 strc chira c(e) < 0. Theo tinh dbi xtng 1éch cta ludng
f(e) = —f(—e) va rang budc strc chira toi da f(e) < c(e), ta co:
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f(—e)=—f(e) = —c(e) >0 (3.5)
Nhu vay rang budc strc chira tdi da f(e) < c(e) twong duong véi rang budc vé
strc chira t6i thiéu - c(e) trén cung dbi - e. Viéc chi ra mot ludng bat ky trén G
c6 thé thyc hién bang cach tim luéng duong trén mang véi rang budc ludng
duong bi chin hai phia sau d6 bién d6i ludong duong nay thanh ludng can tim.

e) Lat cit hep nhat

Ta quan tdm t6i do thi vo hudng lién théng G = (V, E) v6i ham trong sé (hay
luu lugng) c: E - [0, 4+00). Gia st [V| = 2, ngudi ta mudn bo di mot sé canh dé
dd thi mét tinh lién théng va yéu cau tim phwong an sao cho tong trong sd cac
canh bi loai bo 1a nhé nhét.

Bai toan ciing c6 thé phat biéu dudi dang: hiy phan hoach tap dinh V thanh hai
tap khac rdng rdi nhau X va Y sao cho tong luu luong cac canh ndi giita X va Y
12 nho nhat c6 thé. Cach phan hoach nay goi 1a lat cat tong quat hep nhit cua G,
ky hiéu MinCut(G).

c(X,Y) - min
X+ Y +0;XNY=0;XUuY =V;

Mot cach té nhat c6 thé thuc hién 1a thi tit ca cac cap dinh s, t. Voi mbi lan thu
ta cho s l1am dinh phat va t 1am dinh thu trén mang G, sau do tim luéng cuc dai

va lat cit s — t hep nhit. Cudi cung 1a chon 14t cit s — t c¢6 luu lwgng nho nhét

, | | n - | |
trong tat cd cac lan thir. Phuong phédp nay can (2) = nx(;l ) lan tim luong cuc

dai, ¢6 toc do cham va khong kha thi voi dir li€u 1on.

Bé dé 3-21

Véi s va t 1a hai dinh bat ky. Tir d6 thi G, ta xay dung d6 thi G, bang cach chap
hai dinh s va t thanh mot dinh duy nhat, ky hiéu st, cac canh ndi s véi t bi hay
b6, cac canh lién thudc v6i chi s hodc t duge chinh lai ddu mat dé tré thanh
canh lién thudc véi st. Khi ¢6 MinCut(G) c6 thé thu dugc bing lay lat cit co
lwu lwgng nho nhét trong hai 14t cat:
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e Lat cits — t hep nhit: Coi s 1a dinh phat va t 1a dinh thu, lat cit s — t hep
nhat c¢6 thé xac dinh bang viéc giai quyét bai toan ludng cuc dai trén mang
G.
e Lat cat tong quat hep nhét trén Gg: MinCut(Gg,).
Chirng minh
Xét lat cit tong quat hep nhat trén G c6 thé dwa s va t vao hai thanh phan lién
thong khac nhau hoac dua chung vao cung mét thanh phan lién thong. Trong
truong hop thir nhat, MinCut(G) 1a 14t cit s — t hep nhat. Trong truong hop thir
hai, MinCut(G) 1a MinCut(G,;).
B6 dé 3-21 cho phép chung ta xdy dung mot thuét toan t6t hon: Néu db thi chi
gé)m 2 dinh thi chi viéc cat roi hai dinh vao hai tap. Néu khong, ta chon hai dinh
bat ky s, t lam dinh phat va dinh thu, tim ludng cuc dai va ghi nhéan 1at cits — t
hep nhét. Tiép theo ta chap hai dinh s, t thanh mot dinh st va 1ip lai v6i dd thi
Gg... Cudi cung 13 chi ra 1at cit s — t hep nhét trong sb tit ca cac lat cat duoc
ghi nhan. Phuong phap nay doi hoi phai thyc hién |[V| — 1 lan tim ludng cuc
dai, tuy da c6 su cdi thién vé tdc do nhung chua phai that tdt.
Nhan xét réng tai modi budc cua cach giai trén, chiing ta co thé chon hai dinh s, t
bat ky mién sao s # t. Vi vdy ngudi ta mudn tim mot cach chon cip dinh s, t
mot cach hop 1y tai mdi bude dé c6 thé chi ra ngay lat cit s — t hep nhit ma
khong can tim ludng cuc dai. Thuat toan duéi ddy [37] 12 mot trong nhitng thuat
todn hi¢u qua dva trén y tuong do.
Véi A 1a mot tap con cua tap dinh V va x 1a mot dinh khong thudc A. Pinh nghia
luc hut ciia A dbi voi x 1a téng trong sb cac canh ndi x véi cac dinh thudc A:

A=) o

e=(x,y)EE
YEA

Bo dé 3-22

Bit dau tir tap A chi gdm mot dinh bat ky a € V, ta ci tim mot dinh bi A hut
chit nhit két nap thém vao A cho t&i khi A = V. Goi s va t 1a hai dinh duoc két
nap cudi cung theo cach nay. Khi do lat cat (V — {t},{t}) 1a lat cit s —t hep
nhat.
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Chirng minh

Xét mot lat cit s —t bt ky k, ta s& ching minh ring luu lwong cua lat cit
(V — {t}, {t}) khong 16n hon luu lwong cua lat cit k.

Mot dinh v dugce goi 1a dinh hoat tinh néu v va dinh duoc dua vao A lién trude v
bi roi vao hai phia cua lat cit k. Goi A, 1a tap cac dinh dugc Kkét nap vao A trudc
dinh v, x, 1a 14t cat x han ché trén A, U {v} (Lat cat k, dung dung cach phan
hoach cua lat cit k nhung chi quan tdm t6i tap dinh A, U {v}). Goi c(x) 13 luu
lugng cua lat cat k, c(k,) 1a luu luong cua lat cét .

Trude hét ta sir dung phép quy nap dé chi ra rang néu u 1a dinh hoat tinh thi:
c(Ay, {u}) < c(ry) (3.6)

Néu u 1a dinh hoat tinh dau tién dugc két nap vao A, lat cit K, s& chia tap
A, U {u} 1am hai tdp, mot tap 1a A, va mot tap 1a {u}, khi d6 ta c6 c(4,, {u}) cling
chinh 1a c(x,,). Gia thiét ring bat dang thirc (3.6) dung véi dinh hoat tinh u, ta s&
chtng no ciing ding voi nhitng dinh hoat tinh v dugc két nap vao A sau u. That
vay,

c(Ay, {v}) = c(4y, (v}) + c(4, — Ay, {(v}) (3.7

Do A,, phai hat u manh hon v, két hop véi gia thiét quy nap, ta cé:
c(Ay,, {v}) < c(4y, {u}) < c(iy)

Hang tir c(4, — Ay, {v}) 1a tong trong s cac canh ndi giita v va A, — A,,. Do u va
v 1a hai dinh hoat tinh lién tiép, cic canh nay s& ndi giita hai phia cua lat cit x,, va
c6 déng gop trong phép tinh c(k,,), mit khac do v € A, U {u} nén nhiing canh nay
khéng dong gop trong phép tinh c(x,). Vay tir cdng thirc (3.7), ta suy ra:

c(Ay, {v}) = c(Ay, (v}) + c(4, — Ay, {(v})

< (i) + c(4y — Ay, {v}) (3.8)
< c(xy)

Vi k 12 mot 14t cét s — t nén chéc chdn s va t nim & hai phia khac nhau cua lat cit

x, hay noi cach khac, t 1a dinh hoat tinh. Bt déng thtc (3.6) ching minh & trén
cho ta két qua:

c(V—{t}{t}) = c(4,,{t}
< c(k;) (3.9
= c(k)

Ta chirng minh duogc lat cat (V — {t}, {t}) 1a 14t cit s — t hep nhat.
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Dinh Iy 3-23

Viéc tim lat cat tong quat trén do thi vo hudng lién thong véi ham trong sd

khong am c6 thé dugc thyc hién bang thuat toan trong thoi gian O(|V|? log|V| +

IVIIED.

Bai tap

Chirng minh

Bit dau tir tap A chi gdbm mot dinh bat ky, ta mo rong A bang cach lan lugt két nap
vao A dinh bi hat chat nhat cho toi khi A = V. Viée nay duoc thuc hién véi ky
thuét twong tu nhu thuit toan Prim: v6i Vv € A, ta ky hiéu nhin d[v] 13 lyc hat
cia A d6i véi dinh v. khi A dugce két nap thém mot u thi cadc nhan lyc hit cua
nhitng dinh v khac s€ dugc cap nhét lai theo cong thuc:

A[V]msi = d[V]eq + c(w,v),V(u,v) EE

Bing viée t6 chirc cac dinh ngoai A trong mot hang doi uu tién dang Fibonacci
Heap, viéc mé rong tdp A cho tdi khi A =V duogc thuc hién trong thoi gian
0(|V|log|V| + |E|). Trong qua trinh d6, s va t 1a hai dinh cudi cing duoc két nap
vao A ciing duge xac dinh va MinCut(G) dugc cdp nhat theo lat cit s — t hep
nhit. Sau d6 hai dinh s, t dugc chap vao va thuat toan lap lai v6i do thi Gg,. Tong
congtaco |V|—1 lan lap, suy ra lat cat téng quat hep nhét c6 thé tim duoc trong
thoi gian O(|V|? log|V]| + |V||E]).

Mic du tinh dang ding cua thuat toan dugc ching minh dya vao 1y thuyét vé
ludng cuc dai va lat cat hep nhat, viéc cai dat thuat toan lai kha don gian va khong
dong cham gi dén ludng cuc dai.

2.27. Cho f; va f, la hai luéng trén mang G = (V,E,c,s,t) va a la mot sb thuc

nam trong doan [0,1]. Xét anh xa:

foE - R
e fole) =afi(e) + (1 —a)fy(e)

Chimg minh rang f,, cling 12 mot ludng trén mang G vé6i gia tri ludng:

fal = alfil + (1 = D) f2]

2.28. Cho f 1a mot ludng trén mang G = (V,E,c,s,t), chimg minh rang véi
Ve € E, ta co:
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2.29.

2.30.

2.31.
2.32.

cr(e) +cr(—e) = c(e) + c(—e)
Cho f 1a ludng cuc dai trén mang G = (V,E, c,s,t), goi Y 1a tap cac dinh
dén dugc t bang mot dudong thing du trén Gf vaX =V —Y. Chimg minh
rang (X,Y) 1a 1at cit s — t hep nhét cia mang G.

Viét chuong trinh nhan vao mot dd thi c6 huéng G = (V,E) v6i hai dinh
phan biét s va t va tim mot tip gdm nhiéu dudng di nhat tir s toi t sao cho
cac duong di trong tap nay d6i mot khong c6 canh chung.

Goi y

Coi s 1a dinh phat va t 1a dinh thu, cac cung déu co stc chira 1. Tim ludng
cuc dai trén mang bang thuat toan Ford-Fulkerson, theo Pinh 1y 3-19 (dinh
1y vé tinh nguyén), ludng trén cac cung chi cé thé 1a 0 hodc 1. Loai bo cac
cung c6 ludng 0 va chi giit lai cic cung ¢ ludng 1. Tiép theo ta tim mot
duong di tir s toi t, chon duong di nay vao tap hop, loai bo tit ca cac cung
doc trén dudng di nay khoi d6 thi va 1ap lai..., thudt toan s& két thic khi dd
thi khong con canh nao (khong con duong di tur s téi t).

Vé ky thuat cai dat, ta c6 thé tim mot duong di tir s t6i t trén dd thi G, dao
chiéu tit ca cac cung trén dudng di nay va lip lai cho t6i khi khong con
duong di tir s toi t nita. CO thé thiy ring d6 thi G tai mdi budc chinh 13 do
thi cac cung thing du va duong di tim duoc & mdi budc chinh 1a dudng
tang ludng.

Do thi G gid day khong con duong di tir s toi t, ta im mot duong di tur ¢
vé s, két nap dudng di theo chiéu nguoc lai (tir s t&i t) vao tdp hop, x6a bo
tat ca cac cung trén dudng di va cu tiép tuc nhu vay cho toi khi khong con
duong di tir t vé s nita.

Tuong ty nhu Bai tdp 2.29 nhung yéu cau thuc hién trén d6 thi vo hudng.

(H¢ dai dién phan biét) Mot 16p hoc ¢6 n ban nam va n ban nit. Nhan ngay
8/3, 16p c6 mua m mon qua dé cac ban nam ting cac ban nir. M&i mén qua
c6 thé thudc s& thich cua mot s6 ban trong 16p.

Hay lap chuong trinh tim cach phan cong tang qua thoa man:
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2.33.

2.34.

225

Mbi ban nam phai ting qua cho diing mot ban nit va mdi ban nit phai nhan
qua cua ding mot ban nam. Moén qua dugc tdng phai thude sé thich cua ca
hai nguoi.

Mon qua nao da dugc mot ban nam chon dé tang thi ban nam khac khong
duoc chon nira.

Goi y: Xay dung mot mang trong d6 tap dinh V gom 3 16p dinh S, X va T:

Lép dinh phat S = {sy, S5, ..., S}, mdi dinh twong tng véi mot ban nam.
Lép dinh X = (x4, x5, ..., X,,) mdi dinh tuwong (mg vi mot mén qua.
Lép dinh thu T = {t, t,, ..., t,,} mdi dinh twong (mg véi mot ban nir.

Néu ban nam i thich mén qua k, ta cho cung ndi tir s; t6i xj,, néu ban nir j
thich mon qua k, ta cho cung ndi tir x toi tj. Suc chira cua cac cung dat
béng 1 va strc chua cua céac dinh vy, v,, ..., v, cling dat béng 1. Tim luéng
nguyén cuc dai trén mang G c6 n dinh phat, n dinh thu, dong thoi co ca
rang budc stc chira trén cc dinh, nhitng cung c6 ludng 1 s& ndi gitta mot
mon qua va nguoi tang/nhan tuwong ung.

Cho mang dién gdm m x n diém nam trén mot ludi m Q I I Q
hang, n cot. Mot sb diém ndm trén bién cua ludi 1a © O_% O_% Q
ngudn dién, mot sé diém trén ludi 1a cac thiét bi s © Q
dung dién. Nguoi ta chi cho phép ndi day dién gira © Q
hai diém nam cung hang hodc cung cot. Hiy tim cach @ E_% o—e
dit cac day dién ndi cac thiét bi s dung dién véi ©Q Q 0
ngudn dién sao cho hai duong day bat ky nbi hai thiét bi sir dung dién véi
ngudn dién tuong Gmg cua chung khong duoc co diém chung.

(K¥ thuat gian sttc chira) Cho mang G = (V,E,c,w,s,t) v4i stc chia
nguyén: c: E = N. Goi C := max,¢g c(e).

a) Chtng minh ring 1at cit s — t hep nhat cta G c6 luu luong khong vuot
qua C|E|

b) V&i mot sd nguyén k, tim thuat toan xac dinh dudng ting ludng co gia
tri thang du > k trong thoi gian O(|E]).

¢) Ching minh rﬁng thuat toan sau day tim duoc lué)ng cuc dai trén mang
G:



procedure MaxFlowByScaling;
begin
f
k

while k 2 1 do
begin
while «Tim dugc dudng tdng ludng P

«Ludng Ox»;

C; //kla sikc chira Ion nhét ciia mjt cung trong E

cd gid tri thdng du = k» do
«T&ng ludng doc theo dudng P»;
k := k div 2;
end;
end;

d) Chtng minh rang khi buéc vao mdi luot lip cua vong lip:

| while k > 1 do...

Luu luong cua lat cit hep nhat trén mang thing du Gy khong vuot qua
2k|E|.

¢) Chimg minh rang trong mdi luot ldp cta vong lip:

| while k > 1 do...

Vong 1ap while bén trong thuc hién O(E) 1an v&i mdi gia tri cua k.
f) Ching minh riang thuat toan trén (maximum flow by scaling) c6 thé cai
dat dé tim ludng cyc dai trén G trong thoi gian O(|E|? log C).

4. Bd ghép cwc dai trén do thi hai phia

4.1. Do thi hai phia

D6 thi vo huéng G = (V, E) dugc goi 1a dd thi hai phia néu tap dinh V ciia nd c6
thé chia lam hai tap con roi1 nhau: X va Y sao cho moi canh cua dd thi déu nbi
mot dinh thudc X véi mot dinh thudc Y. Khi d6 nguoi ta con ky hi€u ¢ =
(X UY,E). Dé thuén tién trong trinh bay, ta goi cac dinh thudc X 1 cic X_dinh
va cac dinh thudc Y la cac Y _dinh.
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X Y
Hinh 2.12. Dé thi hai phia

Mot d6 thi vo hudng 1a d6 thi hai phia néu va chi néu ting thanh phan lién thong
ctia n6 1a dd thi hai phia. Dé kiém tra mot d6 thi v hudng lién théng ¢ phai dd
thi hai phia hay khong, ta cé thé st dung mot thuat toan tim kiém trén dd thi
(BFS hodc DFS) bit dau tir mot dinh s bat ky. Dat:

X = {tép cac dinh dén duoc tur s qua mot sb chan canh}

Y = {tép cac dinh dén duoc tur s qua mot sb 1é canh}
Néu ton tai canh ctia d6 thi ndi hai dinh € X hodc hai dinh € Y thi d thj da cho
khong phai d6 thi hai phia, nguoc lai d6 thi d cho 1a d6 thi hai phia voi cach
phan hoach tap dinh thanh hai tap X,Y & trén.
Do thi hai phia gip rat nhiéu mé hinh trong thuc té. Chang han quan hé hon
nhan gitta tap nhirng nguoi dan 6ng va tadp nhitng nguodi dan ba, viéc sinh vién
chon trudng, thay gido chon tiét day trong thoi khoa biéu v.v...
4.2. Bdi todn tim b ghép cwe dai trén do thi hai phia
Cho @6 thi hai phia G = (X UY,E). Mot bé ghép (matching) cia G 1a mot tap
cac canh d6i moét khong co6 dinh chung. Co thé coi mot bd ghép la mdt tap
M < E sao cho trén d6 thi (X U Y, M), mdi dinh c6 bac khong qua 1.
Van dé dit ra 12 tim mdr bo ghép lon nhat (maximum matching) (c6 nhiéu canh
nhat) trén dd thi hai phia cho trudc.

4.3. M6 hinh luong
Dinh hudng céc canh ctua G thanh cung tr X sang Y. Thém vao dinh phat gid s
va cac cung ndi tir s téi cac X _dinh, thém vao dinh thu gia t va cac cung ndi tir
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cac Y_dinh tdi t. Strc chtra cua tat ca cac cung dugce dit bang 1, ta dugc mang
G'. Xét mot ludng trén mang G’ c6 ludng trén cac cung 13 s6 nguyén, khi d6 co
thé thdy rang nhitng cung c6 ludng bang 1 tir X sang Y s& twong Gmg v4i mot bod
ghép trén G. Bai toan tim b ghép cuc dai trén G c6 thé giai quyét bang cach tim
ludng nguyén cuc dai trén G'.

X Y

Hinh 2.13. M6 hinh lubng ciia bai todn tim bé ghép cwe dai trén dé thi hai phia.

Chung ta s& phan tich mot s dic diém cua duong ting ludng trong trudng hop
nay dé tim ra mot cach cai dat don gian hon.

Xét dd thi hai phia G = (X UY,E) va mot bd ghép M trén G.

e Nhirng dinh thuoc M goi la nhiing dinh da ghép (matched vertices), nhiing
dinh khong thuoc M goi la nhiting dinh chua ghép (unmached vertices).

e Nhiing canh thudéc M goi 1a nhitng canh da ghép, nhitng canh khong thudc
M dugc goi 1a nhitng canh chua ghép.

e Néu dinh hudng lai nhitng canh cua dd thj thanh cung: Nhitng canh chua
ghép dinh hudng tir X sang Y, nhiing canh da ghép dinh huéng nguoc lai tr
Y vé X. Trén dd thi dinh hudng d6, mot dudng di duoc goi 13 dwong pha
(alternating path) va mdt duong di tr mot X dinh chua ghép tédi mot
Y dinh chua ghép goi la mot divong mo (augmenting path).

Doc trén mot duong pha, cadc canh da ghép va chua ghép xen k& nhau. Puong

mo ciing 1a mot duong pha, di qua mot s 1é canh, trong d6 s6 canh chua ghép

nhiéu hon s6 canh dd ghép diing mot canh.

Vi du véi d6 thi hai phia trong hinh 2.14 va mot bo ghép {(xq, 1), (22, ¥2)}-

Puong di (x5, ¥, x5, y1) 1a mot duong pha, duong di (x3, y,, X5, ¥1, X1, ¥3) 12 mot
duong mo.
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X Y
Hinh 2.14. Dé thi hai phia va cdc canh dwoc dinh huwéng theo mét bj ghép

Puong mé thue chat 1a duong ting ludng voi gia tri thing du 1 trén mé hinh
ludng. Pinh Iy 3-11 (mdi quan hé giita ludng cuc dai, dudng ting ludng va lat
cat hep nhat) da chi ra rang diéu kién can va du dé mot bo ghép M 1a bd ghép
cuc dai 1a khong ton tai duong mé tng véi M.

Néu ton tai dudng mé P Gng véi bo ghép M, ta mé rong bd ghép bang cach: doc
trén duong P loai bd nhiing canh da ghép khoéi M va thém nhiing canh chua
ghép vao M. Bo ghép méi thu duoc s& ¢ luc lwgng nhidu hon bo ghép cii dung
mot canh. Pay thuc chit 1a phép ting ludng doc trén dudng P trén mé hinh
luong.

4.4. Thudt toan dwong mo

Tt m6 hinh luéng cua bai toan, chung ta cé thé xay dung dugc thuat toan tim bd
ghép cuc dai dya trén co ché tim duong md va ting cip: Thuat toan khoi tao
mot bo ghép bat ky trude khi bude vao vong lip chinh. Tai mdi budc lip, dudng
mé (thuc chat 1a mot dudng di tir mot X dinh chua ghép téi mot Y _dinh chua
ghép) duoc tim biang BFS hoic DFS va bd ghép s& dugc md rong dua trén
duong mdé tim duogc.

M := «MO6t bd ghép bt ky, chidng han: 0O»;
while «Tim dugc dudng md P» do
begin
«Doc trén duong P:
- Loai bd nhiing canh d&a ghép khoéi M
- Thém nhitng canh chua ghép vao M
»
end;

229



Vi du v6i dd thi trong hinh 2.14 va by ghép M = {(xy,y1), (X2, ¥,)}, thuét toan s&
tim dugc duong mo:

X3 Y2 D X2 Y1 23X Y3
eM eM
Doc trén duong mé nay, ta loai bo hai canh (y,, x;) va (y,,x,) khoi by ghép va
thém vao bd ghép ba canh (x3,v,), (x5, 1), (x1,¥3), duoc bd ghép méi 3 canh.
Db thi voi bo ghép méi khong con dinh chwa ghép (khong con dudng mo) nén day
chinh 1a b¢ ghép cuc dai (h.2.15).

>

X Y X Y

Hinh 2.15. Mé rgng bj ghép

4.5. Cai dat

Chung ta s& cai dat thuat toan tim bd ghép cuc dai trén dd thi hai phia G =
(X UY,E), trong d6 |X| = p, |Y| = q va |E| = m. Cac X_dinh duoc danh sb tir
1 t&ip va cac Y dinh duogc danh sb tir 1 toi g. Khuon dang Input/Output nhu
sau:

Input

e Dong 1 chira ba s6 nguyén duong p,q,m lan luot 1a s6 X dinh, sd Y_dinh
va s canh cta do thi hai phia. (p,q < 10%;m < 10°).

e mdong ti€p theo, moi dong chtra hai s60 nguyén duong i,j tuong ung voi
mot canh (xi, yj) ctia do thi.

Output

B6 ghép cuc dai trén dd thi.
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Sample Input | Sample Output

335 1: x[2] - yl[1]
32 2: x[3] - yl2]
22 3: x[1] - yI[3]
21
13
11

a) Biéu dién d6 thi hai phia va bo ghép

Do thi hai phia G = (X U Y, E) s& duoc biéu dién bang cach danh sach ké cua
cac X dinh. Cu thé 13 ta s& sir dung mang head[1 ... p] voi cac phan tir ban dau
duoc khéi tao bang 0, mang adj[1...m] va mang link[1 ...m]. Danh sach ké
duoc x4y dung ngay trong qué trinh doc danh sach canh: mdi khi doc mot canh
e; = (x,y) ta gan adj[i] ==y, dat link[i] := head[x] sau d6 cép nhat lai
head[x] = i. Khi doc xong danh sach canh thi danh sach ké ciing duoc xay
dung xong, khi d6 dé duyét cac Y _dinh k& v6i mot dinh x € X, ta c6 thé sir dung
thuat toan sau:

i := headl[x]; /Tirdiudanh sich méc néi cic dinh ké x
while i # 0 do
begin
«X ly dinh adj[il»;
i := link[i]; /Nhdy sang phin tit ké tiép trong danh sich méc néi
end;

Bo ghép trén db thi hai phia dugc biéu dién boi mang match[1 ...ny], trong d6
match[j] 1a chi sb cia X_dinh ghép voi dinh y;. Néu y; 1a dinh chua ghép, ta
gan match[j] == 0.
b) Tim duéng mo

Puong mé thuc chat 1a mot duong di tir mot X dinh chwa ghép t6i mot Y dinh
chua ghép trén do thi dinh hudng. Ta s& tim dudng mé tai mdi bude bang thuit
toan DFS:
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Bit dau tir mot dinh x € X chua ghép, trudc hét ta danh ddu cac Y dinh bang
mang avail[l ...q] trong d6 avail[j] = True néu dinh y; €Y chua thim va
avail[j] = False néu dinh y; € Y da thdm (chi can dénh dau cac Y_dinh).

Thuat toan DFS dé tim duong mo xuat phat tir x dugc thuc hién bang mot thu
tuc dé quy Visit(x), thu tuc nay s& quét tit ca nhitng dinh y € Y chua tham nbi
tir X (di nhién qua mot canh chua ghép), voi mdi khi xét dén mot dinh y € Y,
trudc hét ta danh dau tham y. Sau do:

e Néuy di ghép, dua vao su kién tir y chi di dén duogc match[y] qua mot
canh d3 ghép hudng tir Y vé X, 10i goi dé quy Visit(match[y]) duoc thyuc
hién dé tham luén dinh match[y] € X (tham lién hai budc).

e Nguoc lai néu y chua ghép, tirc 13 thuat toan DFS tim duoc duong mo két
thuc & y, ta thoat khoi day chuyén dé quy. Qua trinh thoat day chuyén dé
quy thuc chat 1a 1an nguoc dudng mo, ta s& loi dung qua trinh nay dé mé
rong b ghép dua trén duong mo.

Dé thuit toan hoat dong hiéu qua hon, ta sir dung lién tiép cac pha xir 1y 16: Ky
hiéu X* 1a tdp cac X dinh chua ghép, mdi pha s& cd gdng mo rong bod ghép dua
trén khong chi mot ma nhiéu dudng mé khong cé dinh chung xuit phat tir cac
dinh khac nhau thudc X*. Cu thé 1a mot pha s€ khoi tao mang danh dau
avail[l ...q] boi gia tri True, sau d6 quét tit ca nhimmg dinh x € X*, thir tim
duong mo xudt phat tir x va md rong bo ghép néu tim ra dudng md. Trong mot
pha c6 thé c¢6 nhiéu X dinh duoc ghép thém.

procedure Visit (x €X); //Thudttodn DFS
begin
for Vy: (x, y)EE do //QuétcdcY. dinhkéx
if availly] then //ychwa thdm, chiiy (x,y) chic chin la canh chua ghép

begin
availly] := False; //Pdnhdiuthdmy
if match([y] = 0 then Found := True

//y chira ghép, dwng co bdo tim thiy dwong mé
else Visit (matchly]); //yddghép, goidéquy tiép tuc DFS
if Found then //Ngay khi dwong mé dwoc tim thiy

begin

match([y] := x; //Chinhlgibé ghép theo duong mé
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Exit; //Thodt luén, Iénh Exit dit ¢ ddy sé thodt ca ddy chuyén dé quy
end;
end;
end;
begin //Thuit todn tim bg ghép cuc dgi trén dé thi hai phia
«Khdi tao mdt bd ghép bat ky, ching han 0»;
X* := «Tap cac dinh chua ghép»;
repeat //Lap cdc pha xii ly theo 16
0ld := |X*|; //Lwusédinh chwa ghép khi bit diu pha
for Vy €Y do availly] := True; /PdinhdiumeiY dinh chwa thim
for Vx €X* do
begin
Found := False; //Cobdo chwa tim thiy dwong mé
Visit (x); //Tim dwing mé bing DFS
if Found then X* := X* - {x};
//x da dwoc ghép, loai bé x khoi X*
end;
until |X*| = 01d; //Lap cho téikhikhéng thé ghép thém
end;

BMATCH.PAS v Tim bd ghép cuc dai trén dd thi hai phia

{$MODE OBJFPC}
program MaximumBipartiteMatching;

const
maxN = 10000;
maxM = 1000000;
var

P, g9, m: Integer;
adj: array[l..maxM] of Integer;
link: array[l..maxM] of Integer;
head: array([l..maxN + 1] of Integer;
match: array[l..maxN] of Integer;
avail: array[l..maxN] of Boolean;
List: array[l..maxN] of Integer;
nList: Integer;

procedure Enter; //Nhdp ditli¢u

var i, x, y: Integer;

begin




ReadLn (p, g, m);
FillChar (head[l], p * SizeOf (head[1l]), 0);

for i := 1 tom do
begin
ReadLn (x, Vy); //Pocmgtcanh (x,y), dway vao danh sdach ké ciia x
adj[i] := y;
link[i] := head[x];
head[x] := 1i;
end;

end;
procedure Init; //Khditao by ghép ring
var i: Integer;

begin
FillChar (match[1], g * SizeOf (match(1]), 0);
for i := 1 to p do List[i] := i;
//Mdng List chira nList X_dinh chwa ghép
nList := p;
end;

procedure SuccessiveAugmentingPaths;
var
Found: Boolean;
0ld, i: Integer;
procedure Visit (x: Integer); //Thudttodn DFS tirxeX
var i, y: Integer;

begin
i := head([x]; //Tidiudanh sdch ké ciia x
while i <> 0 do
begin
y := adj[i]l; //XétmgtdinhyeY kéx
if availly] then //y chwa thidm, hién nhién (x,y) la canh chwa ghép
begin
avail[y] := False; //Pdnhdiuthimy
if match[y] = 0 then Found := True

//y chira ghép thi bdo hiéu tim thiy dwong mé
else Visit (matchly]):
//Thdm Iuén match[y] eX (thdm lién 2 buéc)
if Found then //Tim thiy dwing mé
begin
matchly] := x; //Chinhlgibg ghép
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Exit; //Thodtddy chuyén dé quy
end;
end;

i := link[i]; /Chuyén sang dinh ké tiép trong danh sich cdc dinh ké x

end;
end;
begin
repeat
0ld := nList; //LwulgiséX_dinh chwa ghép

FillChar (avail[l], g * SizeOf(avail[l]), True);

for i := nlList downto 1 do
begin
Found := False;
Visit (List[i]); //Céghép List[i]
if Found then //Néughép dupc
begin //Xéa List[i] khéi danh sdch cdc X_dinh chwa ghép
List[i] := List[nList];
Dec (nList) ;
end;
end;
until 0ld = nList; //Khéng théghép thém X_dinh nao niva
end;
procedure PrintResult; //Inkétqud
var j, k: Integer;
begin
k := 0;
for 7 := 1 to g do
if match[j] <> 0 then
begin
Inc (k)
WritelLn(k, ': x[', match[j], '] - vI[',
end;
end;
begin
Enter;
Init;
SuccessiveAugmentingPath;
PrintResult;




‘ end. ‘

Néu db thi c6n dinh (n = p + q) va m canh, do mang danh dau avail[1 ...q]
chi duoc khoi tao mot 1an trong pha, thoi gian thuc hién ciia mot pha s& bang
O(n + m) (suy ra tur thoi gian thyc hién giai thuat cua DFS).

Céc pha s€ dugc thuc hién 1dp cho tdi khi X* = @ hodc khi mot pha thyc hién
xong ma khong ghép thém dugc dinh nio. Thuat toan can khong qua p lan thuc
hién pha xir 1y 16, nén thoi gian thuc hién giai thuat tim bd ghép cuc dai trén do
thi hai phia 1a 0(n? + nm) trong trudng hop xau nhat. Con trong truong hop tot
nhét, ta c¢6 thé tim duoc bod ghép cuc dai chi qua mot luot thuc hién pha xu 1y 16,
ttrc 1a bang thoi gian thuc hién giai thuat DFS. Can luu y rang dy chi 1a nhiing
danh gia 0 16n vé can trén cta thoi gian thuc hién. Thuat todn nay chay rét
nhanh trén thyuc té nhung hién tai chua c6 danh gid nao chat hon.

Y tudng tim mot luc nhiéu dudng méd khong cé dinh chung di duoc nghién ciru
trong bai toan ludng cuc dai bai Dinic[10]. Dua trén ¥ tudng nay, Hopcroft va
Karp[21] d3 tim ra thuét toan tim bo ghép cuc dai trén dd thi hai phia trong thoi

gian O (\/ |[V|IE |). Thuét toan Hopcroft-Karp truée hét sit dung BFS dé phan 16p

cac dinh theo d¢ dai duong di ngin nhit sau d6 méi sir dung DFS trén rimg céc
cay BFS dé xtr 1y 16 twong tu nhu cach 1am cila chiing ta & trén.

Bai tap

2.35. C6 p tho va q viée. Mdi tho cho biét minh c6 thé lam dugc nhiing viéc
ndo, va moi viéc khi giao cho mdot thg thuc hién s& dugc hoan thanh xong
trong dung 1 don vi thoi gian. Tai mdt thoi diém, mdi tho chi thuc hién
khong qua mdt vige.
Hay phan cong cac thg lam céc cong viéc sao cho:

e  Moi viée chi giao cho dung mot tho thyc hién.

e Thoi gian hoan thanh tit ca cac céng viée 1a nho nhat. Chu ¥ 1a cac tho c6
thé thuc hién song song cac cong viéc dugc giao, viéc cua ai nguoi néy lam,
khong anh hudng téi nguoi khac.
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Mot bd ghép M trén dd thi hai phia goi 1a tdi dai néu viée bd sung thém bat
ctr canh nao vao M s€ 1am cho M khong con la bo ghép nira.
a) Chi ra moét vi du vé bo ghép t6i dai nhung khong 1a bd ghép cuc dai trén
db thi hai phia
b) Tim thuat toan O(|E]) dé xac dinh mot bd ghép tdi dai trén dd thi hai
phia
¢) Chimg minh rang néu A va B 1a hai b ghép t6i dai trén cting mot do thi
hai phia thi |A| < 2|B| va |B| < 2|A|. Tir d6 chi ra ring néu thuit toan
duong mé dugc khoi tao béng mot bd ghép tdi dai thi sd lugt tim duong
mé giam di it nhat mot nira so vi viée khéi tao bang bo ghép rong.
(Phii dinh — Vertex Cover) Cho db thi hai phia G = (X UY, E). Bai toan
dat ra 1a hay chon ra moét tap C gé)m it nhit cac dinh sao cho moi canh € E
déu lién thudc véi it nhat mot dinh thuge C.
Bai toan tim phu dinh nho nhat trén d6 thi tong quat 1a NP-day du, hién tai
chua c6 thuat toan da thire dé giai quyét. Tuy vdy trén d6 thi hai phia, phu
dinh nho nhét c6 thé tim duoc dva trén bd ghép cuc dai.
Dya vao mé hinh ludng cta bai toan bo ghép cuc dai, gia sir cac cung
(X,Y) c6 strc chlra +o0, cac cung (s, X) va (Y, t) c6 stc chia 1. Goi (S, T)
1a 14t cat hep nhat ciia mang. Pat € = {x € T} U {y € S}.
a) Chimg minh rang C 1a mot phu dinh
b) Chtrng minh ring € 13 phu dinh nho nhat
¢) Gia su ta tim dugc M 1a bd ghép cuc dai trén dd thi hai phia, khi do chic
chin khong con ton tai duong mé tuong tng véi bd ghép M. Pit:

Y* = {y € Y:3x € X chua ghép, x &n duoc y qua mot duong pha}

X* = {x € X:x da ghép va dinh ghép vdi x khong thudc Y}
Chimg minh rang (X*,Y*) 1a 14t cat hep nhat.
d) Xay dung thuat toan tim phi dinh nho nhét trén do thi hai phia dya trén
thuat toan tim bo ghép cuc dai.
Cho M 1a mot by ghép trén d6 thi hai phia G = (X UY,E). Goi k 1a s6
X _dinh chua ghép. Ching minh ring ba ménh dé sau day 1a tvong duong;
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M 1a bg ghép cuc dai.
G khong c6 duong mé tuong ung véi bo ghép M.
Ton tai mot tdp con A cia X sao cho |[N(A)| = |A] — k. O day N(4) 1a tap
cac Y _dinh ké v6i mot dinh nao d6 trong A (Goi y: Chon A la tdp cdc
X _dinh dén dwoc tir mét X _dinh chwa ghép bang mét dwong pha)
. (Pinh 1y Hall) Cho G = (X UY,E) 1a d6 thi hai phia c6 |X| = |Y|. Chung
minh ring G c6 bd ghép day du (bd ghép ma moi dinh déu duge ghép) néu
va chinéu |A| < |N(A)| véi moitap A € X.
(Phu duong tbi thiéu) Cho G = (V,E) 1a dd thi co6 hudng khong co chu
trinh. MOt phu dwong (path cover) 1a mot tap P cac duong di trén G thoa
man: V§i moi dinh v € V, ton tai duy nhat mot duong di trong P chira v.
Puodng di c6 thé bit dau va két thiic & bat ctr dau, tinh ca dudng di d6 dai 0
(chi gdm mot dinh). Bai toan dit ra 13 tim phu duong t0i thiéu (minimum
path cover): Phii dudng gdm it dudng di nhat.
Goin 1a sb dinh caa dd thi, ta danh sb cac dinh thudc V tir 1 téin. Xay
dung db thi hai phia G’ = (X U Y, E") trong do:

X ={x, x5, ... Xp}

Y ={y1,¥2 . ¥n}
Tap canh E’ duoc xay dung nhu sau: Vi mdi cung (i, j) € E, ta thém vao
mot canh (x;,y;) € E' (h.2.16)
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Hinh 2.16. Bai todn tim phii dwing téi thiéu trén DAG c6 thé quy vé bai todn bé ghép cuc dai trén do
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thi hai phia.

Goi M 1a mdt bd ghép trén G'. Khaoi tao P la tap n duong di, mdi duong di
chi gdm mét dinh trong G, khi d6 P 1a mot phu dudng. Xét 1an lugt cac
canh cua bd ghép, mdi khi xét t6i canh (x;,y;) ta dat canh (i,j) ndi hai
duong di trong P thanh mot duong...Khi thuat toan két thic, P van 1a mot
pht duodng.

a) Chimg minh tinh bat bién vong lip: Tai mdi budc khi xét téi canh
(xi,yj) € M, canh (i,j) € E chic chin s& ndi hai duong di trong P: mot
duong di két thic ¢ i va mot duong di khac bt dau & j. Tir d6 chi ra tinh
ding dan cua thut toan. (Goi ¥: mdi khi xét toi canh (x;,y;) € M va dit
canh (i, ) nbi hai dudng di cua P thanh mot duong thi |P| giam 1. Vay khi
thuat toan trén két thuc, |P| =n—|M|, tc 1& mudn |P| - min thi
|[M| - max).

b) Viét chuong trinh tim pha duong cuc tiéu trén do thi c6 hudng khong
c6 chu trinh.

¢) Chi ra vi du dé thay rang thuat toan trén khong dung trong truong hop G
c6 chu trinh.

d) Chimg minh ring néu tim dugc thuat toan giai bai toan tim phu duong
cuc tiéu trén do thi tong quat trong thoi gian da thic thi c6 thé im duoc
duong di Hamilton trén dd thi d6 (néu co) trong thoi gian da thic. (Ly
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2.42.

thuyét vé do phtc tap tinh toan da chimg minh duogc réng trén dd thi téng
quat, bai toan tim duong di Hamilton 1a NP-ddy da va bai toan tim phu
duodng cuc tiéu 1a NP-khé. Co nghia 1a mdgt thudt toan véi do phue tap da
thire dé giai quyét bai toan phu duong cuc tiéu trén do thi tong quat sé& 1a
mot phat minh 16n va ddng ngac nhién).

Ty tim hiéu vé thuat toan Hopcroft-Karp. Cai dat va so sanh tdc do thuc té
vo1 thuat toan trong bai.

(B6 ghép cuc dai trén dd thi chinh quy hai phia) Mot d6 thi vé huéng
G = (V,E) goi 1a dé thi chinh quy bdc k (k-regular graph) néu bac cua
moi dinh déu béng k. D6 thi chinh quy bac 0 1a dd thi khong c6 canh nao,
dd thi chinh quy bac 1 thi cac canh tao thanh bo ghép dﬁy du, d6 thi chinh
quy bac 2 ¢6 cac thanh phan lién thong 1a cac chu trinh don.

a) Chirng minh rang d6 thi hai phia G = (X UY, E) 1a 0 thi chinh quy thi
X1 = Irl.

b) Ching minh rang ludn ton tai bd ghép day du trén do thi hai phia chinh
quy bac k (k = 1).

¢) Tim thuat toan O(|E|log|E]) dé tim mot bo ghép dy du trén dd thi
chinh quy bac k > 1.
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