Chuyén g 6

KIEU DU LIEU TRUU TUQNG
VA CAU TRUC DU LIEU

Kiéu dix liéu truru tuong 1a mot mo hinh toan hoc véi nhiing thao tac dinh nghia
trén mo hinh d6. Kiéu dir lidu triru tuong c6 thé khong ton tai trong ngon ngir
lap trinh ma chi dung dé tong quat hoa hodc tom lugce nhiing thao tac s& dugc
thuc hién trén dit lidu. Kiéu dir liéu triru tvong dugc cai dat trén may tinh bang
chc cdu trac dir ligu: Trong ky thuat lap trinh cu trac (Structural
Programming), cdu trac dit liéu 1a cac bién cung vai cac thu tuc va ham thao
tac trén cac bién d6. Trong ky thuat 1ap trinh huéng dbi twong (Object-
Oriented Programming), cdu trac dit liéu 1a kién tric thir bac cua cac 16p, cac
thudc tinh va phuwong thie tic dong 1én chinh ddi twong hay mot vai thudc tinh
cua déi tugng.

Trong chuong ndy, chiing ta s& khao sat mot vai kiéu dit liéu triru tuong ciing
nhu cach cai dat chung biang cac cu tric dir liéu. Nhing kiéu dir liéu triru
tuong phtrc tap hon s& dugc mé ta chi tiét trong ting thuat toan mdi khi thiy
can thiét.

1. Danh sach

1.1. Khai niém danh sdach

Danh sach 1a mot tap sip thir tu cac phan tir ciing mot kiéu. D6i v6i danh sach,
ngudi ta c6 mot sd thao tac: Tim mot phan tir trong danh sach, chén mot phan tir
vao danh sach, x6a mot phan tir khoi danh sach, sap xép lai cac phan tir trong
danh sach theo mot trat tw nao do v.v...

Viéc cai dat mot danh séch trong may tinh tirc 1a tim mat c4u trac dit liéu cu thé
ma may tinh hiéu duogc dé luu céc phan tir ciia danh sach dong thoi viét cac doan
chuong trinh con mb ta cac thao tac can thiét ddi v6i danh sach.



Vi danh sach 12 mét tap sap thir tu cac phan tir cing kiéu, ta ky hiéu TElement
1a kiéu dit liéu cua cac phén tr trong danh sach, khi cai dit cu thé, TElement c6
thé 1 bt ctr kiéu dir liéu nao dugc chuong trinh dich chp nhan (S nguyén, sd
thuc, ky tu, ...).

1.2. Biéu dién danh sich bang ming

Khi cai dat danh sach bﬁng mang mot chiéu , ta can c6 mot bién nguyén n luu )
phan tir hién cé trong danh sach. Néu mang dugc danh sd bat dau tir 1 thi cac
phan tir trong danh sach dugc cat giit trong mang bang cac phan tir dugc danh sb
tultdin: A =all..n]

a) Truy cap phéan tir trong mang

Viéc truy cap mot phan tir & vi tri p trong mang c6 thé thuc hién rat dé dang qua
phan tir a,. Vi cac phan tir cia mang c6 kich thudce bang nhau va duoc luu trit
lién tuc trong bd nhd, viéc truy cap mot phﬁn tir duoc thuc hién béng mot phép
toan tinh dia chi phan tir c6 thoi gian tinh toan 1a hiang s6. Vi vy néu cai dat
bang mang, viéc truy cdp mot phan tir trong danh sach ¢ vi tri bat ky co d6 phirc
tap la ©(1).

b) Chen phan t&r vao mang

bé chén mot phan tir v vao mang tai vi tri p, trudc hét ta don tat ca cac phan tir
tlr vi tri p t&i toi vi tri n vé sau mot vi tri (tao ra “chd trong” tai vi tri p), dit gia
tri v vao vi tri p, va tdng so phan tr cia mang lén 1.

procedure Insert (p: Integer; const v: TElement);
//Thii tuc chén phén tie v vio vi tri p
var i: Integer;

begin
for i := n downto p do a[i + 1] := al[i];
alpl] = v;
n :=n + 1;

end;

Truong hop t6t nhat, vi tri chén nam sau phan tir cudi cung cua danh sach
(p = n + 1), khi d6 thoi gian thyc hién cua phép chén 1a ©(1). Truong hop xau
nhat, ta can chén tai vi tri 1, khi d6 thoi gian thyc hién cta phép chén 1a O(n).



Ciing d& dang chimg minh dugc rang thoi gian thyc hién trung binh cua phép
chen 12 ©(n).

c) X6a phéan tir khéi mang

Dé x6a mot phan tir tai vi tri p clia mang ma van giit nguyén thtr ty cic phan tir
con lai: Trude hét ta phai don tat ca cac phan tir tir vi tri p + 1 t6in 1én trudc
mot vi tri (théng tin ciia phan tir thir p bi ghi d¢), sau d6 giam sb phan tir cia
mang (n) di .

procedure Delete (p: Integer); /Thiitucxéa phin titaivitrip
var i: Integer;

begin
for i :=p ton - 1do al[i] := a[i + 1];
n :=n - 1;

end;

Truong hop tot nhat, vi tri x6a nam cudi danh sach (p = n), khi d6 thoi gian

thuc hién ctia phép x6a 1a ©(1). Truong hop x4u nhat, ta cin x6a tai vi tri 1, khi

d6 thoi gian thuc hién cua phép xoa 1a ©(n). Ciing dé dang ching minh dugc

rang thoi gian thue hién trung binh cua phép xo6a 1a 0(n).

Trong trudng hop cin x6a mot phan tir ma khong can duy tri thir tu caa cac phan

tir khac, ta chi can dua gia tri phan tir cubi ciing vao vi tri can x6a roi giam sb

phan tir cia mang (n) di 1. Khi d6 thoi gian thuc hién cta phép xoa chi 1a 0(1).

1.3. Biéu dién danh sdch bing danh sdch néi don

Danh sach ndi don (Singly-linked list) gdbm céc nut duge ndi véi nhau theo mot

chiéu. Mdi nut 1a mot ban ghi (record) gdm hai trudng:

e Truong info chtra gia tri luu trong nut do

e Truodng link chira lién két (con tro) téi nat ké tiép, tirc 1a chira mot thong tin
du dé biét nat ké tiép nit d6 trong danh sach 13 nit nao, trong truong hop 1a

nat cudi cung (khong c6 nut ké tiép), truong lién két nay
info @ link

dugc gan mot gia tri dac biét, chfmg han con tré nil.

type
PNode = "~TNode; /Kiéu con tré téi mét niit
TNode = record; /Kiéu bién dong chira théng tin trong mét niit




info: TElement;
link: PNode;
end;

Nt dau tién trong danh sach (head) dong vai trd quan trong trong danh sach ndi
don. bé duyét danh sach ndi don, ta bat dau tir nit dau tién, dua vao truong lién
két dé di sang nut ké tiép, dén khi gip gia tri ddc biét (duyét qua nat cudi) thi
dung lai

head

Hinh 1.1. Danh sich néi don

a) Truy cap phan tir trong danh sach néi don

Ban than danh sach ndi don da 1a mot kiéu dir liéu triru tuwong. DPé cai dat kiéu
dir liéu triru twong ndy, ching ta c6 thé dung mang cac nut (trudng link chira chi
s6 cua nat ké tiép) hodc bién cip phat dong (trudng link chira con trd ti nit ké
tiép). Tuy nhién vi cdu trac ndi don, viéc xac dinh phan tir dung tha p trong
danh sach bat budc phai duyét tir dau danh sach qua p nit, viéc ndy mat thoi
gian trung binh @(n), va to ra khong hiéu qua nhu thao tac trén mang. No6i cach
khéc, danh sach ndi don tién loi cho viée truy cap tudn tu nhung khong hi¢u qua
néu chung ta thyc hién nhidu phép truy cap ngiu nhién.

b) Chén phan tr vao danh sach néi don

Pé chén thém mot nut chira gia tri v vao vi tri cua nut p trong danh sach ndi
don, truge hét ta tao ra mot nit méi NewNode chira gia tri v va cho nut nay lién
két tdi p. Néu p dang 1a nut dau tién cua danh sach (head) thi cap nhat lai head
bang NewNode, con néu p khong phai nit dau tién cia danh sach, ta tim nut g
1a nit dtng lién trudce nat p va chinh lai lién két: q lién két t6i NewNode thay vi
lién két t6i thang p (h.1.2).



head q p
a b c d e
head q p
NewNode

Hinh 1.2. Chén phén tir vao danh sdch néi don

procedure Insert (p: PNode; const v: TElement);
//Thii tuc chén phén ti v vio vi tri niit p
var NewNode, g: PNode;
begin
New (NewNode) ;
NewNode”.info := v;
NewNode”.link := p;
if head = p then head := NewNode
else
begin
g := head;
while g”.link # p do g := g”.link;
gt.link := NewNode;
end;
end;

Viéc chinh lai lién két trong phép chén phan tir vao danh sach ndi don mat thoi
gian (1), tuy nhién viéc tim nat dung lién trude nit p yéu cau phai duyét tir
dau danh sach, viéc nay mat thoi gian trung binh ©(n). Vay phép chén mét phan
tir vao danh sach n6i don mat thoi gian trung binh @(n) dé thyc hién.

c) X6a phan tir khoi danh sach néi don:

Pé x6a nat p khoi danh sach ndi don, goi next 1a niit dimg lién sau p trong danh

sach. Xét hai truong hop:

e Néup la nut dau tién trong danh sach head = p thi ta dat lai head bang
next.



e Néu p khong phai nut dau tién trong danh sach, tim nuat g 1a nut dang lién
trudc nat p va chinh lai lién két: q lién két téi next thay vi lién két toip
(h.1.3)

Viéc cudi cung la huy nut p.

procedure Delete (p: PNode); //Thitucxda nitp ciia danh sich néi don
var next, g: PNode;
begin
next := p”.link;
if p = head then head := next
else
begin
g := head;
while g*.link <> p do g := g”.link;
gt.link := next;
end;
Dispose (p);
end;
a b d e
head q p next
a b d e
head q next

Hinh 1.3. Xéa phén tir khéi danh sach néi don

Ciing giéng nhu phép chén, phép x6a mot phan tir khoi danh sach nbi don ciing
mat thdi gian trung binh ©(n) dé thuc hién.

Trén ddy md ta cac thao tac v6i danh sach biéu dién dudi dang danh sach nbi
don céc bién dong. Chung ta co thé cai dat danh sach ndi don béng mot mang,
mdi nut chtra trong mot phan tir ciia mang va truong lién két link chinh 1a chi sd
ciia nat ké tiép. Khi d6 moi thao tac chén/xda phan tir ciing duoc thuc hién
tuong tu nhu trén:

const max = ...; //S6phin ticucdgi

type
TNode = record
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info: TElement;
link: Integer;
end;
TList = array[l..max] of TNode;
var
Nodes: TList;
head: Integer;

1.4. Biéu dién danh sdch bing danh sach noi kép

Viéc xac dinh nut dung lién truée mot nut p trong danh sach ndi don bét bude

phai duyét tir dau danh sach, thao tac nay mét thoi gian trung binh @(n) dé thyc

hién va anh hudng truc tiép t6i thoi gian thuc hién thao tac chén/xoéa phan tir. Dé
khéc phuc nhuoc diém nay, ngudi ta sir dung danh sach nbi kép.

Danh sach ndi kép gom cac nut duge ndi véi nhau theo hai chidu. Mbi nit 1a

mot ban ghi (record) gébm ba trudng:

e Truong info chlra gia tri luu trong nat do.

e Truong next chira lién két (con tro) toi nat ké tiép, tc 1a chira mot thong
tin du dé biét nat ké tiép nat d6 1a nat nao, trong truong hop nit diung cudi
cung trong danh sach (khéng c6 nut ké tiép), truong lién két nay duoc gan
mot gia tri dic biét (ching han con tro nil)

e Trudng prev chta lién két (con tro) toi nht lién trude, tic 1a chira mot
thong tin di dé biét nut lién trudc nat d6 13 nut ndo, trong trudng hop nut

dimg dau tién trong danh sach (khong c6 nit lién
g g ( g prev @ info @ next

trude), truong lién két ndy dugc gan mot gia tri
didc biét (chang han con tro nil)

type
PNode = "TNode; /Kiéu con tré téi mjt niit
TNode = record; /Kiéu bién dong chira théng tin trong mét niit

info: TElement;
next, prev: PNode;
end;

Khéc v6i danh sach ndi don, trong danh sach ndi kép ta quan tAm t&i hai nut:
Nt dau tién (first) va phan tir cudi cung (last). C6 hai cach duyét danh sach
nbi kép: Hodc bat dau tir first, dua vao lién két next dé di sang nit ké tiép, dén
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khi gip gia tri dic biét (duyét qua last) thi ding lai. Hodc bat dau tir last, dua
vao lién két prev dé di sang nut lién trude, dén khi gap gia tri dic biét (duyét
qua first) thi dung lai

first
L P o

Giong nhu danh sach noi don, viéc chén/xda nut trong danh sach noi kép ciing

Hinh 1.4. Danh sich néi kép

don gian chi 1a k¥ thuat chinh lai cac mdi lién két gitta cac nat cho hop 1y. Tuy
nhién ta c6 thé xac dinh dugc dé& dang nat dung lién trude/lién sau ctia mot nut
trong thoi gian ©(1), nén cac thao tac chén/xéa trén danh sach nbi kép chi mat
thoi gian ©(1), tot hon so véi cai dat bang mang hay danh sach ndi don.

1.5. Biéu dién danh sdch bing danh sdach néi vong don

Trong danh sach ndi don, phan tir cubi ciing trong danh sach c6 trudng lién két
dugc gan mat gia tri dac biét (thuong st dung nhét 1a gia tri nil). Néu ta cho
truong lién két cua phan tr cudi cung trd thang vé phan tr dau tién cua danh
sach thi ta s& dugc mot kiéu danh sach méi goi la danh sach ndi vong don.

Hinh 1.5. Danh sdch ndi vong don

Déi voi danh sach ndi vong don, ta chi can biét mot nut bat ky cua danh sach 1a
ta co thé duyét dugc hét cac nat trong danh sach bang cach di theo hudng lién
két. Chinh vi Iy do nay, khi chén/x6a vao danh sach nbi vong don, ta khong phai
xtr 1y cac truong hop riéng khi niit ding dau danh sach. Mic du vay, danh sach
nbi vong don van can thoi gian trung binh ©(n) dé thyc hién thao tic chén/xoa
vi viée xac dinh nat ding lién trudéc mot nut cho trude cling gip tré ngai nhu voi
danh sach ndi don.
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1.6. Biéu dién danh sdach bang danh sdch noi vong kép

Danh sach nbi vong don chi cho ta duyét cac nat ciia danh sach theo mot chiéu,
néu cai dat bang danh sach ndi vong kép thi ta c6 thé duyét cic nit cua danh
sach ca theo chiéu nguoc lai nira. Danh sach ndi vong kép cé thé tao thanh tir
danh sach ndi kép néu ta cho trudng prev cua nit first tré toi nat Last con
truong next cua nut last thi tro téi nut first.

Tuong tu nhu danh sach nbi kép, danh sach nbi vong kép cho phép thao tac
chén/x6a phan tir c6 thé thuc hién trong thoi gian ©(1).

Hinh 1.6. Danh sich noi vong kép

1.7. Biéu dién danh sdach bang cdy

C6 nhiéu thao tac trén danh sach, nhung nhiing thao tic phd bién nhat 1a truy
cap phan tir, chén va x6a phan tir. Ta da khao sat cach cai dat danh sach bang
mang hodc danh sach lién két, néu nhu mang cho phép thao tac truy cap ngiu
nhién tot hon danh sach lién két, thi thao tic chén/x6a phan tir trén mang lai mat
kha nhiéu thoi gian.

Dudi day 1a bang so sanh thoi gian thuc hién cac thao tac trén danh sach.

Phwong phap Truy cap ngau nhién | Chén | Xéa
Mang 0(1) O(n) | 6(n)
Danh sach ndi don O(n) O(n) | 6(n)
Danh sach ndi kép o(n) 0(1) | 6(1)
Danh sach ndi vong don 0(1) O(n) | ©(n)
Danh sach ndi vong kép O(n) 0(1) | e(1)

Cay 1a mot kiéu dit lidu triru twong ma trong mot s6 truong hop co thé gian tiép
dung dé biéu dién danh sach. Vi mot cach danh sé thir ty cho cac nat cia cay
(duyét theo thir tu giita), mdi phép truy cdp ngau nhién, chén, xéa phan tir trén
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danh sach c6 thé thuc hién trong thoi gian O(logn). Chung ta sé tiép tuc chu dé
nay trong mot bai riéng.

Bai tap

1.1. Viét chuong trinh thyc hién cac phép cheén, xda, va tim kiém mot phﬁn tr
trong danh sach cac sd nguyén di sip xép theo thir tu ting dan biéu dién
boi:

e Mang

e Danh sach nbi don

e Danh sach ndi kép

1.2. Viét chuong trinh ndi hai danh sach sé nguyén da sip xép, tong quat hon,
viét chuong trinh ndi k danh sach sb nguyén da sip xép dé dugc mot danh
sach gdm tat ca cac phan tu.

1.3. Gia sir ching ta biéu dién mot da thuc p(x) = ayxPt + axP2 + -+
a,x, trong 46 by > b, > -+ > b,, dudi dang mot danh sach ndi don ma
nut the i cia danh sach chira hé sé a;, sé mil b; va con trd téi nut ké tiép
(nat i + 1). Hiy tim thuat toan cong va nhéan hai da thirc theo cac biéu dién
nay.

1.4. Mot sd nhi phan a,a,_q..ay, trong d6 a; € {0,1} co6 gia tri bang
", a; 2% Nguoi ta biéu dién s6 nhi phan nay bang mot danh sach ndi don
gdém n nat, c6 nat dau danh sach chua gia tri a,, mdi nat trong danh sach
chira mot chit s6 nhi phan a; va con tré t&i nut ké tiép 1a nat chia chir s6
nhi phan a;_,. Hiy 1ap chuong trinh thuc hién phép toan “cong 17 trén s6
nhi phan da cho va dwa ra biéu dién nhi phan cua két qua.

Goi y: Sur dung phép dé quy

2. Ngan xép va hang doi

Ngin xép va hang doi 1a hai kiéu dit liéu triru tuong rat quan trong va dugc sir
dung nhiéu trong thiét ké thuat toan. V& ban chat, ngan xép va hang doi 1a danh
sach tirc 1a mot tdp hop cac phan tir cing kiéu c6 tinh thi tu.
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Trong phan nay ching ta s& tim hiéu hoat dong ctia ngin xép va hang doi va
cach cai dat ching bé’lng céc cau trac dir lidu. Tuong ty nhu danh sach, ta goi
kiéu dir liéu cta cac phan tir s& chira trong ngin xép va hang doi 1a TElement.
Khi cai dit chuong trinh cu thé, kiéu TElement c6 thé 1a kiéu s6 nguyén, sd
thuce, ky tu, hay bat ky kiéu dit liéu nao dugc chuong trinh dich chip nhén.

2.1. Ngin xép

Ngdn xép (Stack) 13 mot kiéu danh sach ma viéc bd sung mot phan tir va loai bo
mot phﬁn tir dugc thuc hién & cudi danh sach.

C6 thé hinh dung ngin xép nhu mot chong dia, dia ndo duoc dit vao chong sau
cing s& nam trén tit ca cac dia khac va s& dugc ldy ra dau tién. Vi nguyén tic
“vao sau ra trudc”, ngan xép con c6 tén goi 1a danh sdch kiéu LIFO (Last In
First Out). Vi tri cudi danh sach duoc goi 13 dinh (fop) cta ngin xép.

Dbi v6i ngan xép co sau thao tac co ban:

e Init: Khéi tao mot ngin xép rong

e IsEmpty: Cho bién ngin xép c6 rong khong?

e IsFull: Cho biét ngin xép c6 day khong?

e Get: Poc gia tri phan tir ¢ dinh ngan xép

e Push: Pay mot phan tir vao ngin xép

e Pop: Lay ra mot phan tir tir ngin xép

a) Biéu dién ngan xé&p bang mang
Cach biéu dién ngin xép bang mang can c6 mot mang Items dé luu cic phan tir

trong ngin xép va mot bién nguyén top dé luu chi sé cua phan tir tai dinh ngin
xép. Vi du:

const max = ...; /Dunglugng cuc dai ciia ngin xép
type
TStack = record
items: array[l..max] of TElement;
top: Integer;
end;
var Stack: TStack;

Sau thao tac co ban cua ngdn x€p cé thé viét nhu sau:
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//Khéi tgo ngdn xép réng
procedure Init;
begin
Stack.top := 0;
end;
//Ham kiém tra ngan xép c6 réng khong?
function IsEmpty: Boolean;
begin
Result := Stack.top = 0;
end;
//Ham kiém tra ngdn xép c6 diy khéong?
function IsFull: Boolean;
begin
Result := Stack.top = max;
end;
//Doc gia tri phan tir ¢ dinh ngan xép
function Get: TElement;
begin
if IsEmpty then
Error <« "Stack is Empty" /Bdo l6i ngin xép réng
else
with Stack do Result := items|[top];
//Tri vé phén tir ¢ dinh ngin xép
end;
/Dy mét phin tir x vio ngén xép
procedure Push(const x: TElement);
begin
if IsFull then
Error <« "Stack is Full" /Bdo lbi ngin xép diy
else
with Stack do

begin
top := top + 1; /Ting chisé dinh Stack
items[top] := x; /Ddtxvio vitridinh Stack
end;

end;

/L&y mét phan tir ra khéi ngén xép
function Pop: TElement;
begin
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if IsEmpty then
Error <« "Stack is Empty" /Bdo l6i ngin xép réng
else
with Stack do
begin
Result := items([top]; /Trivéphan ti ¢ dinh ngin xép
top := top - 1; //Giim chisé dinh ngin xép
end;
end;

b) Biéu dién ngin xé&p bang danh sach néi don kiéu LIFO

Ta s& trinh bay cach cai dit ngin xép bang danh sach ndi don cac bién dong va
con tré. Trong cach cai dat nay, ngin xép s& bi diy néu nhu ving khong gian
nhé dung cho cac bién dong khong con du dé thém mot phan tir méi. Tuy nhién,
viéc kiém tra diéu nay phu thudc vao mady tinh, chuong trinh dich va ngén ngit
lap trinh. Mt khac, khong gian b nhé dung cho cac bién dong thudng rat 16m
nén ta sé& khong viét ma cho ham IsFull: Kiém tra ngan xép tran.

Cac khai bao dir liéu:

type
PNode = ~TNode; /Kiéu con tré lién két giva cdc niit
TNode = record /Kiéu diligu cho mét niit

info: TElement;
link: PNode;
end;
var top: PNode; /Con tré téi phin tiv dinh ngin xép

Céc thao tac trén ngin xép:

//Khéi tao ngin xép rong
procedure Init;
begin

top := nil;
end;
//Kiém tra ngdin xép cé rong khong
function IsEmpty: Boolean;
begin

Result := top = nil;
end;
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//Poc gid tri phén ti & dinh ngdn xép
function Get: TElement;
begin
if IsEmpty then
Error <« "Stack is Empty" /Bdo I6i ngin xép réng
else
Result := top”.info;
end;
//Déy mgt phin tiv x vio ngin xép
procedure Push(const x: TElement);
var p: PNode;

begin
New (p) ; /#Tago nit méi
p".info := x;
p”.link := top; /Néivio danh sich lién két
top := p; /Dich con tré dinh ngin xép
end;

//Liy m@t phin tie khéi ngin xép
function Pop: TElement;
var p: PNode;
begin
if IsEmpty then
Error <« "Stack is Empty" /Bdo Idi ngin xép réng
else

begin
Result := top”.info; /Ldy phén tik tgi con tré top
p := top”.link;
Dispose (top) ; /Giiiphéng by nhé
top := P; //Dich con tré dinh ngin xép
end;

end;

2.2. Hang doi

Hang doi (Queue) 1a mot kiéu danh sach ma viéc bo sung mot phan tir duge thyc

hién & cuoi danh sach va viéc loai bé mot phan tir dugc thuc hién & dau danh

sach.
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Khi cai dat hang doi, ¢6 hai vi tri quan trong 1a vi tri dau danh sach (front), noi
cac phan tir duoc ldy ra, va vi tri cudi danh sach (rear), noi phan tir cudi cung
dugc dua vao.

C6 thé hinh dung hang doi nhu mot doan nguoi xép hang mua vé: Ngudi nio
xép hang trude s& duoc mua vé trude. Vi nguyén tic “vao trudc ra trude”, hang
doi con c6 tén goi 1a danh sdch kiéu FIFO (First In First Out).

Tuong ty nhu ngan xép, c6 sau thao tic co ban trén hang doi:

e Init: Khéi tao mot hang doi rong

e IsEmpty: Cho bién hang doi c6 réng khong?

e IsFull: Cho biét hang doi c6 ddy khong?

e Get: Poc gia tri phan tr & dau hang doi

e Push: Pay mot phan tir vao hang doi

e Pop: Lay ra mot phan tir tir hang doi

a) Biéu dién hang doi bing mang

Ta c6 thé biéu dién hang doi bang mot mang items dé luu cac phan tir trong
hang doi, mot bién nguyéfront dé luu chi s6 phan tir dau hang doi va mot bién
nguyén rear dé luu chi sé phan tir cudi hang doi. Chi mot phan ctia mang items
tir vi tri front toi rear duogc st dung luu trit cac phan tir trong hang doi. Vi du:

const max = ...; //Dungluwong cucdai
type
TQueue = record
items: array[l..max] of TElement;
front, rear: Integer;
end;
var Queue: TQueue;

Sau thao tac co ban trén hang doi ¢ thé viét nhu sau:

//Khéi tao hang doi rong
procedure Init;
begin
Queue.front := 1;
Queue.rear := 0;
end;

//Kiém tra hing doi cé réng khéong

19



function IsEmpty: Boolean;
begin
Result := Queue.front > Queue.rear;
end;
//Kiém tra hing dpi c6 diy khong
function IsFull: Boolean;
begin
Result := Queue.rear = max;
end;
//Doc gid tri phin tie dau hang doi
function Get: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo I6i hang doi rong
else
with Queue do Result := items[front];
end;
//Ddy mt phin tie x vio hang dpi
procedure Push(const x: TElement);
begin
if IsFull then
Error <« "Queue is Full" /Bdo l6i hing doi diy

else
with Queue do
begin
rear := rear + 1;
items[rear] := x;
end;
end;

/L&y mét phin tir khéi hang doi
function Pop: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo Iéi hang doi rong
else
with Queue do
begin
Result := items[front];
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front := front + 1;
end;

end;

b) Biéu dién hang dgi bing danh sach vong

Xét viée biéu dién ngin xép va hang doi bang mang, gia st mang co toi da 10
phan tir, ta thdy ring néu nhu 1am 6 1an thao tic Push, rdi 4 lan thao tac Pop, roi
tiép tuc 8 1an thao tac Push nira thi khong ¢ van dé gi xay ra ca. Ly do 1a vi chi
s6 top luu dinh cua ngin xép s& duogc ting 1én 6000, rdi giam vé 2000, sau d6
lai tang tro lai 1én 10000 (chua vuot qua chi sé mang). Nhung néu ta thuc hién
céc thao tac d6 ddi véi cach cai dat hang doi nhu trén thi s& gip thong bao 15i
tran mang, boi mdi lan ddy phan tr vao ngin xép, chi sé cudi hang doi rear
ludn ting 1én va khong bao gid bi giam di ca. D6 chinh 1a nhuoc diém ma ta néi
téi1 khi cai dat: Chi ¢o cac phé‘m tur tir vi tri front toi rear 1a thudc hang doi, cac
phén tir tir vi tri 1 t6i front — 1 13 v6 nghia.

Pé khic phuc diéu nay, ta c6 thé biéu dién hang doi bang mot danh sich vong
(ding mang hodc danh sach ndi vong don): coi nhu cic phan tir ciia hang doi
duoc xép quanh vong tron theo mot chiéu nao do (ching han chiéu kim ddng
hd). Cac phan tir ndm trén phan cung tron tir vi tri front téi vi tri rear 1a cac
phan tir ciia hang doi. C6 thém maot bién n luu sé phan tir trong hang doi. Viéc
day thém mot phan tir vao hang doi twong dwong véi viée ta dich chi sb fear
theo chiéu vong mot vi tri roi dat gia tri mdi vao do. Viée léy ra mot phén tr
trong hang doi twong duong v6i viée 1y ra phan tir tai vi tri front rdi dich chi
sO front theo chiéu vong. (h.1.7)
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front

rear

Hinh 1.7. Dung danh sdach vong mé td hang dgi
beé tién cho viéc dich chi s6 theo vong, khi cai dat danh sach vong bang mang,

ngudi ta thuong dung cach danh chi sé tir 0 dé tién st dung phép chia lay du
(modulus - mod).

const max = ...; //Dungluwong cuc dai
type
TQueue = record
items: array[0..max - 1] of TElement;
n, front, rear: Integer;
end;
var Queue: TQueue;

Sau thao tic co ban trén hang doi cai dat trén danh sach vong duogc viét dudi
dang gid ma nhu sau:

//Khéi tao hang di rong
procedure Init;
begin
with Queue do
begin
front := 0;
rear := max - 1;

end;
//Kiém tra hing doi cé réng khéong
function IsEmpty: Boolean;
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begin
Result := Queue.n = 0;
end;
//Kiém tra hang doi cé diy khong
function IsFull: Boolean;
begin
Result := Queue.n = max;
end;
//Doc gid tri phin tir diu hing dpi
function Get: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo Iéi hang doi rong
else
with Queue do Result := items[front];
end;
//Ddy mt phin tiv vao hang doi
procedure Push(const x: TElement);
begin
if IsFull then
Error < "Queue is Full" /Bio i hang dpi diy
else
with Queue do

begin
rear := (rear + 1) mod max;
items[rear] := x;
Inc(n);

end;

end;
/L&y mét phin tir ra khéi hang di
function Pop: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo Iéi hang doi rong
else
with Queue do
begin
Result := items[front];




front := (front + 1) mod max;
Dec (n) ;
end;

end;

c) Biéu dién hang doi bang danh sach ngi don kiéu FIFO

Tuong tu nhu cai dat ngin xép bang bién dong va con tré trong mot danh sach

nbi don, ta cling khong viét ham IsFull dé kiém tra hang doi day.

Cac khai bao dir liéu:

type
PNode = ~TNode; /Kiéu con tré lién két giva cdc niit
TNode = record /Kiéu diligu cho mét niit

info: TElement;
link: PNode;
end;
var front, rear: PNode; //Con tré téi phin tir diu va cudi hang dgi

Céc thao tac trén hang doi:

//Khéi tao hang di rong
procedure Init;
begin
front := nil;
end;
//Kiém tra hing dgi cé rong khong
function IsEmpty: Boolean;
begin
Result := front = nil;
end;
//Poc gid tri phin tit diu hang doi
function Get: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo léi hang doi rong
else
Result := front”.info;
end;
/Dy mét phin tir x vao hang dpi
procedure Push (const x: TElement)
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var p: PNode;
begin
New (p) ; /#Tgo mét nit moi
p".info := x;
p”.link := nil;
//Néi niit dé vao danh sich
if front = nil then front := p
else rear”.link := p;
rear := p; //Dich con tré rear
end;
//Ldy m@t phin tie ra khéi hang dgi
function Pop: TElement;
var P: PNode;
begin
if IsEmpty then

else
begin
Result := front”.info; /Ldy phén tiktai con tré front
P := front”.link;
Dispose (front); //Giiiphdng b nhé
front := p; //Dich con tré front
end;

end;

Error <« "Queue is Empty" /Bdo Iéi hing doi réng

2.3. Mt s6 chii § vé ky thudt cai dit

Ngin xép va hang doi 12 hai kiéu dit liéu triru twong tuwong ddi dé cai dat, cac thu

tuc va ham moé phong cac thao tdc c6 thé viét rat ngan. Tuy vay trong cac

chuong trinh dai, cac thao tic van nén duoc tach biét ra thanh chwong trinh con

dé dé dang g& rdi hoic thay ddi cach cai dat (vi du doi tir cai dat bang mang

sang cai dit bang danh sach ndi don). Picu nay con giap ich cho lap trinh vién

trong truong hgp muon biéu dién céc kiéu dir liéu triru twong bang cac 16p va

doi1 tugng. Néu co ban khoan rang viéc goi thuc hién chuong trinh con s€ lam

chuong trinh chay cham hon viéc viét tryc tiép, ban c6 thé dit cac thao tac do

dudi dang inline functions.
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Bai tap
1.5. Hang doi hai dau (doubled-ended queue) 1a mot danh sach dugc trang bi
bon thao tac:
PushF (v): Day phan tir v vao du danh sach
PushR (v): Piy phan tir v vao cubi danh sach
PopF: Loai b6 phan tir ¢dau danh sach
PopR: Loai bé phan tir cudi danh sach
Hay tim c4u trac dit liéu thich hop dé cai dat kiéu dir lidu triru twong hang
do1i hai dau.
1.6. Co6 hai so d6 duong ray xe lira b tri nhu hinh sau:

3 2 1
& o & o & o

T——e

3 2 1
e oo o o o

4 \/ o

Ban dau c6 n toa tau xép theo thir tyr tir 1 téi n tir phai qua trai trén duong
ray A. Ngudi ta mudn xép lai cac toa tau theo thir ty méi tir phai qua trai
(1, P32, - -» Pn) 1én duong ray C theo nguyén tic: Cac toa tau khong duoc
“vuot nhau” trén ray, mdi lan chi duoc chuyén mot toa tau tr A - B,
A - B hoic A —» C. Hay cho biét diéu d6 c6 thé thyc hién dugc trén so do
duong ray nao trong hai so do trén.

26



3. Cay
3.1. Dinh nghia

Cay la moét ki€u dir liéu triru tugng gom mot tp hitu han céc nut, gitra cac nlt cod

mot quan hé phan cap goi 1a quan hé “cha-con”. C6 mot nit dic biét goi 1a gdc
(root).

C6 thé dinh nghia cay bang cach dé quy nhu sau:

14
A

Mot nat 1a mot cdy, nat d6 ciing 1a gbc cua cay ay
Néur la mot nut vary, 1y, ..., Tk lan luot 1a géc cua cac cay Ty, Ty, ..., Ty, thi
ta co thé xdy dung mot cdy méi T bang cach cho nut r tré thanh cha cua cac
nat ry,7;, ..., 7. Cay T nay nat gbc 1a r con cac ciy Ty, Ty, ..., Ty tré thanh
cac cay con hay nhanh con (subtree) ciia nut gdc.

Pé tién, ngudi ta con cho phép ton tai mot cy khong co nat ndo ma ta goi 1a cay

rong (null tree), ky hiéu A.

MGt vai hinh anh cua cau trac cay:
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Muc luc ctia mdt cudn sach véi phﬁn, chuong, bai, muyc v.v... co cAu trac
cua cay

Céu trac thu muc trén dia ciing c6 ciu trac cdy, thu muc gbe co thé coi 1a
gbc clia cay do vai cac cdy con 1a cac thu muc con (sub-directories) va tép
(files) ndm trén thu muc gdc.

Gia pha ciia mot ho tdc cling co cau trac cdy.

Mot biéu thirc s6 hoc gdm cac phép toan cong, trir, nhan, chia ciing c6 thé
luu trr trong mot cdy ma cac toan hang dugc luu triv & cac nut 1a, cac toan
tr dwgc luu trir & cac nt nhanh, m&i nhanh 1 mot biéu thirc con (h.1.8).



Hinh 1.8. Céy biéu dién biéu thirc

3.2. Cac khdi niém co bdn

Néu (ry, 75, ..., 1) 12 ddy cac nat trén cdy sao cho r; 1a nut cha ciia nut r;,, v6i
Vi:1 < i < k, thi ddy nay duoc goi 1a mot dwong di (path) tir ry t6i 13, Chiéu dai
ciia duong di bang sb nat trén dudng di trir di 1. Quy udc rang co dudng di do
dai 0 tir mot nat dén chinh né. Nhu cay ¢ hinh 1.9, (4, B, F) 1a duong di do dai
2, (A,D,H,K) la duong di do dai 3.

Hinh 1.9. Ciy
Néu co6 mot duong di do dai khac 0 tir nit a téi nat d thi nat a goi 1a tién boi
(ancestor) cua nut d va nut d dugc goi 1a hAdu dué (descendant) cia nat a. Nhu
cdy ¢ hinh 1.9, nut A4 1a tién bdi cua tit ca cac nat trén cay, nut H 1a hau du¢ cua
nat A va niit D. Mot sd quy ude con cho phép mot nit 14 tién bdi ciing nhu hau
dué ctia chinh nut d6, trong truong hop nay, nguoi ta ¢6 thém khai niém tién béi

28



thuc sw (proper ancestor) va hdau dué dich thuc (proper descendant) trung voi
khai niém tién bdi va hdu dué ma ta da dinh nghia.

Trong cay, chi duy nhat mot nit khong co tién bdi 1 nat gde. Mot nit khong co
hau dué goi 1a nut la (leaf) cua cay, cac nat khong phai 14 duoc goi 1a nut nhanh
(branch). Nhu cay ¢ hinh 1.9, cacnut C,E, F, G, 1,], K 1a cac nut 4.

Do cao cua mdt nut 1a d§ dai duong di dai nhét tir nat d6 t&i mot nat 14 hau dué
clia nd, d6 cao cta nit gbe goi 1a chiéu cao (height) cia ciy. Nhu ciy & hinh 1.9,
cay c6 chiéu cao 1a 3 (duong di (4,D, H,))).

D¢ sdu (depth) cia mot nut 1a d6 dai dudng di duy nhat tir nut gde téi nat do.
Nhu cay ¢ hinh 1.9, nit A ¢6 d sau la 0, nut B,C,D c¢6 dd sau la 1, nut
E,F,G,H,I c6 do sau 1a 2, va nat J, K c6 d6 sau 1a 3. Co thé dinh nghia chiéu
cao cua cdy 1a do sdu 16n nhit ciia cac nit trong cdy.

MGt tap hop cac cay d61 mot khong cé nat chung duoc goi 1a rieng (forest), co
thé coi tap cac cdy con clia mot niit 1a mot rimg.

Nhirng niit con ctia ciing mot nut duwoc goi 1a anh em (sibling). Vi mot ciy, néu
ching ta c6 tinh dén tho ty anh em thi cay do goi 1a cdy co thur tw (ordered tree),
con néu ching ta khong quan tdm t6i thir ty anh em thi cay d6 goi 1a cdy khong

co thur tw (unordered tree).

3.3. Biéu dién cay tong quidt

Trong thuc té, coO mot sb ung dung doi héi mot cAu trac dit lidu dang cay nhung
khong c6 rang budc gi vé s6 con clia mot niit trén cdy, vi du nhu cdu tric thu
muc trén dia hay hé théng dé muc cua mot cudn sach. Khi do, ta phai tim céach
mo ta mot cach khoa hoc cau truc dir lidu dang cay tong quat. Gia si TElement
1a kiéu dir liéu ctia cac phan tir chtra trong mdi nut ctia cy, khi do6 ta co thé biéu
dién cay bang mot trong cac cau trac dit liéu sau:

a) Biéu dién bang lién két t6i nat cha
Véi T 1a mot cay, trong d6 cac nat duoc danh sb tir 1 t6i n, khi d6 ta c6 thé gan

cho mdi ndt i mot nhin parent[i] 1a s6 hiéu nat cha ctia nat i. Néu nat i la nat
gbc, thi parent[i] dugc gan gia tri 0. Cach biéu dién nay c6 thé cai dat bang mot
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mang cac nut, mdi nit 1a mot ban ghi bén trong chira gia tri Ivu tai nit (info) va

nhan parent.

const max = ...; //Dungluwong cuc dai
type
TNode = record
info: TElement;
parent: Integer;
end;
TTree = array[l..max] of TNode;
var Tree: TTree;

Trong cach bi€u dién nay, néu chung ta can biét nat cha ciia mot nut thi chi can

truy xuat truong parent cia nut d6. Tuy nhién néu ta can liét ké tat ca cac nut

con cua mot nut thi khong c6 cach nao khéc la phai duyét toan by danh sach nut

va kiém tra treong parent. Thuc hién viéc nay mat thoi gian ©(n) véi moi nit.

b) Biéu dién bang c4u trac lién két

Trong cach bi€u dién nay, ta sap x&p cac nut con ciia moi nat theo mdt thir tu

nao d6. Mdi nut cua cdy 1a mot ban ghi gdbm 4 truong:

Truong info: Chira gié tri luu trong nut

Trudong parent: Chia con tro lién két t6i nat cha, tirc 12 chira mot thong tin
du dé biét nat cha cta nat dang xét 1a nat nao. Trong trudng hop nit dang
xét 1a gbe (khong c6 nut cha), trudng parent duge gan mot gia tri dic biét
(nil).

Trudng first: Chua lién két (con tro) toi nit con dau tién (con cd) cia nit
dang xét, trong truong hop nit dang xét 1a nut 14 (khong c6 nut con), trudong
nay dugc gan mot gia tri dac biét (nil).

Truong sibling: Chia lién két (con tro) t6i nut em ké can (nut cung cha voi
nut dang xét, khi sip th@r ty cac nat con thi nat sibling ding lién sau nat
dang xét). Trong truong hgp nit dang xét khong cé nut em, truong nay
duoc gan mot gia tri dac biét (nil).

type
PNode ~"TNode;
TNode = record

info: TElement;
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parent, first, sibling: PNode;
end;

ﬂzrent =1
@ sibling = 3

info=B

\ first=5

Hinh 1.10. Céu triic niit ciia cdy téng qudt

Trong cac biéu dién nay, tir mot nat r bat ky, ta c6 thé di theo lién két first dé
dén nat con dau tién, nat nay chinh 1a chét cuia mot danh sach ndi don cac nat
con: Tir nut first, di theo lién két sibling, ta co thé duyét tat ca cic nut con cia
nut r.

Trong trudng hop phai thuc hién nhiéu 1an phép chén/xéa mét cay con, ngudi ta
c6 thé biéu dién danh sach cac nut con ctia mot nut dudi dang danh sich moc nbi
kép dé viéc chén/xoda duge thuc hién hiéu qua hon, khi d6 thay vi truong lién két
don sibling, mdi nit s& co hai trudng prev va next chira lién két t6i nat anh
lién trude va em lién sau cia mot nut.

3.4. Cay nhi phan

Cdy nhi phdn (binary tree) 1d mot dang quan trong ctia cau trac cdy. N6 c6 dic
diém la moi nut trén cdy chi c6 t6i da hai nhanh con. Véi mot nit thi ngudi ta
cling phan biét cdy con trai va cdy con phai cua nut do, tirc 1a cay nhi phan la
cay co thu ty.
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a) Mot s6 dang ddc biét ctia cay nhi phan

R R

Hinh 1.11. Céy nhj phin suy bién

Céc cay nhi phan trong hinh 1.11 duoc goi 1a cdy nhi phdn suy bién (degenerate
binary tree), trong cdy nhi phan suy bién, cac nit khong phai 14 chi c6 dung mot
cay con. Cay a) dugc goi la cay Iéch phai, cay b) dugc goi la cay Iéch trai, cay c)
va d) dugc goi 1a cay zic-zéc.

Hinh 1.11. Cdy nhi phdn hoan chinh
Cay trong hinh 1.11 duogc goi la cdy nhi phdn hoan chinh (complete binary tree).
Cay nhi phan hoan chinh c6 moi nut 14 ndim & cung mot do siu va moi nit nhanh
déu co6 hai nhanh con. S6 nit & do sau h cta cdy nhi phan hoan chinh 1a 2.
Téng s6 nat ciia cay nhi phan hoan chinh d6 cao h 1a 2"+ — 1
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Hinh 1.12. Ciy nhj phin gin hoan chinh

Cay trong hinh 1.12 dugc goi 1a cdy nhi phdn gan hoan chinh (nearly complete

binary tree). Mot cay nhi phan d6 cao h dugc goi 13 cdy nhi phan gan hoan

chinh néu ta bé di moi nat & do sau h thi dugec mot cay nhi phan hoan chinh.

Cay nhi phan hoan chinh hién nhién 14 cdy nhi phan gan hoan chinh.

Hinh 1.13. Ciy nhi phéin déy di

Cay trong hinh 1.13 duoc goi 1a cdy nhi phdn day di (full binary tree). Cay nhi
phén day du 1a cdy nhi phdn ma moi nut nhanh cta nd déu c¢o hai nat con.

Dé dang ching minh dugc nhiing tinh chat sau:
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Trong céc cdy nhi phan c¢é cung s6 lugng nat nhu nhau thi cdy nhi phan suy
bién c6 chidu cao 16n nhét, con cay nhi phan gan hoan chinh thi c6 chiéu
cao nho nhat.

S6 luong toi da cac nit & d6 sau d caa cay nhi phan 1a 2¢

S6 luong toi da cac nit trén mot cay nhi phan c6 chiéu cao h 1a 2"+1 — 1
Cay nhi phan gan hoan chinh c6 n nat thi chiéu cao cua nd 1a |lgn|.



b) Biéu dién cay nhj phan

R& rang co thé st dung cac cach biéu dién cay tong quat dé biéu dién cdy nhi
phén, nhung dwa vao nhirng dic diém riéng ctia cAy nhi phan, ching ta c6 thé co
nhitng cach biéu dién hiéu qua hon. Trong phan nay ching ta xét mot sd cach
biéu dién dic thu cho cay nhi phan, twong tu nhu véi ddi véi cdy tong quat, ta
goi TElement 1a kiéu dir liéu cia cac phan tir chira trong cac niit ciia cay nhi
phan.

Q Biéu dién biang ming

Mot cay nhi phan hoan chinh c¢6 n nut thi c6 chiéu cao 1a llgn], tirc 1a cac nut sé&
nam & cac do sau tir 0 t6i |lgn|, Khi d6 ta c6 thé liét ké tat ca cac nit tir do sau 0
(nut gbe) téi do sau [Ign], sao cho vai cac nut cung d6 sau thi thir tu liét ké 1a tir
trai qua phai. Thir tu liét ké cho phép ta danh sé cac nut tir 1 t&i n (h.1.14).

Hinh 1.14. Pdnh sé cdc nit ciia cdy nhi phin hoan chinh dé biéu dién bang méing

Vi cach danh sb nay, hai con cua nit thtr i s& 13 cac nut tha 2i va 2i + 1. Cha
ctia nat thar i 1a nat thi [i/2]. Ta ¢6 thé luu trit cAy bang mot mang info trong
d6 phan tir chta trong nut thr i cia cdy duoc luu trir trong mang boi infolil.
Vi cay nhi phan ¢ hinh 1.14, ta ¢o thé dung mang info = (A4,B,E,C,D,E,G)
dé chura cac gia tri trén cay.

Trong trudng hop ciy nhi phan khong hoan chinh, ta ¢ thé thém vao mot s6 nut
gia dé dugc cdy nhi phan hoan chinh. Khi biéu dién bang mang thi nhitng phan
tir tuong Uing véi cac nut gid s€ dugce gan mot gia tri dac biét. Chinh vi 1y do nay
nén viéc biéu dién ciy nhi phan khong hoan chinh bing mang s& rat ling phi b
nhé trong truong hop phai thém vao nhiéu nat gia. Vi du ta can toi mot mang 15
phan tir d&é luu trit cdy nhi phan 1éch phai chi gdm 4 nut (h.1.15).

34



| L del TP T T Io]

Hinh 1.15. Nhwoc diém ciia phuwong phap biéu dién cdy nhi phan bting mdng

QO Biéu dién bang cau tric lién keét.

Khi biéu dién cdy nhi phan bang cau tric lién két, moi nat cua cay la mdt ban

ghi (record) gom 4 trudng:

Dbi voi cay ta chi can phai quan tam giir lai nit gbc (root),

Truong info: Chira gia tri luu tai nit 46

Truong parent: Chua lién két (con trd) t6i nit cha, tirc 13 chira mot thong
tin dii dé biét nat cha cia nit d6 1a nat nao, ddi véi nut goc, truong nay
duoc gan mot gia tri dac biét (nil).

Truong left: Chira lién két (con trd) ti nat con trai, tirc 1a chira mot thong
tin du dé biét nht con trai cua nat d6 1a ndt nao, trong trudng hop khong cd
nut con trai, truong nay dugc gan mot gia tri dac biét (nil).

Truong right: Chuaa lién két (con trd) téi nat con phai, tic 13 chira mot
thong tin du dé biét nat con phai ctia nat d6 1 nit nao, parent

trong truong hop khong c6 nut con phai, truong nay dugc @

gan mot gia tri dac biét (nil).

info

bai tir niit gbe, di theo cac hudng lién két left, right ta c6 the @)

A P , ight
duyét moi nat khac. left "9
type
PNode = "~TNode; /Kiéu con tré tdi mét niit
TNode = record //Ciu tric bién djpng chira thong tin trong mjt niit
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info: TElement;
left, right: PNode
end;

var root: PNode; /Con tré tdi nit géc




Trong truong hop bi€t rd gidi han vé s6 nut cua cay, ta cd thé luu trir cac nat
trong mot mang, va dung chi s6 mang nhu lién két t&i mot nut:

const max = ...; //Dungluwong cuc dai
type
TNode = record //Ciu tric bién djpng chira thong tin trong mjt niit

info: TElement;
left, right: Integer; //Chisé ciia niit con trdi va niit con phdii
end;

TTree array([l..max] of TNode;
var

Tree: TTree;

root: Integer; //Chisé ciia nitgoc

A

T
£ /%\
@J@ ﬁ% @J@ﬂ

QUU_O @JU& @JU_:?

Hinh 1.16. Biéu dién cdy nhi phin bing ciu tric lién két

c) Phép duyét cay nhj phan

Phép xur ly cac nut trén cdy ma ta goi chung la phép tham (visit) cac nit mot
cach hé thong sao cho mdi nit chi dugc thim mot 1an goi 1a phép duyét cay.

Gié str rang cau tric mgt nat cua cdy dugce dac ta nhu sau:

‘ type
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PNode = ~TNode; /Kiéu con tré téi mt nit
TNode = record //Ciu tric bién dpng chira thong tin trong mét niit
info: TElement;
left, right: PNode
end;
var root: PNode; /Con tré tdi niit goc

Quy udc rang néu nhu mot nit khong o nit con trai (hodc niit con phai) thi lién
két left (right) cua nit d6 dugc lién két thiang téi mot nut dic biét ma ta goi 1a
nil, néu cay rong thi nut gdc cua cay do ciing duoc gan bang nil. Khi d6 c¢6 ba
cach duy¢t cay hay dugc st dung:

O Duyét theo thir tu truoc

Trong phép duyét theo thir tir truée (preorder traversal) thi gia tri trong mdi niit
bat ky s& duoc liét ké trudc tit ca cac gia tri luu trong hai nhanh con cta né, cd
thé mo ta bang tha tuc dé quy sau:

procedure Visit (node: PNode); /Duyétnhdinh ciy géc node™
begin
if node # nil then
begin
Output <« node”.info;
Visit (node”.left);
Visit (node”.right) ;
end;
end;

Qua trinh duyét theo thir tu trude bat dau bang 10i goi Visit(Root).
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Hinh 1.17
Hinh 1.17 13 mét cdy nhi phan c6 9 nit. Néu ta duyét cay nay theo thir tu trudc
thi qua trinh duy¢t theo thtr tu trudce s€ lan luot liét ké céac gia tri:
F,D,B,A,CE,H,G,I
Q Duyét theo thir tw giita

Trong phép duyét theo thir ty giita (inorder traversal) thi gia tri trong mdi nut
bat ky s& duogc liét ké sau tat ca cac gia tri luu & nat con trai va duogc liét ké
trudc tit ca cac gia tri lvu & nat con phai cia nut do, c6 thé moé ta bang thu tuc

dé quy sau:
procedure Visit (node: PNode); /Duyétnhinh ciy géc node™
begin
if node # nil then
begin
Visit (node”.left);
Output <« node”.info;
Visit (node”.right) ;
end;
end;

Qua trinh duyét theo thir tu gitta cling bat dau bang 10i goi Visit(Root).
Néu ta duyét cay ¢ hinh 1.17 theo th tu giira thi qua trinh duyét sé& liét ké lan
luogt céc gia tri:

AB,C,D,E,F,G,H,1
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Q Duyét theo thir tw sau

Trong phép duyét theo thir ty sau thi gia tri trong mdi nut bat ky s& duoc liét ké
sau tat ca cac gia tri luu trong hai nhanh con cua né, c6 thé mé ta bang thu tuc
dé quy sau:

procedure Visit (node: PNode); /Duyétnhinh ciy géc node”
begin
if node # nil then
begin
Visit (node”.left);
Visit (node”.right) ;
Output <« node”.info;
end;
end;

Qua trinh duyét theo thir tu sau ciing bat ddu bang 10i goi Visit(Root).

Ciing voi cay ¢ hinh 1.17, néu ta duyét theo thur tu sau thi cac gia tr1 sé& lan luot
duoc liét ké theo thu tu:

ACBED,GIHF

3.5. Cdy k-phan

Cay k-phan 1a mot dang cdu trac cdy ma mdi nuat trén cdy c6 toi da k nat con (c6
tinh dén tht tu cia cac nat con).

Ciing twong ty nhu viéc biéu dién cay nhi phan, ngudi ta c6 thé thém vao ciy k-
phan mét s6 nut gia dé cho mdi nit nhanh cua cay k-phan déu c6 dang k nut
con, cac nut con dugc xép thtr tu tir nat con thar nhat téi nit con tht k, sau dé
danh sb cac nuat trén ciy k-phan bat dau tir 0 trd di, bit dau tir mtc 1, hét muc
nay dén mirc khac va tir “trai qua phai” & mdi muc.

Theo cach danh sé nay, nat con thi j ctia nit i s& 1a: ki + j. Néu i khong phai 1a
nat goc (i > 0) thi nut cha ctia nut i la nat |(i — 1)/k|. Ta c6 thé ding mot mang
Info danh sb tir 0 @€ luu céc gid tri trén cac nit: Gid tri tai nat tht { duoc luu trit
& phan tir Infol[i]. Pay 1a co ché biéu dién cay k-phan bang mang.

Cay k-phan ciing c6 thé biéu dién bang ciu tric lién két véi cau tric dit lidu cho
mdi nut cua cay 1a mot ban ghi (record) gdm 3 trudng:
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Truong info: Chira gia tri luu trong nut do.

Truong parent: Chua lién két (con trd) ti nit cha, tirc 13 chira mot thong
tin di dé biét nat cha cia nit d6 1a nat nao, ddi véi nat goc, trudong nay
duoc gan mot gia tri dac biét (nil).

Truong links: La mot mang gém k phan tir, phan tir thir i chta lién két (con
trd) tGi nut con thwr i, trong truong hgp khong c¢6 nut con thir i thi links|i]
duoc gan mot gia tri dac biét (nil).

Doi voi cay k-phan, ta cling chi can gitr lai ntit goc, boi tir nit goc, di theo cac

hudng lién két co thé di téi moi niit khac.

Bai tap

1.7.

1.8.

1.9.

Xét hai niit x, y trén mot cdy nhi phan, ta néi nat x nim bén trai nat y (nit
y nam bén phai nat x) néu:

Hodc nat x nam trong nhanh con trai cia nat y

Hodc nat y nim trong nhanh con phai cta nat x

Hodc t6n tai mot nat z sao cho x ndm trong nhanh con trai va y nam trong

nhanh con phai cia nat z
Chi ra rang voi hai nit x, y bat ky trén mot cdy nhi phan (x # y) chi ¢o
dung mot trong bon ménh dé sau 1a ding:

x nam bén trai y

» nam bén phai y

x 1a tién bdi thyc su cua y

yla tién bdi thuc su cua x
Véi mbi nut x trén cdy nhi phan T, gia st rang ta biét dugc cac gia tri
Preorder|[x], Inorder|[x] va Postorder[x] lan luot 1a thu tu duyét trudc,
giita, sau ctia x. Tim céach chi dya vao cac gia tri nay dé kiém tra hai nat co
quan hé tién bdi-hau dué hay khong.
Bac (degree) cia mot nut 1a s nat con cia né. Ching minh rang trén cay
nhi phan, s6 14 nhiéu hon s6 nat bac 2 ding mot nut.
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1.10. Chi ra rang cdu tric ctia mot cdy nhi phan co thé khoi phuc mot cach don
dinh néu ta biét dugc thir tu duyét trudc va gitta ciia cac nit. Twong ty nhu
vay, cAu trac cay cb thé khoi phuc néu ta biét duoc tha tu duyét sau va
gitra cua céac nut.

1.11. Tim vi du vé hai cdy nhi phan khac nhau nhung c6 thir tu truc cta cac nat
gidng nhau va thir ty sau cta cac nit ciing gidng nhau trén hai cay.

4. Ky phap tién t6, trung té va hau té
Dé két thic chuong nay, ching ta noi téi mot timg dung cta ngan xép va cay nhi
phan: Bai toan phén tich va tinh gia tri biéu thirc.

4.1. Biéu thirc dwdi dang cdy nhi phan

Chiing ta c6 thé biéu dién cac biéu thirc sé hoc gdm cic phép toan cong, trir,
nhan, chia bang mot cdy nhi phan day du, trong d6 cic nat 14 biéu thi cc toan
hang (hang, bién), cac nut khong phai 13 14 biéu thi cac toan tir (phép toan sb hoc
ching han). Mdi phép toan trong mot nut s& tac dong 1én hai biéu thirc con nam
& cdy con bén trai va cdy con bén phai cta nut d6. Vi du: Biéu thic (6/2 +
4) x (8 — 3) dugc biéu dién trong cdy ¢ hinh 1.18.

Hinh 1.18. Céy biéu dién biéu thirc

4.2. Cdc ky phdp cho cing mét biéu thirc
Véi cay nhi phan biéu dién biéu thuc trong hinh 4.1,
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e Néu duyét theo tht ty trudc, ta s& dugec X + /624 — 83, day 1a dang
tién t6 (prefix) cia biéu thirc. Trong ky phap ndy, toan tir duoc viét trudc
hai toan hang twong tng, nguoi ta con goi ky phap nay l1a ky phap Ba lan.

e Néu duyét theo thu ty giita, ta s& duoc 6 /2 + 4 x 8 — 3. Ky phap nay
bi nhap nhang vi thiéu déu ngodc. Néu thém vao thi tuc duyét mot co ché
bd sung cac cap dau ngodc vao mdi biéu thirc con, ta s& thu duoc biéu thirc
(((6/2) + 4) x (8 = 3)). Ky phap nay goi la dang trung 16 (infix) ciia mot
biéu thirc (Thyc ra chi can thém cac ddu ngodc du dé tranh sy map mo ma
thoi, khong nhat thiét phai thém vao ddy du céc cip diu ngoic).

e Néu duyét theo thu tu sau, ta s€ dugc 62 /4 + 83 — X, day la dang hdu
16 (postfix) cua biéu thic. Trong ky phap nay toan tir dugc viét sau hai toan
hang, nguoi ta con goi ky phdp nay la ky phap nghich dao Balan (Reverse
Polish Notation - RPN)

Chi ¢6 dang trung t6 mdi can c6 diu ngodc, dang tién t6 va hau t6 khong can

phai co diu ngodc. Chung ta s€ thdo luan vé tinh don dinh cua dang tién to va

héu té trong phan sau.

4.3. Cdch tinh gid tri biéu thirc

C6 mot van dé can luu ¥ 1a khi mdy tinh gia tri mot biéu thirc s hoc gom céc
toan tir hai ngdi (toan tir gdm hai toan hang nhu +, —,x,/) thi may chi thyc hién
duoc phép toan d6 vai hai toan hang. Néu biéu thirc phirc tap thi may phai chia
nho va tinh riéng timg biéu thuc trung gian, sau d6 méi ldy gia tri tim dugc dé
tinh tiép”. Vi du nhu biéu thirc 1 + 2 + 4 may s& phai tinh 1 + 2 truée dwoc két
qua 13 3 sau 6 moi dem 3 cong v6i 4 chir khong thé thyc hién phép cong mot
lac ba sb duge.

Khi luu trit biéu thire dudi dang cay nhi phan thi ta ¢6 thé coi mdi nhanh con ciia
cay d6 biéu dién mot biéu thic trung gian ma may can tinh trude khi tinh biéu
thirc 16n. Nhu vi du trén, may s& phai tinh hai biéu thic 6/2 + 4 va 8 — 3 trudc

* Thye ra ddy 1a viée cta trinh dich ngén ngit bic cao, con may chi tinh cac phép toan vi hai toan hang
theo trinh tu cia cac 1énh dugc phan tich ra.
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khi 1am phép tinh nhan cudi cung. Pé tinh biéu thirc 6/2 + 4 thi mdy lai phai
tinh biéu thirc 6/2 trudc khi dem cong voi 4.

Vay dé tinh mot biéu thirc luu trir trong mot nhanh cdy nhi phan goc r, may sé
lam giéng nhu ham d¢ quy sau:

function Calculate(r: Nut): Gia tri;

//Tinh biéu thirc con trong nhdnh cdy goc r

begin
if «nut r chta mdét toadn hang» then
Result := «Gid tri chtta trong nut r»
else //Nutr chiva mit todn tir ¢
begin
X := Calculate(nut con trdi cua r);
y := Calculate(ntt con phai cua r);
Result := x ¢ y;
end;

end;

(Trong trudng hop lap trinh trén cac hé théng song song, viéc tinh gia tri biéu
thirc ¢ cdy con trai va cdy con phai c6 thé tién hanh dong thoi lam giam dang ké
thoi gian tinh toan biéu thic).

4.4. Tinh gid tri biéu thirc hgu t6
Dé y rang khi tinh toan biéu thirc, may s& phai quan tdm t&i viée tinh biéu thic &
hai nhanh con trudc, roi méi xét dén toan tr & niit goc. Piéu d6 1am ta nghi t6i
phép duyét cay theo thtr ty sau va ky phap hau t6. Nam 1920, nha 16-gic hoc
ngudi Balan Jan Lukasiewicz dd chimg minh rang biéu thirc hau té khong can
phai c¢6 ddu ngodc van cé thé tinh dugc mot cach dung dan bang cach doc lan
lugt biéu thirc tir tréi qua phai va dung mot Stack dé luu cac két qua trung gian:
e Budc 1: Khoi tao mot ngan xép rong
e Budc 2: Poc lan lugt cac phén tir ciia biéu thirc RPN tir trai qua phai (phan
tir nay c6 thé 1 hiang, bién hay toan tir) véi mdi phan tir d6:
= Néu phan tir nay 1a mot toan hang thi dy gié tri ctia n6 vao ngan xép.
= Néu phan tir nay 1a mot toan tir #, ta 1ay tir ngan xép ra hai gia tri (y va
x) sau d6 ap dung toan tir 4 d6 vao hai gia tri vira 14y ra, day két qua
tim duoc (x#y) vao ngin xép (ra hai vao mot).
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e Budc 3: Sau khi két thac bude 2 thi toan bd biéu thuc da duge doc xong,
trong ngin xép chi con duy nhat mot phan tir, phan tir d6 chinh 1a gid tri cia
biéu thirc.

Vi du: Tinh biéu thirc 62 /4 + 83 — X tuong ung voi biéu thic trung té
(6/2 +4) x (8 —3)

Poc Xer ly Ngin xép
¢ | Piyvao6 6

7 bay vao 2 6,2

/ Lay ra 2 va 6, day vao 6/2 = 3 3

4 Day vao 4 3,4

. |Layrad4va3,ddyvao3+4=7 |7

g | Payvaos 7,8

3 Day vao 3 7,8,3

. Liyra3vag8,diyvaio8—-3=5 | 7,5

. | Liyra5va7,diyvao7 x5 =35 | 35

Ta duoc két qua 1a 35
Duéi day ta s& viét mot chuong trinh don gian tinh gia tri biéu thirc RPN.
Input

Biéu thuc sb hoc RPN, hai toan hang lién nhau duogc phan tach bdi diu cach.
Céc toan hang 1a sb thuc, cac toan tir 1a +, -, * hodc /.

Output
Két qua biéu thuc

Sample Input Sample Output

62/ 4+ 83 - *|35.0000

Pé don gian, chuong trinh khong kiém tra 16i viét sai biéu thire RPN, viée d6 chi
1a thao tac ti mi cht khong phirc tap 1dm, chi can xem lai thuat toan va cai thém
cac 1énh bat 15i tai mdi budc.

2 RPNCALC.PAS v Tinh gia trj biéu thic RPN

{$MODE OBJFPC}
program CalculatingRPNExpression;

type
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TStackNode = record
// Ngain xép dwoc cai dit bing danh sich méc néi kidu LIFO
value: Real;
link: Pointer;
end;
PStackNode = ~TStackNode;
var
RPN: AnsiString;
top: PStackNode;
procedure Push(const v: Real);
//Btfy m@t todn hang la $6 thue v vao ngan xép
var p: PStackNode;
begin
New (p) ;
p".value := v;
p”.link := top;
top := p;
end;
function Pop: Real; /Ldymgttoin hang ra khéi ngin xép
var p: PStackNode;

begin
Result := top”.value;
p := top”.link;
Dispose (top) ;
top := p;

end;

procedure ProcessToken (const token: AnsiString);
/Xt Iy mt phin tie trong biéu thirc RPN
var
X, y: Real;
err: Integer;
begin
if token[1l] in ['+', '=-', '*', '/'] then
//Néu phén tir token la todn ti
begin //Ldy ra hai phén ti khéi ngdn xép, thwe hign todn tir va déy gid tri vao ngin xép
y := Pop;
X := Pop;
case token[l] of
'+': Push(x + vy);




'-': Push(x - vy);
'*': Push(x * vy);
'/': Push(x / y);
end;
end
else //Néu phin tir token la todn hang thi dy gid tri ciia né vao ngin xép
begin
Val (token, x, err);
Push (x) ;
end;
end;
procedure Parsing; /Xikly biéu thirce RPN
var i, j: Integer;

begin
3 1= 0; /jlavitridaxiclyxong
for i := 1 to Length (RPN) do /Quétbiéu thirc tir trii sang phii
if RPN[i] in [" ', '+', '=', '<', '/'] then
//Néu gap toan tir hodc diu phén cich todn hang
begin
if i > j + 1 then /Truwécvitriicé méttoin hang chuwa xir Iy
ProcessToken (Copy (RPN, J + 1, 1 - 3 - 1));
/X ly toan hang do
if RPN[i] in ['+', '=', '*', '/'] then
//Néu vi tri i chiva todn ti
ProcessToken (RPN [1]); /Xilytodn tiv do
Jj := 1i; /Baxielyxong dénvitrii
end;

if j < Length (RPN) then
//Truiong hop cé mét todn hang con sét lai (biéu thirc chi cé 1 todn hang)
ProcessToken (Copy (RPN, Jj + 1, Length(RPN) - 7j));

/X Iy nét
end;
begin
ReadLn (RPN) ; /Poc biéu thirc
top := nil; /Khéitgo ngin xép rong,

Parsing; /Xwly
Write (Pop:0:4); /Ldyraphin tivduy nhit con lgi trong ngin xép va in ra két qud.
end.
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4.5. Chuyén tw dang trung 16 sang hdu 10

C6 thé néi rang viéc tinh toan biéu thirc viét bang ky phap nghich dao Balan 1a
khoa hoc hon, may méc va don gian hon viéc tinh toan biéu thtc viét bang ky
phép trung t6. Chi riéng viéc khong phai xtr 1y ddu ngodc da cho ta thiy vu diém
ctia ky phap RPN. Chinh vi Iy do ndy, cac chuong trinh dich van cho phép lap
trinh vién viét biéu thirc trén ky phép trung tb theo thoi quen, nhung trude khi
dich ra cac I¢nh may thi tat ca cac biéu thuc déu duge chuyén vé dang RPN. Vian
dé datrala phai c6 mdt thuat toan chuyén biéu thirc dudi dang trung td vé dang
RPN mdt cach hi¢u qua, dudi day ta trinh bay thuat toadn do:

Thuét toan st dung mot ngan xép Stack dé chua cac toan tir va diu ngodc mo.
Thii tuc Push(v) dé day mot phan tir vao Stack, ham Pop dé lay ra mot phan tir
tir Stack, ham Get dé doc gia tri phan tir nAm & dinh Stack ma khong iy phan
tr d6 ra. Ngoai ra mirc do uu tién ciia cic toan tir dugc quy dinh bang ham
Priority: Uu tién cao nhat 1a ddu nhan (*) va dau chia (/) v6i mtc wu tién 1a 2,
tiép theo 13 dau cong (+) ddu (-) véi mac wu tién 1a 1, wu tién thap nhat 13 diu
ngodc md& véi muce uu tién 1a 0.

Stack := @;
for «phan tur token doc dugc tu biéu thtc trung tb» do
case token of
/ftoken ¢6 thé la todn hang, todn tii, hodic diu ngodc dwoc doc lin lwgt theo thir tw tir trdi qua phdi
' (': Push (token); /Gdp diu ngodc mé thi diy vio ngéin xép
\J ) \J .

//Gap diu ngodc déng thi ldy ra va hién thi cdc phin t trong ngin xép cho t6i khi liy téi diu

ngodc m¢
repeat
x := Pop;
if x # '(' then Output ¢« x;
until x = ' (';
T, =t YR Y Yy /Gap todn tik
begin

//Chirng nao dinh ngin Xép c6 phén tir véi mikc wu tién Ion hon hay bing token, liy phin tir d6 ra
va hién thi
while (Stack # @)
and (Priority(token) < Priority(Get)) do
Output <« Pop;
Push (token) ; /Pdy todn ti token vio ngin xép

47



end;
else //Gip toin hang thi hién thi luén
Output <« token;
end;
//Khi dpc xong biéu thirc, ldy ra va hién thi tit ci cdc phén tir con lgi trong ngdn xép
while Stack # @ do
Output <« Pop

Vi du v6i biéu thuc trung t6 (6/2 + 4) x (8 — 3)

Poc X ly Ngan xép Output Chu thich
( bay “(” vao ngan x€p (
6 Hién thi ( 6
/ bay “/” vao ngan xep (/ 6 P>
P Hién thi (/ 62
4 Lay “/” khoi ngén xép va hién | (+ 62/ <<
thi, day “+” vao ngén xép
Hién thi (+ 62/4
) Lay “+” va “(” khoi ngan xep, | @ 62/4+
hién thi “+”
% Day “x” vao ngin xép X 62/4+
( Day “(” vao ngan xép x( 62/4+
3 Hién thi x( 62/4+8
_ bay “-” vao ngan xép x(- 62/4+8 >y
3 | Hién thi x(- 62/4+83
) Lay “” va “(” khéi ngin xép, | x 62/4+83-
hién thj “-”
Hét | Lay ndt “x” ra va hién thi a 62/4+83-x

Thuat toan nay c6 tén la thuat toan “xép toa tau” (shunting yards) do Edsger
Dijkstra dé xuat nim 1960. Tén goi nay xuat phét tir mo hinh duong ray tau hoa:
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(6/2 +4) x (8 —3)

RPN \/ Infix

Stack

Hinh 1.19. M6 hinh “xép toa tau” ciia thudt todn chuyén tir dang trung té sang héu té

Trong hinh 1.19, mdi toa tau twong tng véi mot phan tir trong biéu thirc trung tb
niam & “dudng ray” Infix. C6 ba phép chuyén toa tau: Tir duong ray Infix sang
thang duong ray RPN, tir dudng ray Infix xudng dudng ray Stack, hodc tir
duong ray Stack 1én duong ray RPN. Thudt todn chi don thuan dua trén cac luat
chuyén ma theo céc luat d6 ta s& chuyén dugc tat ca cac toa tau sang duong ray
RPN dé duoc mot thir ty twong Gng véi biéu thire hau t& (vi du toan hang &
Infix s& dugc chuyén thing sang RPN hay dau “(” ¢ Infix s& dugc chuyén
thang xubng Stack).

Duéi day 1a chuong trinh chuyén biéu thirc viét & dang trung té sang dang RPN:
Input

Biéu thirc trung t&

Output

Biéu thirc hau tb

Sample Input Sample Output

(6 /2 +4) * (8-3)|62/ 4+ 83 - *

2 INFIX2RPN.PAS v Chuyén tir dang trung t6 sang hau to

| {$MODE OBJFPC}

* Thye ra thi con thao tac loai bé cac ddu ngodc trong biéu thirc RPN nita, nhung didu nay khéng quan
trong, déu ngodc 1a thira trong bidu thirc RPN vi nhu di n6i vé& phuong phap tinh: biéu thirc RPN ¢6 thé
tinh don dinh ma khéng cin cac ddu ngoic.
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program ConvertInfixToRPN;
type

TStackNode = record

// Ngiin xép dwoc cai ddt bang danh sich méc néi kiéu LIFO

value: AnsiChar;
link: Pointer;

end;

PStackNode = “TStackNode;
var

Infix: AnsiString;

top: PStackNode;
procedure Push (const c: AnsiChar); /Bdymgtphén tiv vio ngin xép
var p: PStackNode;
begin

New (p) ;

p”.value := c;

p”.link := top;

top := p;
end;
function Pop: AnsiChar; /Ly mgtphin tiv ra khéi ngin xép
var p: PStackNode;

begin
Result := top”.value;
p := top”.link;
Dispose (top) ;
top := p;

end;

function Get: AnsiChar; /Pocphin tir ¢ dinh ngin xép
begin

Result := top”.value;
end;
function Priority(c: Char): Integer; /Mircwu tién cia cdc todn tiv
begin
case c of
kv, v/': Result := 2;
'+', '-': Result := 1;
'(': Result := 0;
end;
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end;
/Xt Iy mt phan tir doc dwoc tiv biéu thire trung té
procedure ProcessToken (const token: AnsiString);
var
x: AnsiChar;
Opt: AnsiChar;
begin
Opt := token[l];
case Opt of
'(': Push(Opt); /tokenla déu ngodic mé
") "'t /ftoken la diu ngoic dong
repeat
X := Pop;
if x <> '(' then Write(x, ' ")
else Break;
until False;
Y, Y=, vk Vv htoken la todn ti
begin
while (top <> nil)
and (Priority (Opt) <= Priority(Get)) do

Write (Pop, ' '"):
Push (Opt) ;
end;
else //token la todn hang
Write (token, ' '),
end;
end;
procedure Parsing;
const Operators = ['(', ")', '"+', '=', ‘'xv_v/v];
var i, j: Integer;
begin
3 1= 0; /jlavitridaxilyxong
for i := 1 to Length(Infix) do
if Infix[i] in Operators + [' '] then
//Néu gap diu ngodc, todn tiv hodic déu cdch
begin

if i > j + 1 then /Trudcvitriicé mdttoin hang chuwa xir ly
ProcessToken (Copy (Infix, j + 1, i - 3 - 1))
//xwe ly todan hang do




if Infix[i] in Operators then
//Néu vi tri i chira todn tit hodic diu ngogc
ProcessToken (Infix[i]); #/Xelykytwds
j := 1i; //Cép nhat, dixiely xong dén vi tri i
end;
if j < Length(Infix) then /Xt lynottoin hang con sot lai
ProcessToken (Copy (Infix, j + 1, Length(Infix) - j));
//Doc hét biéu thirc trung 18, ldy nét cdc phin tiv trong ngén xép ra va hién thi
while top <> nil do
Write (Pop, ' ');
Writeln;
end;
begin
ReadLn (Infix) ; /Nhdp dili¢gu
top := nil; /Khéitao ngin xép rong
Parsing; /Poc biéu thirc trung té va chuyén thanh dang RPN
end.

4.6. Xay dwng cdy nhi phén biéu dién biéu thirc

Ngay trong phan dau tién, chiing ta da biét ring cac dang biéu thirc trung t, tién

t6 va hau t6 déu co thé dugc hinh thanh bang cach duyét cdy nhi phan biéu dién

biéu thirc d6 theo cac trat ty khac nhau. Vay tai sao khong xdy dung ngay ciy

nhi phan biéu dién biéu thirc d6 rdi thuc hién cac cong viée tinh toan ngay trén

cdy?. Kho khan gdp phai chinh 1a thuat toan xdy dung cdy nhi phan tryc tiép tir

dang trung t6 co thé kém hiéu qua, trong khi do tur dang hau t6 lai c6 thé khoi

phuc lai cay nhi phan biéu dién biéu thirc mot cach rat don gian, gan giéng nhu

qua trinh tinh toan biéu thirc hau t:

Budc 1: Khoi tao mot ngin xép rdng dung dé chira cac nut trén cay

Budc 2: Poc 1an lugt cac phan tir ciia biéu thirc RPN tir trai qua phai (phan

tr ndy c6 thé 13 hang, bién hay toan tr) vdi mdi phan tir do:

m  Tao ra moOt nut mai z chira phén tir mo1 doc duoc

= Néu phén tir ndy 1a mot toan tir, 1y tir ngan xép ra hai nit (theo thu tu
la y va x), cho x trd thanh con trai va y tré thanh con phai ctia nut z

= Pay nit z vao ngin xép
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Budce 3: Sau khi két thic bude 2 thi toan bd biéu thire d3 duoc doc xong,
trong ngan xép chi con duy nhat mot phan tir, phan tir d6 chinh 1a gbc cua
cdy nhi phéan biéu dién biéu thirc.

Bai tap

1.12. Biéu thirc ¢ thé c6 dang phuc tap hon, chang han biéu thirc bao gdm ca

phép lay sé d6i (—x ), phép tinh liiy thira (x¥), ham s véi mot hay nhiéu
bién sd. Ching ta c6 thé biéu dién nhirng biéu thirc dang nay bang mot cay
tong quat va tir 6 c6 thé chuyén biéu thirc vé dang RPN dé thuc hién tinh
toan. Hay xay dung thuat toan dé chuyén biéu thic s hoc (dang phirc tap)
vé dang RPN va thuét toan tinh gi tri biéu thirc do.

1.13. Viét chuong trinh chuyén biéu thtc logic dang trung t6 sang dang RPN. Vi

du chuyén: a and b or ¢ and d thanh: a b and ¢ d and or.

1.14. Chuyén céc biéu thtc sau ddy ra dang RPN

a) AX(B+0C)

b) A+ (B/C)+D

¢) Ax(B+—C)

d) A—(B+C)P/E

e) (AorB)and (C or (D or not E))
f) (A=B)or(C =D)

1.15. V&i mot anh den trang hinh vudng kich thudc 2™ x 2™, nguoi ta ding
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phuong phap sau dé ma héa anh:
Néu anh chi gom toan diém den thi anh d6 c6 thé duoc ma hoa bang xau chi
gém mot ky tu ‘B’
Néu anh chi gdm toan diém tring thi anh d6 c6 thé dugc ma hoa bang xau
chi gdbm mot ky tu ‘W’
Néu P, Q,R,S lan luot 1a xdu ma hoa ctia bon anh vudng kich thudc bang
nhau thi &PQRS 12 x4u mi hoa cta anh vudng tao thanh bang cach dat 4
anh vuong ban dau theo so do:



P Q
S R

Vi du “&«B&BWWBW&BWBW” va

“&&BBBB&BWWBW&BWBW?” 1a hai xau ma hoéa cua
cung mdt anh bén:

Bai toan dit ra 1a cho sé nguyén duong n va hai xdu mé hoa

cia hai anh kich thudc 2™ x 2". Hiy cho biét hai anh d6 c6 khac nhau
khong va néu chiing khac nhau hay chi ra mét vi tri ¢6 mau khac nhau trén
hai anh.

5. Cay nhj phan tim kiém

5.1. Céu triic chung ciia cdy nhi phén tim kiém

Cdy nhj phéan tim kiém (binary search tree-BST) 1a mot cdy nhi phén, trong d6
mdi nut chira mot phan tir (khoa). Khoa chira trong mdi nut phai 16n hon hay
bang moi khoa trong nhénh con trai va nhé hon hay bang moi khéa trong nhanh
con phai.

O day ching ta gia st rang cac khoa luu trit trong cy duoc 1y tir mot tap hop S
¢6 quan hé thir ty toan phan.

Hinh 1.20. Cdy nhi phén tim kiém

Co6 thé ¢ nhiéu ciy nhi phan tim kiém biéu dién cung mot bo khoa. Hinh 1.20 1a
vi du vé hai cay nhi phan tim kiém biéu dién cung mot b khoa (1,2,3,4,5,6).
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Dinh Iy 5.1
Néu duyét cay nhi phan tim kiém theo thur ty gitra, cac khoda trén cay s€ dugc liét
ké theo thur ty khong gidm (tang dan).
Chirng minh
Ta chimg minh dinh 1y bang quy nap: RS rang dinh 1y dung véi BST chi c6 mét nut. Gia sir
dinh 1y déng v6i moi BST c6 it hon n nat, xét mot BST bt ky gdm n nit, va & nit gbe
chtra khoa k, thuat toan duyét cay theo thu ty gitra trudce hét s& liét ké tat ca cac khoa trong
nhanh con trai theo thir ty khong giam (gia thiét quy nap), cac khoa nay déu < k (tinh chét
cua cay nhi phan tim kiém). Tiép theo thuét toan s& liét ké khoa k caa nit géc, cudi cung,
lai theo gid thiét quy nap, thudt toan s& liét ké tat ca cac khoa trong nhanh con phai theo thir
ty khong giam, twong tw nhu trén, cic khoa trong nhanh con phai déu > k. Vay tit can
khoa trén BST s& dugc liét ké theo thir tw khong giam, dinh 1y ding v6i moi BST gbm n
nat. PPCM.

5.2. Cdc thao tdc trén cdy nhi phéin tim kiém

a) C4u trdc nat

Chiing ta s& biéu dién BST bang mdt ciu trac lién két cac nat dong va con tro

lién két. M&i nat trén BST s& 1a mot ban ghi gdm 3 truong:

e Truong key: Chua khoa luu trong nut.

e Trudng parent: Chura lién két (con tré) téi nut cha, néu 1a nit gbc (khong
cO nut cha) thi truong parent duogc dat b'ilng mot con tré dac biét, ky hi¢u
nilT.

e Trudng left: Chira lién két (con trd) téi nut con trai, néu nit khong cé
nhanh con trai thi truong left dugc dit bang nilT.

e Trudng right: Chira lién két (con tro) téi nut con phai, néu nut khong cé
nhanh con phai thi truong right dugc dat bang nilT.

Néu cac khoa chira trong niit ¢6 kiéu TKey thi cau trac nit caa BST ¢6 thé duoc

khai b4do nhu sau:

type
PNode = ~TNode; /Kiéu con tré téi mét niit
TNode = record
key: TKey;
parent, left, right: PNode;
end;
var
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sentinel: TNode;

nilT: PNode; /Con tré téi nit dit biét

root: PNode; //Con tré tdi niit géc
begin

nilT := @sentinel;

end.

Céac ngdn ngir lap trinh bac cao thudng cung cip hang con troé nil (hay null) dé
gan cho céac lién két khong ton tai trong cau tric dir liéu. Hing con trd nil chi
duoc sir dung dé so sanh voi cac con tré khac, khong dugc phép truy cap bién
dong nil”.

Trong cai dat BST, chung ta st dung con tré nilT c¢6 cong cung tuong tu nhu
con tré nil: gan cho nhiing lién két khong c6 thue. Chi c6 khac 1a con tré nilT
tré tdi mot bién sentinel ¢6 thwe, chi co diéu cac truong cua nilT” 13 vé nghia
ma thoi. Chiing ta hy sinh mot 6 nhé cho bién sentinel = nilT* dé don gian hoa
cac thao tac trén BST .

b) Khéi tao cay rbng

Trong ciu trac BST khai bdo & trén, ta quy udc mot cay rong 1a cay co gdc
Root = nilT, phép khéi tao mot BST rong chi don gian 1a:

procedure MakeNull;
begin

root := nilT;
end;

c) Tim khéa lén nhat va nhé nhat

Theo Dinh 1i 5.1, khéa nhé nhét trén BST nam trong nut dugc tham dau tién va
khoa 16n nhat cia BST nam trong nut dwgc tham cudi cing néu ta duyét ciy
theo thir ty gitra. Nhu vAy nut chira khoa nho nhat (16n nhat) ctia BST chinh 1a
nat cyc trai (cuc phai) cua BST. Haim Minimum va Maximum duéi diy lan

* Muc dich ctia bién nay 1a dé bét di thao tac kiém tra con tré p # nil truée khi truy cap niit p.
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lugt tra vé nat chira khoa nho nhat va 16n nhat trong nhanh cay BST gbc x (&
day ta gia thiét ring nhanh BST gbc x khéac rdng: x # nilT)

function Minimum (x: PNode): PNode; /Khéa nhé nhitnim é niit cuc trdi
begin
while x".left # nilT do //Pisang nit con trdi chieng nio vin con di dwgc
x = x*.left;
Result := x;
end;
function Maximum(x: PNode): PNode; /Khéalén nhitnim é nit cyc phii
begin
while x".right # nilT do /Disang niit con phii chirng nao vin con di dugc
x := x*.right;
Result := x;
end;

d) Tim ndt lién truée va ndt lién sau

Doi khi chiing ta phai tim nut dting lién trude va lién sau cia mot nat x néu

duyét cay BST theo thir tu gitra. Trudc hét ta xét viét ham Predecessor(x) tra

vé nit ding lién trude nit x, xét hai trudng hop:

e Néu x c6 nhanh con trai thi tra vé nat cuc phai cia nhanh con trai:
Result := Maximum(x”. Left) .

e Néu x khong c6 nhanh con trai thi tir x, ta di dan 1én phia goc cdy cho téi
khi gdp mot nit chtra x trong nhanh con phai thi ding lai va tra vé nat do.

function Predecessor (x: PNode) : PNode;
begin
if x".left # nilT then /i cé nhdnh con trii
Result := Maximum (x”.left) /Trd vé nit cucphdi cia cdy con trdi
else
repeat
Result := x”*.parent;

//Néu x la géc hodc x la nhdnh con phdi thi thodt ngay
if (Result = nilT)
or (x = Result”.right) then Break;
x := Result; //Néukhong thiditiép lén phia géc
until False;
end;
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Ham Successor(x) tra vé nut lién sau nat x ¢6 cach lam tuong tu néu ta doi vai
tro Left va Right, Minimum va Maximum:

function Successor (x: PNode) : PNode;
begin
if x*.right # nilT then /x c¢é nhinh con phii
Result := Minimum(x”.right) /Trivé nit cwc trdi ciia ciy con phdii
else
repeat
Result := x”*.parent;
//Néu x la gbc hodic x li nhdnh con trdi thi thodt ngay
if (Result = nilT)
or (x = Result”.left) then Break;
X := Result; /Ditiép lén phia goc
until False;
end;

e) Tim kiém

Phép tim kiém nhan vao mot nut x va mot khoa k. Néu khoa k c¢6 trong nhanh
BST géc x thi tra v& mot nat chira khoa k, néu khong tra vé nilT.

Phép tim kiém trén BST co thé cai dit bang ham Search, ham nay dugc xay
dung dua trén nguyén 1y chia dé tri: Néu nat x chira khoa = k thi ham don gian
tra vé nat x, néu khong thi viéc tim kiém s& duoc tién hanh twong tu trén cay
con trai hodc cdy con phai tuy theo nit x chtra khdéa nho hon hay 16n hon k:

//Ham Search trd vé nit chiva khéa k, trd vé nilT néu khong tim thdy khéa k trong nhdanh goc x
function Search (x: PNode; const k: TKey): PNode;

begin
while (x # nilT) and (x".key # k) do /Chirng nio chwa tim thiy
if k < x*.key then x := x".left
//k chic chin khéng nim trong cdy con phdi, fim trong cdy con trdi
else x := x*.right;
//k chic chin khéng nim trong cdy con trdi, tim trong cdy con phdi
Result := x;
end;
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f) Chén

Chén mot khoa k vao BST tirc 1a thém mot niut mdi chira khoa k trén BST va
méc ndi nat d6 vao BST sao cho van dam bao ciu tric cia moét BST. Phép chén
cling dugc thyc hién dwa trén nguyén 1y chia dé tri: Bai toan chén k vao ciy
BST s& duoc quy vé bai toan chén k vao cdy con trai hay cy con phai, tiy theo
khoéa k nho hon hay 16n hon hodc bang khéa chira trong niit gbc. Trudng hop co
sO 1a k dugc chén vao mot nhanh cay rSng, khi d6 ta chi viéc tao nit mdi, moc
ndi nut mai vao nhanh rong nay va dat khoa k vao nat méi dé.

Hinh 1.11. Céy nhj phan tim kiém trwée va sau khi chén khéa v = 6

Trudc tién ta viét mot thu tuc SetLink(ParentNode, ChildNode, InLeft) dé
chinh lai cac lién két sao cho nut ChildNode tr& thanh nut con cua nat
ParentNode:

procedure Setlink (ParentNode, ChildNode: PNode;
InLeft: Boolean);
begin
ChildNode” .parent := ParentNode;
if InLeft then ParentNode”.left := ChildNode
//InLeft = True: Cho ChildNode thanh nut con trdi ciia ParentNode
else ParentNode”.right := ChildNode;
//InLeft = False: Cho ChildNode thanh nuit con phdi ciia ParentNode
end;

Khi d6 thi tuc chén mot nit NewNode” vao BST c¢6 thé viét nhu sau

| //Chén k vao BST, tré vé nit méi chira k
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function Insert (k: TKey): PNode;
var x, y: PNode;
begin
y := nilT;
X := root; //Bitdiutie goc
while x # nilT do
begin
y 1= x;
if k < x*.key then x := x".left //Chénvionhinh trii
else x := x".right; //Chénvao nhinh phdi
end;
New (x) ; /Tao niut méi chiva k
x".key = k;
x".left := nilT;
x*.right := nilT;
SetLink (y, x, k < y~.key); /MécnéivioBST
if root = nilT then root := x;
//Cip nhdt lgi goc néu la nuit dau tién dwoc chén vio
Result := x;
end;

g) Xo6a

Viéc x6a mot nut x trong BST thuc chat 1a x6a di khoa chira trong nat x. Phép
x0a duogc thuc hién nhu sau:

e Néu x c6 it hon hai nhanh con, ta 1ay nat con (néu cé) ciia x 1én thay cho x
va x0a nut x.

e Néu x c6 hai nhanh con, ta xac dinh nat y 1a nat cyc phai ciia nhanh con trai
(hodc nut cuc trai ctia cdy con phai), dua khoa chtra trong nut y 1én nit x roi
x6a nit y. Cha y rang nit y chic chin khong c6 di hai nat con, viéc xo6a
quy veé trudng hop trén. (h.1.22)
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Hinh 1.22. Xoa nut khoi BST

procedure Delete (x: PNode);
var y, z: PNode;
begin
if (x*.left # nilT) and (x*.right # nilT) then

//x ¢o hai nhanh con

begin
y := Maximum (x”~.left); /Tim nitcuc phdicia ciy con trdi
x".key 1= y*.key; //Pwakhéa ciianity lén nitx
X 1= y;
end;
//Viin dé bdy gio la xéa nit x ¢6 nhiéu nhat mét nhdnh con, xdc dinh y la niit con (néu cé) ciia x
if x*.left # nilT then y := x".left
else y := x*.right;
z := x".parent; /zlachaciax

//cho y lam con ciia 7 thay cho x

SetLink(z, vy, z*.left = x);

if x = root then root := y;

//Trwong hop nit x bi hiiy la goc thi cdp nhdt lgi géc la y

Dispose (X) ; //Giii phéng bg nhé cip cho niit x
end;

h) Phép quay cay
Phép quay cdy 1a mot phép chinh lai cau tric lién két trén BST, ¢6 hai loai: quay
trai (left rotation) va quay phai (right rotation).

Khi ta thyc hién phép quay trai trén nut x, ching ta gia thiét rang nat con phai
ctia x 12 y # nil. Trén cdy con gbc x, phép quay trai s& dwa y 1én lam gbc mai, x
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trd thanh nlt con trai cua y va nut con trai cua y tré thanh nat con phai cua x.

. R
Phép quay nay con goi 1a quay theo lién ket x = y.

Nguoc lai, phép quay phai thuc hién trén nhitng ciy con gbc y ma nat con trai

ctia y 13 x # nilT. Sau phép quay phai, x s& duogc dua 1én lam gbc nhanh, y tre

thanh nut con phai ciia x va nlt con phai cua y trd thanh nat con trai ciia x. Phép

. L
quay nay con goi la quay theo lién két y — x.

D@ thay ring sau phép quay, rang budc vé quan hé tht tu cua cac khoa chira

trong cAy van dam bao cho cidy méi 1a mot BST.

Hinh 5.4 m6 ta hai phép quay trén ciy nhi phan tim kiém.

Quay phai

Quay trai

Hinh 1.23. Phép quay cady

Céc thuét toan quay trai va quay phai c¢6 thé viét nhu sau:

procedure Rotateleft (x: PNode);
var y, z, branch: PNode;

begin
y = x”.right;
z := x”.parent;
branch := y~.left;

SetLink (y, x, True); //Choxtréthinh con triiciay

end;

SetLink (x, branch, False); //Chobranchtré thinh con phii ciia x

SetLink (z, vy, (z”.left = X)) ; /Mécniiyviolim con ciazthay chox
if root = x then root := y; /Cipnhitlgigdcciynéutrude diy x li goc
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procedure RotateRight (y: PNode);
var x, z, branch: PNode;

begin
x = y~.left;
z := y”~.parent;
branch := x".right;

SetLink (y, branch, True); /Chobranchtré thanh con trdi ciay
SetLink (x, vy, False); /Choytréthinh con phdi ciax

SetLink (z, x, z".left = y); /Mécnéixviolim con ciazthaychoy
if root = y then root := x; /Cipnhitlgigic ciy néutruic diyy li goc
end;

D@ thay rang mot BST sau phép quay van 1a BST. Chung ta c¢6 thé viét mot thao
tac UpTree(x) tong quat hon: Véi x # root, va y = x .parent, phép
UpTree(x) s& quay theo lién két y — x dé day nat x 1én phia gbc cdy (do siu
ctia x giam 1) va kéo niit y xudng sdu hon mot mirc 1am con niit x.

procedure UpTree (x: PNode);
var y, z, branch: PNode;
begin
y := x”.parent; /y*lanitcha ciax”
z := y”~.parent; /z”"lanutcha ciay”
if x = y*~.left then /Quayphdi
begin
branch := x".right;
SetLink(y, branch, True);
//Chuyén nhénh géc branch” ciia x* sang lam con trdi y*
SetlLink(x, y, False); /Choy"lam con phdix"
end
else //Quay trii
begin
branch := x*.left;
SetLink(y, branch, False);
//Chuyén nhénh géc branch” ciia x" sang lam con phdi y"
SetlLink(x, vy, True); //Choy" lam con triix"

end;
SetLink(z, x, z”.left = y); //Mébcndix" vaolim conz" thay cho y"
if root = y then root := x;

//Cip nhit lai géc BST néu truée dit y™ la goc
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‘ end;

5.3. Hiéu lwe ciia cdc thao tdc trén cdy nhi phan tim kiém

Co thé ching minh duogc réng cac thao tac Minimum , Maximum ,
Predecessor, Successor, Search, Insert déu c6 thoi gian thuc hién O(h) véi
h 14 chiéu cao ciia cAy nhi phan tim kiém. Hon nita, trong truong hop x4u nhat,
céc thao tac nay déu c6 thoi gian thyc hién ©(h).

Vay khi luu trit n khoa bang cay nhi phan tim kiém thi cdu trac BST t4t nhét 1a
cAu tric cdy nhi phan gin hoan chinh (c6 chiéu cao thdp nhét: h = |lgn]) con
ciu tric BST t6i nhat dé biéu dién 1 cdu tric cdy nhi phan suy bién (c6 chiéu
caoh=n-1).

5.4. Cdy nhi phan tim kiém tw cén bang
a) Tinh can bang

Pé tang tinh hiéu qua cuia cac thao tac co ban trén BST, cach chung nhét 13 ¢
ging giam chiéu cao cia cdy. Véi mot BST gom n nit, di nhién giai phap ly
tuong 1a giam dugc chidu cao xudng con |lgn| (cAy nhi phan gan hoan chinh)
nhung diéu nay thuong lam anh huéng nhiéu téi thoi gian thuc hién giai thuat,
Nguoi ta nhan thay rang mubén mot cdy nhi phan thap thi phai ¢é ging gitr duoc
su can bang (vé chidu cao va sd niit) giita hai nhanh con ciia mot nit bat ky.
Chinh vi vy nhiing y tuong ban dau dé giam chiéu cao ctia BST xuét phat tir
nhing k¥ thuat cin bang cdy, tir 6 nguoi ta xay dung cic cau tric dir lidu cay
nhi phan tim kiém c6 kha nang fir cdn bang (self-balancing binary search tree)
v6i mong mudn gitr duge chiéu cao ctia BST ludn 1a mét dai luong O(Ign).

b) Mot s6 dang BST tu can bang

U Cay AVL

Mot trong nhimng phat kién dau tién vé ciu trac BST tu can bang 1a cdy AVL
[1]. Trong mdi nhanh cdy AVL, chiéu cao ciia nhanh con trai va nhanh con phai
hon kém nhau khong qua 1. Mdi niit cia cdy AVL chira thém mot thong tin vé
hé sb can bang (do 1éch chiéu cao giita nhanh con trai va nhanh con phai). Ngay
sau mdi phép chén/xoa, hé sd can bang ciia mot sé nat duge cap nhat lai va néu
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phat hién mot nat co6 hé sb can bang > 2, phép quay ciy s& dugc thyc hién dé
can bang do cao gitra hai nhanh con cta nut do.

Mot cdy AVL ¢ d6 cao h thi c6 khong it hon f(h + 3) — 1 nat. O day f(h + 3)
1a s6 fibonacci thir h + 3. Céc tac gia ciing chimg minh dugc ring chiéu cao cua
cdy AVL c6 n nat trong la mot dai lugng < 1.44041g(n + 2) — 0.328.

Q Cay do den

Mot dang khac ciia BST tu can bang 1a cay do den (Red-Black tree) [4]. Mdi nut

clia cdy do den chira thém mot bit mau (do hodc den). Ngoai cac tinh chit cua

BST, ciy d6 den thoa mén 5 tinh chit sau day:

e  Moi nat déu duoc t6 mau (d6 hodc den)

e Nut gbc root” c6 mau den

e NutnilT” c6 mau den

e Néu mét nut dugc t6 mau d6 thi ca hai nat con cia no phai dugc t6 mau den

e V&i mdi nut, tat ca cac duong di tir nut do dén cac nat 14 hau dué co cung
mot sb lugng nut den.

Tuong tu nhu cay AVL, di kém véi cac phép chen/xoa trén cay do den la nhiing

thao tac td mau va can bang cdy. Ngudi ta chimg minh duoc rang chiéu cao cua

cay do den c6 n nut trong khong vuot qua 21g(n + 1). Trén thuc té cay do6 den

nhanh hon cidy AVL ¢ phép chén va xéa nhung cham hon & phép tim kiém.

Q Cay Splay

Con rat nhidu dang BST tu c4n bang khac nhung mot trong nhiing ¥ tuong tha vi

nhit 1a ciy Splay [35]. Cay Splay duy tri sy can bang ma khong can thém mot

thong tin phu trg ndo & modi nit. Phép “lam bep” ciy duoc thue hién mdi khi co

1énh truy cap, nhitng nat thudng xuyén duoc truy cap s& dugc ddy dan 1én gan

gbc cdy dé co toe do truy cdp nhanh hon. Cac phép tim kiém, chén va xéa trén

cay Splay ciing duogc thuc hién trong thoi gian O(Ign) (danh gia bu trir). Trong

truong hop tan suét thyc hién phép tim kiém trén mot khoa hay mot cum khoa

cao hon han so véi nhiing khoa khac, cdy splay s& phat huy dugc wu thé vé mat

toc do.
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c) Van dé chang minh ly thuyét va cai dit

Cay AVL va ciy d6 den thudng duoc dua vao giang day trong cac gido trinh cau
tric dir liéu vi cac tinh chit cua hai cu trac dit liéu kha d& dang trong chimg
minh 1y thuyét. Cay Splay thudng dugc st dung trong cac phan mém tng dung
vi tbc do nhanh va tinh chit “nhanh hon néu truy cdp lai” (quick to access
again). Ba loai cdy nay kha phd bién trong cac thu vién hd tro cua cac moi
truong phat trién cao cap dé viét cac phan mém tng dung. Lap trinh vién co thé
tly chon loai cay thich hop nhat dé cai dat giai quyét van dé cua minh.

Trong trudong hop ban 1ap trinh trong thoi gian han hep ma khong co thu vién hd
trg (chang han trong cac ky thi lap trinh), phai noi rang viéc cai dat cac loai cay
ké trén khong hé don gian va dé nham 13n (ban c6 thé tham khao trong cic tai
liéu khac vé co sd ly thuyét va k¥ thuat cai dat céc loai cay ké trén). Néu ban can
st dung cac cdu trac dit liéu nay trong phan mém, theo t6i cic ban nén sir dung
céc thu vién sin co hodc viét mot thu vién 16p mau (class template) that can than
dé su dung lai.

T6i s& khong di vao chi tiét cac loai cAy nay. Diéu ban phai nhé chi 1a c6 ton tai
nhitng cau trac nhu vay, dé khi danh gia mot thuat toan c6 sir dung BST, c¢6 thé
coi cac thao tac co ban trén BST dugc thyc hién trong thoi gian O(Ign).

Trong bai sau toi s& giGi thiéu mot cdu trac BST khac d& cai dat hon, d& tuy bién
hon, va toc d6 ciing khong hé thua kém trén thyc té: Cau tric Treap.

Bai tap

1.16. Qua trinh tim kiém trén BST c6 thé coi nhu mot duong di xut phat tir nit
gdc. Gido su X phat hién ra mot tinh chat tha vi: Néu duong di trong qua
trinh tim kiém két thic & mot nat 14, ky hiéu L 13 tap cac gia tri chta trong
cac niit nam bén trai duong di va R 13 tap cac gia tri chira trong cac nut
nam bén phai duong di. Khi d6 Vx € L,y € R, ta ¢6 x < y. Chimg minh
phat hién cua gido su X la ding hodc chi ra m¢t phan vi du.

1.17. Cho BST gdém n nht, bat dau tr nat Minimum”, ngudi ta goi ham
Successor dé di sang nut lién sau cho tdi khi duyét qua nat Maximum?”.
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1.18.

1.19.

1.20.

1.21.

1.22.

1.23.

1.24.
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Chung minh rang thoi gian thyc hién giai thuat nay co thoi gian thyc hién
o(n).

Goi y: Thyc hién n 10i goi Successor 1én tiép don gian chi 1a duyét qua
céc lién két cha/con trén BST mdi lién két t6i da 2 lan. Pidu twong tu c6
thé chimg minh duogc néu ta bat dau tir nit Maximum” va goi lién tiép
ham Predecessor dé di sang nut lién trude.

Cho BST c6 chiéu cao h, bit dau tir mot nat p;, ngudi ta tim ndt p, 13 nat
lién sau p;: p, = Successor(p,), tiép theo lai tim ndt p; 12 nat lién sau
D2,... Chimg minh rang thoi gian thuc hién k 1an phép Successor nhu vay
chi mat thoi gian 0(k + h).

(tree Sort) Nguoi ta co thé thuc hién viéc sip xép mot diy khoa bang ciy
nhi phan tim kiém: Chén lan luot céac gia tri khoa vao mot cay nhi phan
tim kiém sau d6 duyét cay theo thir tu giita. Danh gia thoi gian thyc hién
giai thuét trong trudng hop t6t nhat, xiu nhat va trung binh. Cai dat thuat
toan tree Sort.

Viét thuat toan SearchLE (k) dé tim nat chira khéa 16n nhit < k trong
BST.

Viét thuat toan SearchGE (k) dé tim nat chia khoa nho nhéat > k trong
BST.

Viét thu tuc MovetoRoot(p) nhan vao nut p va ding cic phép quay dé
chuyén nat p thanh gbc cua cay BST.

Viét thu tuc MovetoLeaf (p) nhan vao nat p va ding cac phép quay dé
chuyén nut p thanh mot nat 14 cua cay BST.

Radix tree (cdy tim kiém co sd) 1a mot cay nhi phan trong d6 mdi nat c6
thé chira hoic khong chua gia tri khoa, (ngudi ta thudng dung mot gia tri
dac bi¢t tuong trng vo1 nut khong chira gié tri khoa hoac st dung thém mot
bit danh d4u nhitng nut khong chira gia tri khoa)

Cac gia tri khoa luu trit trén Radix tree 13 cac ddy nhi phan, hay tong quat
hon 12 mot kiéu dir liéu nao d6 c6 thé ma hoa bang cac diy nhi phan. Phép
chén mot khoa vao Radix tree duoc thuc hién nhu sau: Bit dau tir nut géc
ta duyét biéu dién nhi phan cta khoa, gip bit 0 di sang nut con trai va gap



1.25.

1.26.

1.27.

bit 1 di sang nhanh con phai, mdi khi khong di dwoc nita (di vao lién két
nilT), ta tao ra mot nut va ndi nd vao ciy & chd lién két nilT vira r& sang
roi di tiép. Cudi cung ta dat khoa vao nat cudi cing trén dudng di. Hinh
duoi day la Radix tree sau khi chen cac gia tri 1011, 10, 100, 0, 011. Céc
nut t6 dam khong chira khoa

e
o .
<

® o

1 0

e

Goi S 1a tap chua cac khoa 1a cac ddy nhi phan, tong d6 dai cac ddy nhi
phan trong S 1a n. Chi ra rang ching ta chi can mat thoi gian @(n) dé xay
dung Radix tree chtra cdc phan tir cta S, mat thoi gian O(n) dé duyét
Radix tree theo thir ty giita va liét ké cac phan tir cia S theo thir ty tir dién.
Cho BST tao thanh tir n khoa dugc chén vao theo mot trat tu ngéu nhién,
goi Goi X 1a bién ngiu nhién cho chiéu cao ctia BST. Ching minh rang ky
vong E[X] = 0(lgn).

Cho BST tao thanh tir n khoa dugc chén vao theo mot trat tu ngéu nhién,
goi Goi X 14 bién ngiu nhién cho d6 sau ciia mot nut. Ching minh rang ky
vong E[X] = 0(Ign).

Goi b(n) 1a sb lugng cac cdy nhi phan tim kiém chira n khéa hoan toan
phan biét.

Chung minh rang b(0) = 1 va b(n) = Y22 beb,_q1_k
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e Chimng minh rang b(n) = ﬁ (2;) (s6 catalan thir n). Tir d6 suy ra xac suat
dé BST la cay nhi phan gan hoan chinh (hodc cdy nhi phan suy bién) néu n

khéa dugc chén vao theo thir ty ngau nhién.
4_71

e  Chung minh cong thirc xap xi b(n) = NRETE (1 + O(l/n))

6. Cay nhj phan tim kiém ngau nhién
6.1. Dy cao trung binh cia BST

Trong bai trudc ta da biét r.':ing cac thao tac co ban cua BST dugc thuc hién
trong thoi gian 0(h) véi h 1a chiéu cao cua cay. Néu n khoa dugce chén vao mot
BST rong, ta s& duoc mot BST g@)m n nit. Chiéu cao cia BST c6 thé 1a mot sd
nguyén nao d6 nam trong pham vi tir |Ign| téi n — 1. Néu thay doi thir tw chén n
khoéa vao cay, ta c6 thé thu dugc mot cAu tric BST khac.

biéu chung ta mudn biét 12 néu chén n khoa vao BST theo céc trat tu khac nhau
thi do cao trung binh cua BST thu dugc 1a bao nhi€u. Hay néi chinh x4c hon,
chung ta can biét gia tri ky vong cta d6 cao mot BST khi chén n khéa vao theo
mot trat ty ngau nhién.

Thuc ra trong cac thao tac co ban cua BST, d¢ sau trung binh cua cac nat mai la
yéu t6 quyét dinh hiéu sudt chtr khong phai do cao cua cdy. Do sdu cia nut i
chinh 13 s6 phép so sanh can thyc hién dé chén nut i vao BST. Tong s6 phép so
sanh dé chén toan b n nut vao BST c6 thé danh gia twong tu nhu QuickSort,
bang O(nlgn). Vay d6 sau trung binh ctia mdi nit 1a %O(n lgn) = 0(Ilgn).
Nguoi ta con chung minh dugc mot két qué manh hon: B§ cao trung binh cua
BST 1a mot dai luong O(Ign). Cu thé 1a E[h] < 31gn + 0(1) vé6i E[h] 1a gia tri
ky vong ctia dd cao va n 1a s6 nat trong BST. Chtrng minh nay kha phirc tap,
ban c6 thé tham khao trong cac tai liéu khac .
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6.2. Treap

Chiing ta c6 thé tranh truong hop suy bién ciia BST bang cach chén cac nut vao
cdy theo mot trat tu ngau nhién’. Tuy nhién trén thuc té rat it khi chung ta dam
bao duoc cac nut dugc chén/xoda trén BST theo trat tu ngau nhién, boi cac thao
tac trén BST thuong do mot tién trinh khac thuc hién va thir tu chén/xéa hoan
toan do tién trinh d6 quyét dinh.

Trong muc nay ching ta quan tim t&i mot dang BST ma céu trac cia né khong
phu thudc vao thu ty chén/xda: Treap.

Cho mdi nit cia BST thém mot thong tin priority goi 1a “d6 uu tién”. PO uu
tién cia mdi nat 1a mot sd duong. Khi do TreapT [33] duoc dinh nghia 12 mot
BST thoa mén tinh chit ciia Heap. Cu thé la:

e Néu nat y ndm trong nhanh con trai ctia nut x thi y. key < x.key.
e Néu nit y ndm trong nhanh con phai ciia niit x thi y. key > x. key.
e Néu nut y 1a hau dué cia nat x thi y. priority < x.priority
Hai tinh chét dau tién 1a tinh chat cia BST, tinh chit tht ba 1a tinh chit cua
Heap. Nt gbc ctia Treap c¢6 do wu tién 16n nhat. Dé tién trong cai dat, ta quy
dinh nit gia nilT* c6 do wu tién bang 0.
Dinh ly 6-1
Xeét mot tap cac nut, mdi nut chira khoa va do wu tién, khi d6 ton tai cu truc
Treap chira cac nut trén.
Chirng minh
Khdi tao mot BST rdong va chén lan lugt cac nit vao BST theo thir tu tir nat vu
tién cao nhat t&i nut wu tién thap nhat. Hai rang budc dau tién dugc théa man vi ta
st dung phép chén cua BST. Hon nita phép chén cua BST luén chén nut méi vao
thanh nut 14 nén sau moi budc chén, nut 14 mdi chén vao khong thé mang do uvu

tién 16n hon cac nat tién bdi ciia n6 duge. Diéu nay chi ra rang BST tao thanh la
mot Treap.

" T “tranh” & day khong chinh x4c, trén thuc t& phuong phap nay khong tranh duoc truong hop xdu. Co
diéu 1a xac sudt xdy ra truong hop xdu qua nho va rét kho dé “cd tinh” chi ra cu thé truong hop xdu (gidng
nhu Randomized QuickSort).

T Tén goi Treap 1a ghép cua hai tir: “tree” va “Heap”
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Dinh ly 6-2
Xét mot tap cac nit, mdi nut chira khoa va do wu tién. Néu cac khoa ciing nhu
d6 uu tién cua cac nit hoan toan phan biét thi ton tai duy nhét ciu triic Treap
chura cac nut trén.
Chirng minh
Su ton tai clia céu triic Treap da dugc chi ra trong chimg minh trong Pinh 1i 6.1,
Tinh duy nhat cua cau tric Treap nay cd thé chung minh bang quy nap: Rd rang
dinh ly dung vdi tap gom 0 nat (Treap rong). Xét tap gom = 1 nuat, khi d6 nut co
d6 uu tién 16n nhat chac chan s€ phai 1a goc Treap, nhitng niit mang khoa nho hon
khoa cia nut goc phai nam trong nhanh con trai va nhitng nat mang khéa 16n hon
khoa cua nut goc phai nam trong nhanh con phai. Su duy nhat vé cau tric cua
nhanh con trai va nhanh con phai dugc suy ra tir gia thiét quy nap. PPCM.
Trong cai dit thong thuong ctia Treap, d0 uu tién priority ctia mdi nat thuong
duoc gan bang mot s6 ngiu nhién dé vo hiéu hoa nhitng tién trinh “cd tinh” 1am
cay suy bién: Cho du cac nut duoc chén/xéa trén Treap theo tht ti ndo, cdu tric
ctia Treap s& ludn gidng nhu khi chung ta chén cac nut con lai vao theo thu tu
giam dan cta Priority (tic 1a thir tu ngau nhién). Hon nira néu biét trudc duge
tap cic nut s& chén vao Treap, ta con ¢ thé gan do wu tién priority cho cac nut
mot cach hop 1y dé “ép” Treap thanh cay nhi phan gan hoan chinh (trung vi ciia
tap cac khoa s& dugc gan do wu tién cao nhit dé trd thanh gdc cay, twong ty véi
nhanh trai va nhanh phai...). Ngoai ra néu biét trudc tan suat truy cip nut ta cd
thé gan d6 wu tién ciia mdi nat bang tan suat ndy dé cac nut bi truy cap thuong
xuyén s& & gan gdc cdy, dat tbc do truy cap nhanh hon.

6.3.Cac thao tac trén Treap

a) C4u trdc nat

Tuong tu nhu BST, cdu triic nit cia Treap chi c6 thém mot trudng priority dé
Iwru @6 vu tién cua nut

type
PNode
TNode = record

~TNode; /Kiéu con tré téi mét niit

key: TKey;
parent, left, right: PNode;

priority: Integer;
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end;
var
sentinel: TNode;
nilT: PNode; //Con tré téi nut dat biét
root: PNode; //Con tré tdi niit géc

begin
sentinel.priority := 0;
nilT := @sentinel;

end.

Trén 1y thuyét nguoi ta thuong cho cac gia tri Priority 1a s6 thuc ngau nhién,
khi cai dit ta co thé cho Priority s6 nguyén duong liy ngau nhién trong mot
pham vi du rong. Ky hi¢u RP 1a ham tra vé mot sb duong ngéu nhién, ban c6 thé
cai dat ham nay be‘ing bat ky mot thuat toan tao sb ngau nhién nao. Vi du:

function RP: Integer;

begin
Result := 1 + Random(MaxInt - 1);
/Ly ngéu nhién tiv 1 téi MaxInt - 1

end;

Cac phép khai tao cdy rong, tim phan tir 16n nhit, nho nhit, tim phan tir lién
trudce, lién sau trén Treap khong khac gi so v6i trén BST théng thuong. Phép
quay khong dugc thuc hién tuy tién trén Treap vi n6 s€ pha v& rang budc tha ty
Heap, thay vao do chi c6 thao tic UpTree dugc nhiing vao trong mdi phép chén
(Insert) va x6a (Delete) dé hiéu chinh ciu trac Treap.

Nhic lai vé thao tac UpTree(x)
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x la nhanh trai
=  Quay phai

x 1a nhanh phai
=  Quay trai

Hinh 1.24. Thao tac UpTree(x)

procedure UpTree
var y, z, branch
begin
y =
z =

x”.parent
y”~.parent
if x = y*.left
begin
branch :=
SetLink (y,
SetLink (x,
end
else //Quay trii
begin
branch :=
SetLink (y,
SetLink (x,
end;

(x: PNode);
: PNode;

;  //y” la nut cha cia x*
;  //z" la nut cha cia y*
then /Quay phii

x”.right;

branch, True);

y, False);

x".left;
branch, False);

y, True);




SetLink(z,
if root =

x, z".left =
y then root := x;
//Cip nhdt lai goc BST néu trwée dit y™ la géc

end;

v) ; /Mébc noi x* vio lam con " thay cho y*

b) Chén

Phép chén trén Treap trude hét thuc hién nhu phép chén trén BST dé chén khoa

vao mot nut 1a. Nut 14 x mdi cheén vao s€ duoc gan mot do uu tién ngau nhién.

Tiép theo 1a phép hiéu chinh Treap: Goi y” 13 nit cha cia x*, chirng nao thiy

x™ mang d0 uu tién lé6n hon y” (vi pham tht tu Heap) ta thuc hién I¢nh

UpTree(x) dé day nat x” 1én lam cha nat y* va kéo nat y”» xudng 1am con nut

xl\

//Chén khéa k vio Treap, trd vé con tré t6i niit chiva k
function Insert (k: TKey): PNode;
var x, y: PNode;
begin
//Thurc hién phép chén nhu trén BST
y := nilT;
X = root;
while x # nilT do
begin
y 1= x;
if k < x*.key then x :=
else x
end;

x".left
:= x”.right;

New (%) ;
x".key :=
x~.left :=
x*.right := nilT;

SetLink (y, k < y*.key);
if root = nilT then root :=
//Chinh Treap
x”.priority :=
repeat

k;
nilT;

Xy
X7

RP; //Gin dj wu tién ngiu nhién
y := x”.parent;

if (y # nilT)
and

(x*.priority > y~.priority)

then UpTree (x)
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else Break;
until False;
Result := x;
end;

Vi du ching ta c6 mot Treap chtra cac khoa A, B, E, G, H, K v&i d0 uu tién la
A:1, B:5, E:2, G:7, H:4, K:3 va chén mdt nut khoa chira khoa I va do vu tién 6
vao Treap, trudc hét thuat toan chén trén BST duoc thuc hién nhu trong hinh
1.25.

Hinh 1.15. Phép chén trén Treap truwéc hét thue hién nhw trong BST

Tiép theo 1a hai phép UpTree dé chuyén nit I:6 vé vi tri ding trén Treap
(h.1.26)

Hinh 1.26. Sau phép chén BST la cic phép UpTree dé chinh lai Treap

S6 phép UpTree can thuc hién phu thudc vi tri va do uu tién cua nat mo1 chén
vao (Co6 the 1a s6 nao do6 tu 0 téi h véi h 1a 6 cao cua Treap), nhung nguoi ta da
chiing minh dugc dinh 1y sau:

Dinh ly 6.3

Trung binh s6 phép UpTree can thyc hién trong phép chén Insert 1a 2.
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c) Xba

Phép x6a nat x” trén Treap dugc thuc hién nhu sau:

Néu x* c6 it hon hai nhanh con, ta lay nit con (néu c6) cua x” 1én thay cho
x” va x6a nut x”.

Néu x” ¢6 ding hai nhanh con, goi y” 1a nt con mang d6 wu tién 16n hon
trong hai nat con, thuc hién phép UpTree(y) dé kéo nut x” xudng sau phia
duoi 1a va 1ap lai cho té1 khi x” chi con mdt nut con. Viéc xdéa quy vé
truong hop trén

procedure Delete (x: PNode);
var y, z: PNode;
begin
while (x*.left # nilT) and (x”.right # nilT) do
//Chirng nao x" cé 2 nut con
begin
//Xdc dinh y* la nit con mang dj wu tién lon hon
y = x".left;
if y*.priority < x".right”.priority then
y = x”.right;
UpTree (y) ; /Biyy lén phia géc, kéo x xuéng phia li
end;
//Bay gior X" chi cé toi da mét niit con, xdc dinh y™ ld niit con (néu cd) ciia x
if x*.left <> nilT then y := x*.left

else y := x".right;
z := x”.parent; /z"lanitcha ciax"
SetLink(z, vy, z".left = Xx); //Choy"lam con ciia z" thay cho x"
if x = root then root := y; /Cap nhitlgigic
Dispose (x) ; //Gidiphéng bp nhé

end;

Vi du chung ta ¢c6 mot Treap chura cac khoa A, B, E, G, H, I, K vé1 dd uu tién la
A:1, B:5, E:2, G:7, H:4, 1:6, K:3 va xo6a nut chira khéa G. Ba phép UpTree
(quay) s€ dugc thuc hién trudce khi x6a nut chira khdéa G
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Hinh 1.27. Thue hién cdic phép quay diy din nit cin xéa xuéng dwéi ld, khi niit cén xéa con it hon 1

nhénh con thi xéa truc tiép.
Tuong tu nhu phép chen, sb phép UpTree can thuc hién phu thudc vi tri va do
uu tién cua nut bi x6a, nhung nguodi ta da chirng minh dugc dinh 1y sau day.
Dinh ly 6-4
Trung binh sb phép UpTree can thuc hién trong phép x6a Delete 1a 2.

Bai tap

1.28. Thu tuy théng ké: Cho mét Treap, hiy xay dung thuit toan tim khoa ding
thu p khi sép thu ty. Nguoc lai cho mdt nit, hdy tim s6 thu tu cua nat do
khi duyét Treap theo thu tu gitra.

1.29. Treap biéu dién tap hop
Khi dung Treap T biéu dién tap hop cac gia tri khoa, (tc 1a cac khoa trong
Treap hoan toan phan biét), phép thir k € T ¢6 thé duoc thuc hién thong
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qua ham Search. Viéc thém mot phén tr vao tap hop co thé thuc hién
thong qua mot sira ddi cia ham Insert (Chi chén néu khoa chua c6 trong
Treap). Viéc x6a mot phan tir khoi tap hop ciing duge thyuc hién thong qua
viéc stra d6i thu tuc Delete (tim phan tir trong Treap, néu tim thdy thi thuc
hién phép xo6a). Ngoai ra con c¢6 nhidu thao tic khac duoc thyc hién rat
hiéu qué vdi cdu trac Treap, hiy cai dit cac thao tac sau ddy trén Treap:
Phép tach (Split): V6i mdt gia tri kg, tach cac khoa < ky va cac khoa
> k, ra hai Treap biéu dién hai tap hop riéng ré.

Goi y: Tim nuat chtra phan tir k, trong Treap, néu khong thay thi chén k,
vao mot nit méi. Pat do wu tién ciia nat nay bang +oo. Theo nguyén 1y
ctia cdu trac Treap, nit ndy sé& dugce day 1én thanh gdc cdy. Ngoai ra theo
nguyén 1y ctia cdu trac BST, nhanh con trai ctia gbc cdy s& chira tit ca cac
khoa < k¢ va nhanh con phai cta gdc ciy sé& chira tit ca cac khoa > k.
Phép hop (Union): Cho hai Treap chtra hai tap khoa, xay dung Treap méi
chtra tit ca cac khoa cua hai Treap ban dau

Phép giao (Intersection): Cho hai Treap chtra hai tap khoa, xdy dung
Treap m&i chira tat ca cac khoa c6 mit trong ca hai Treap ban dau

Phép lay hiéu (Difference): Cho hai Treap A, B chtra hai tap khoa, xay
dung Treap mdi chira cac khoa thuoc A nhung khong thude B.

7. M6t s6 trng dung cta cay nhj phan tim kiém

Ngoai tmg dung dé biéu dién tap hop (Bai tap 6.2), ciy nhi phan tim kiém con
c¢6 nhiéu tng dung quan trong khéac nita. Trong bai nay chiing ta s& khao sat mot
vai ing dung khac cua cau trac BST.

Cau trac BST thong thudng c6 thé dung dé cai dit chuong trinh giai quyét
nhirng van dé trong bai, tuy nhién ban nén str dung mot dang BST ty can bang
hodc Treap dé tranh trudong hop xau cua BST.

7.1. Cdy biéu dién danh sdch
Chung ta di biét nhitng cach co ban dé biéu dién danh sich 1a st dung mang

hodc danh sach moc ndi. S dung mang c6 toc do tot véi phép truy cap ngiu
nhién nhung s& bi cham néu danh sach luén bi bién dong boi cac phép chén/xda.
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Trong khi d6, sir dung danh sach moc ndi c6 thé thuan tién hon trong cac phép

chén/xo6a thi lai gap nhuge diém trong phép truy cap ngau nhién.

Trong muc nay chung ta s& trinh bay mot phuong phap biéu dién danh sach bang

cdy nhi phan ma céc trén d6, phép truy cip ngau nhién, chén, x6a déu dugc thuc

hién trong thoi gian O(Ign). Ta s& phat biéu mot bai toan cu thé va cai dat
chuong trinh gidi bai toan do.

a) Bai toan

Cho mét danh sach L dé chta cac s6 nguyén. Ky hiéu Length(L) 1a sé phan tir

trong danh sach. Xét cac thao tac cdn ban trén danh sach:

e Phép chén Insert(v,i): Néu 1 < i < Length(L) + 1, thao tac nay chén mot
s v vao vi tri i ciia danh sach, néu khong thao tac nay khong co hiéu lyc.
(Truong hop i = Length(L) + 1 thi Value s& dugc thém vao cudi danh
sach).

e Phép x6a Delete(i): Néu 1 < i < Length(L), thao tac ndy x6a phan tir thir
i trong danh sach, néu khong thao tac nay khong co hiéu lyc.

Cho danh sach L = @ va n thao tac thudc mdt trong hai loai, hdy in ra cac phén

tir theo diing thir tu trong danh sach cudi cing.

Input

e Dong I chira s6 nguyén duong n < 10°

e n dong tiép, mdi dong cho thong tin vé mot thao tac. Mdi dong bat dau bai
mot ky tu € {I, D}. Néu ky tu ddu dong 14 “I” thi tiép theo 1a hai s6 nguyén
v,i tuong ung voi phép chén Insert(v, i), néu ky tu dau dong 1a D thi tiép
theo 13 s6 nguyén i twong Gng v6i phép xo6a Delete(i). Cac gia tri v, i 1a sd
nguyén Integer.

Output

Céc phan tir trong danh sach cudi cling theo dung thu tu.
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Sample Input | Sample Output

9165

O H U HHHH H ©
H O B H 0O Jd o0 WU
N W R KRR

b) Giai thuat va té chuic dir liéu

Chiing ta s& luu trit cac phan tir ciia danh sach L trong mot cau trac Treap sao

cho néu duyét Treap theo thtr tu giita thi cac phan tir cia L s& duoc liét ké theo

ding thtr tu trong danh sach.

Q Nit cam canh cuéi danh sich

Do wu tién cua cac nat 1a mot sé nguyén duong ngiu nhién nhé hon hang sd

MaxInt. Dé tién cai dat, ta thém vao danh sach L mot phan tir gia ding cubi

danh sach va gan d6 vu tién MaxInt dé phan tir ndy trd thanh nat gbc cua Treap.

Phan tir gia nay co hai cong dung:

e Moi phép cheén hi¢u luc déu c6 mot phén tir cua danh sach nim tai vi tri
chén, ta bot di duge cac phép xir 1y truong hop riéng khi chén vao cudi danh
sach.

e Nut gbc root” cua Treap khong bao gio bi thay d6i, ta khong can phai kiém
tra va cap nhat lai gbc sau cac phép chén hodc xoa.

Theo cach xay dung Treap nhu vy, toan bd cac phan tir ciia danh sach L s& nam

trong nhanh con trai ctia nit goc Treap. Ta chi can duyét nhanh con trai ctia nut

gbc Treap theo thir tu gitra 13 liét ké duoc tat ca cac phan tir theo dang tht tu.

Q Qudn ly so nut
Trong mdi nat r” ctia Treap, ta luu trit r*. size 1a s6 lwgng ntit ndm trong nhanh
Treap goc r*. Truong size ciia cac nit s& dugc cap nhat moi khi cé su thay doi
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cAu tric Treap. Cong dung cia trudng size 13 dé quan 1y sb nat trong mot nhanh

Treap, phuc vu cho phép truy cap ngau nhién.

Q Truy cdp ngdu nhién

Ca hai phép chen va xo6a déu c6 mot tham sb vi tri i. Viée chén/xoda trén danh

sach triru twong L s& quy vé viéc chén/xda trén Treap sao cho duy tri dugc su

théng nhat giita Treap va danh sach L nhu dd dinh. Viy viéc dau tién chinh 1a

xac dinh nut tuong ung véi vi tri i 1a nat nao trong Treap. Theo nguyén ly ctua

phép duyét cay theo thir tu giita (duyét nhanh trai, duyét nat gbc, sau dé duyét

nhanh phai), thuat toan xac dinh nat twong ung véi vi tri i c6 thé dién ta nhu

sau: Xét bai toan tim nut thir i trong nhanh Treap gdc r”:

e Néui=r"left . size + 1 thi niit can tim chinh 1a nat 7.

e Néui <rhleft’. size + 1 thi quy vé tim nut thi i trong nhanh con trai cta
T.

e Néui>rhleftr.size+ 1 thi quy vé tim nat thir i — r”. left . size — 1
trong nhanh con phai cua r”.

S6 budc lap dé tim nat twong ung v6i vi tri i c6 thé tinh bang d6 sau cua nut két

qua (cong thém 1). Phép truy cap ngau nhién duoc cai dit bang ham NodeAt(i):

Nhan vao mdt s6 nguyén i va tra vé nat twong tng vai vi tri d6 trén Treap.

O Chen

DPé chén mot gia tri v vao vi tri i, trudc hét ta tao nat x” chira gia tri v, xac dinh

nat y” 1a nat hién dang dimg thtr i. Néu y» khong c6 nhanh trai thi moc ndi x”

vao thanh ndt con trai cia y*. Néu khong ta di sang nhanh trai cia y* va moc

nbi x” vao thanh nit cuc phai ciia nhanh trai nay.

Tiép theo 1a phai cip nhat s6 nat, nit x» chén vao s& trd thanh nat 1a va co

x”.size = 1, truong size trong tat ca cac nut tién bdi ctia x* ciing dugc tang 1én

1 dé giir tinh dong bo.

Cudi cung, ta gan cho x. priority mot do wu tién ngau nhién va thuc hién cac

phép UpTree(x) dé day x* 1én vi tri dung. Chd ¥ 1a trong phép UpTree, ngoai

nhiing thao tac xur 1y co ban trén Treap, ta phai cap nhat lai truong size cia hai

nut chiu anh huong qua phép quay.
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U Xoa
D¢ x6a phan tu tai vi tri i, ta xdc dinh nat x” nam tai vi tri { va tién hanh xo6a nat
x”™. Phép x6a dugc thuc hién nhu trén Treap: Chung nao x” con hai nat con, ta
xac dinh y” 1a nit con mang d6 uvu tién 16n hon va thuc hién UpTree(y) dé kéo
x” sau xuong dudi 14, Khi x* con it hon hai nat con, ta dua nhanh con goc y*

(n€u co) cua x” vao thé cho va xo6a nut x”*. Sau khi x6a thi toan bd truong Size

trong cac nut tién bdi ctia x* phai giam di 1 dé giir tinh dong bo.

c) Cai dat

)

=

DYNLIST.PAS v Cay biéu dién danh sach

{$MODE OBJFPC}

program DynamicList;

type
PNode = "~TNode; /Kiéu con tré téi mjt niit
TNode = record /Kiéu nit Treap

value: Integer;
priority: Integer;
size: Integer;
left, right, parent: PNode;
end;
var
sentinel: TNode; /Linh canh (= nilT")
nilT, root: PNode;
n: Integer; /8o thao tic
function NewNode: PNode; /Ham tao niit méi, tri vé con tré tdi niit mdi
begin
New (Result) ; /#Cip phdtbé nhé
with Result” do /Khditao cic trwcong trong nit méi tgo ra

begin

priority := Random (MaxInt - 1) + 1;

//Gdn d§ wu tién ngéu nhién

size := 1; //Nutdirng don djc, size =1

parent := nilT;

left := nilT;

right := nilT; /Cic truong lién két dwoc gin = nilT
end;
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end;
procedure InitTreap; /Khditao Treap

begin

sentinel.priority := 0;

sentinel.size := 0;

nilT := @sentinel; /Dem con tré nilT tré téi sentinel

root := NewNode;

root”.priority := MaxInt; /root" dwgc gin dp wu tién cuc dai
end;

//Méc néi ChildNode thanh con ciia ParentNode
procedure Setlink (ParentNode, ChildNode: PNode;

InLeft: Boolean);

begin
ChildNode”.parent := ParentNode;
if InLeft then ParentNode”.left := ChildNode
else ParentNode”.right := ChildNode;
end;
function NodeAt (i: Integer): PNode; /Truy cip ngiu nhién
begin
Result := root; /Bitdiu tiegic Treap
repeat

if 1 = Result”.left”.size + 1 then Break;

//Néu niit nay dieng thie i thi dieng

if i <= Result”.left”.size then /Ldap lai tim trong nhinh con trdi
Result := Result”.left

else //Ldp lai, tim trong nhdnh con phii

begin
Dec (i, Result”.left”.size + 1);
Result := Result”.right;

end;

until False;
end;
procedure UpTree (x: PNode); /#Pdyx” lén phia goc Treap bing phép quay
var y, z, branch: PNode;

begin
y := x".parent;
z := y”~.parent;
if x = y*~.left then /Quayphdi




begin
branch := x".right;
SetLink(y, branch, True);
SetlLink(x, y, False);
end
else //Quay trdi
begin
branch := x".left;
SetLink(y, branch, False);
SetlLink(x, vy, True);
end;
SetLink(z, x, z".left = vy);
//Céin thin, phii cdp nhit y/.size truéc khi cdp nhit x".size

with y” do size := left”.size + right”.size + 1;
with x* do size := left”.size + right”.size + 1;
end;

procedure Insert (v, i: Integer); //Cheén

var x, y: PNode;

begin
if (i < 1) or (i > root”.size) then Exit;
//Phép chén vo hiéu, bo qua

x := NewNode;
x”~.value := v; //Tao nutx" chira value
y := NodeAt (i) ; /Xdc dinh nity” cin chén x™ vio trwéec

if y*.left = nilT then SetLink(y, x, True)

//y™ khong co nhanh trai, cho x" lam nhdnh trdi

else
begin
y = y~.left; //Disang nhanh trii
while y”.right <> nilT do y := y”~.right;

//Toi nut cwe phdi
SetLink (y, x, False); /Mdcnéix” vio lam niit cwc phii
end;
/ly = x\parent, cdp nhit truwong size ciia cdc nit tivy lén géc
while y <> nilT do

begin
Inc(y”*.size);
y := y~.parent;
end;
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//Chinh Treap bing phép UpTree
while x".priority > x".parent”.priority do
//Chirng nao x" wu tién hon nut cha

UpTree (x); /Diyx" lén phia géc
end;
procedure Delete(i: Integer); /Xda
var x, y, z: PNode;
begin
if (i < 1) or (i >= root”.size) then Exit;
//Phép xoa vo hiéu, bo qua
x := NodeAt (i) ; /Xdcdinh nit cin xéa x"
while (x*.left <> nilT) and (x".right <> nilT) do
//x" ¢6 hai nut con

begin //Xdc dinh y" la nit con mang dp wu tién Ién hon

if x*.left”.priority > x".right”.priority then

y = x".left
else y := x*.right;
UpTree (y); /#/Kéox" xuéng siu phia dwoi ld
end;

/&N chi con téi da 1 nit con, xdc dinh y™ 1d nit con néu c6 ciia x*
if x*.left <> nilT then y := x*.left
else y := x*.right;
z := x*.parent; /z*lacha ciax"

SetLink(z, vy, z".left = x); //Choy” violam con ;" thay cho x"

Dispose (xX) ; /Giii phéng by nhé
while z <> nilT do //Cip nhit trwong size ciia cdc nit tiv 7~ lén géc

begin
Dec(z”.size);
z := z”.parent;
end;
end;

procedure ReadOperators;
//Doc dir liéu, gap thao tdc nao thuc hién ngay thao tic do
var

k, v, i: Integer;

op: AnsiChar;
begin

ReadLn (n) ;

for k := 1 to n do




begin
Read (op) ;
case op of
'T': begin
ReadLn (v, 1);
Insert (v, 1i);
end;
'D': begin
ReadLn (1) ;
Delete (1) ;
end;
end;
end;
end;
procedure PrintResult; /Inkétqui
procedure InOrderTraversal (x: PNode); //Duyétciy theo thir ty giita
begin
if x = nilT then Exit;
InOrderTraversal (x*.left); /Duyétnhdinh trii
Write (x".value, ' ") ; /linragiatritrong nut
InOrderTraversal (x".right) ; /Duyét nhinh phdai
Dispose (x); //Duyétxong thi gidi phong bé nhé luén
end;
begin
InOrderTraversal (root”.left) ;
//Todn bé danh sdach trivu twong L nam trong nhdnh trdi ciia goc
Dispose (root) ; /Gidi phéng luén nit géc
Writeln;
end;
begin
InitTreap;
ReadOperators;
PrintResult;
end.
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c) Hoan vi Josephus

Q Bai todn tim hodn vi Josephus

Bai toan 14y tén cua Flavius Josephus, mot sir gia Do Thai vao thé ky thir nhat.
Tuong truyén rang Josephus va 40 chién si bi ngudi La M bao vay trong mot
hang dong. Ho quyét dinh tu van chir khong chiu bi bat. 41 chién si dung thanh
vong tron va bat dau dém theo mot chidu vong tron, cir ngudi nao dém dén 3 thi
phai ty van va nguoi ké tiép bat dau dém lai tir 1. Josephus khong mudn chét va
da chon duoc mot vi tri ma éng ta cling voi mot nguoi nita 1a hai ngudi séng sot
cubi ciing theo luat nay. Hai nguoi séng sot sau d6 da dau hang va gia nhap quan
La Ma (Josephus sau d6 chi néi rang d6 1a sy may man, hay “ban tay ciia Chtia”
moi giup 6ng va ngudi kia sdng sot).

C6 rat nhiéu truyén thuyét va tén goi khac nhau vé bai toan Josephus, trong toan
hoc nguoi ta phat biéu bai toan dudi dang mot tro choi: Cho n ngudi ding
quanh vong tron theo chiéu kim dong hd danh sb tir 1 toi n. Ho bat dau dém tur
ngudi thir nhat theo chiéu kim dong hd, ngudi ndo dém dén m thi bi loai khoi
vong va ngudi ké tiép bit dau dém lai tir 1. Tro choi tiép dién cho t6i khi vong
tron khong con lai ngudi nao. Néu ta xép sb hiéu cia n ngudi theo thu tu ho bi
loai khoi vong thi s& duoc mot hoan vi (i, o, .., jn) ctia ddy s6 (1,2, ...,n) goi 1a
hoan vi Josephus (n,m). Vi du véi n =7,m =3, hoan vi Josephus s€ la
(3,6,2,7,5,1,4). Bai toan dat ra l1a cho trudc hai sé n,m hiy xac dinh hoan vi
Josephus (n, m).

Q Thudt toan

Bai toan tim hoan vi Josephus (n,m) c6 thé giai quyét dé dang néu sir dung
danh sach dong (Muc 0): Danh sach duoc xay dung c6 n phan tir twong tmg véi
n nguodi. Viéc xac dinh nguoi s€ phdi ra khoi vong sau dé xo6a nguoi do khoi
danh sach don gian chi 1a phép truy cdp ngiu nhién va x6a mot phan tir khoi
danh sach dong.

Nhéan xét: Néu sau mot luot nao do, nguoi vua bi loai 1a nguoi tho p va danh
sach con lai k nguoi. Khi d6 nguoi ké tiép bi loai 1a nguoi dimg tha: (p + m —
2) mod k + 1 trong danh sach.
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Tuy bai toan kha don gian nhung lién quan t&i mot ky thuat cai dat quan trong
nén ta s& cai dat cu thé chuong trinh tim hoan vi Josephus (n, m).

Input
Hai s6 nguyén duong n,m < 10°
Output

Hoan vi Josephus (n, m)

|| Sample Input | Sample Output

||73 362751414

Xay dyng danh sach gdm n phan tir, ban dau cac phan tir déu chua danh dau
(chua bi x6a). Thuit toan s& tién hanh n budc, mdi budc s& danh dau mot phén
tor trong trng v&1 mot nguoi bi loai.

C6 thé quan st rang néu biéu dién danh sach nay bang ciy nhi phan gdm n nut,

thi chiing ta chi can cai dat hai thao tac:

e Truy cép ngiu nhién: Nhan vao mot sd thir tu p va tra vé nat dimg thi p
trong s6 cac nat chwa danh dau (theo tht ty giita)

e Danh diu: Panh ddu mét nat twong tng véi mot nguoi bi loai

Vay c6 thé biéu dién danh sich bang mot cay nhi phan gin hoan chinh dung

san. Cu thé 1a chung ta t6 chirc dit liéu trong cac mang sau:

e Mang Tree[l..n] dé biéu dién cdy nhi phan gom n nat c6 gbc 1a nat 1, ta
quy dinh nuat thtr i c6 nit con trai 1a 2i va nut con phai 1a 2i + 1, nat cha cua
nat j 1a nat [j/2]. Cay nay ban dau s& duoc duyét theo thu ty giita va cac
phan tr 1,2, ...,n s& dugc dién 1an luot vao cdy (mang Tree) theo tht tu
gitra.

e Mang Marked[1..n] @& danh diu, trong d6 Marked[i] = True néu nut
tha i dd bi danh dau, ban dau mang Marked[1...n] duoc khdi tao bing
toan gia tri False.

e Mang Size[1...n] trong d6 Size[i] 1a s6 nat chwa bi danh dau trong nhanh
ciy gbc i. Mang Size[1 ...n] ciing duoc khéi tao ngay trong qua trinh dyng
cay.
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Phép truy cdp ngiu nhién - nhin vao mot sb thir ty p va tra vé chi s6 nit dung
thir p chua bi danh déu theo thu ty giita - s& duoc thyc hién nhu sau: Bat dau tir
nut gbc x = 1, goi LeftSize 1a s6 nut chua danh du trong cdy con trai cua x.
Néu nit x chua bi danh ddu va p = LeftSize + 1 thi tra vé ngay nit x va ding
ngay, néu khong thi qua trinh tim kiém s& tiép tuc trén cdy con trai (p <
LeftSize) hodc cay con phai cia x (p > LeftSize).

Phép danh ddu mot nut x chi don thuan gan Marked[x] = True, sau d6 di
nguoc tir x 1én gdc ciy, di qua nat y nao thi giam Size[y] di 1 dé giir tinh dong
bo.

Q Cai dat
E  JOSEPHUS.PAS v Tim hoan vi Josephus

{$MODE OBJFPC}
program JosephusPermutation;
const max = 100000;
var
n, m: Integer;
tree: array[l..max] of Integer;
Marked: array[l..max] of Boolean;
size: array[l..max] of Integer;
procedure BuildTree; /Dung sin cdy nhiphin gin hoin chinh gom n niit
var Person: Integer;
procedure InOrderTraversal (Node: Integer);
//Duyét cdy theo thir tw giita
begin
if Node > n then Exit;
InOrderTraversal (Node * 2); /Duyétnhinh trii
Inc (Person);
tree[Node] := Person; /Piénphin tir ké tiép vio niit
InOrderTraversal (Node * 2 + 1); //Duyétnhinh phdai
//Xay dung xong nhdnh trdi va nhdanh phdi thi bit diu tinh truong size
size[Node] := 1;
if Node * 2 <= n then
Inc(size[Node], size[Node * 21]);
if Node * 2 + 1 <= n then
Inc(size[Node], size[Node * 2 + 1]);

89



end;
begin
Person := 0;
InOrderTraversal (1) ;
FillChar (Marked, SizeOf (Marked), False);
//Tét cé cdc nit déu chwa dinh diu
end;
/Truy cip nghu nhién, nhin vio sé thir tw p, trd vé niit dieng thie p trong sé cdc nit chwa dinh
dau
function NodeAt (p: Integer): Integer;
var LeftSize: Integer;
begin
Result := 1; /Bitdiutirgéc
repeat
//Tinh sé niit trong nhdnh con trdi
if Result * 2 <= n then
LeftSize := size[Result * 2]
else LeftSize := 0;
if not Marked[Result] and (LeftSize + 1 = p) then
Break; //Nit Result chinh la nit thir p, dirng
if LeftSize >= p then
Result := Result * 2 /Tim tiép trong nhinh trdi
else
begin
Dec (p, LeftSize);
//Trwede hét tinh lai s6 thie tw twong ting trong nhdnh phdi
if not Marked[Result] then Dec (p):;

Result := Result * 2 + 1; /Tim tiép trong nhdnh phdi
end;
until False;
end;
procedure SetMark (Node: Integer); /Pdnh diumgt niit
begin
Marked[Node] := True; /Pdnhdiu
while Node > 0 do /Péng bj héa truwing size ciia cdc nit tién bi
begin
Dec (size[Node]) ;
Node := Node diwv 2; //Dilén nitcha
end;
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end;
procedure FindJosephusPermutation;
var Node, p, k: Integer;
begin
p :=1;
for k := n downto 1 do
begin /Danh sich cé k ngwoi
p := (p +m - 2) mod k + 1; /Xidcdinh sé thit tw ciia ngwoi bi logi
Node := NodeAt (p); /Tim nitchira ngwoi bi logi
Write (tree[Nodel, ' '); /inrasé hiéu ngwoibilogi
SetMark (Node) ; /Bdnh déu nit twong iing trén ciy
end;
end;
begin
Readln (n, m);
BuildTree;
FindJosephusPermutation;
Writeln;
end.

Q Tim nguwoi cudi ciing con lgi *

Mot bai toan khac lién quan téi bai toan Josephus 1a cho trudc hai sé nguyén
duong n, m, hay tim ngudi cudi cung bi loai. Ta co thé sir dung thuat toan tim
hoan vi Josephus va in ra phan tir cudi cung trong hoan vi. Tuy nhién c6 thuat
toan quy hoach dong hiéu qua hon dé tim nguoi cudi cung bi loai. Thuat toan
dwa trén cong thirc truy hoi sau:

I, néfun=1

. 7.1
(fn—1)—14+m)modn+1,néun>1 .1

o
Trong d6 f(n) 1a chi s6 nguoi bi loai cudi cung trong trd choi vai tro choi gom
n nguodi. Cong thic truy hoéi (7.2) co thé giai trong thoi gian ©(n) bang mot
doan chuong trinh don gian.

Input — n, m;
f :=1;
for i := 2 to n do
f := (£f -1+ m mod i + 1;
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Output <« £,

7.2. Thir ty théng ké dpng

Nhic lai: Bai toan thu tu théng ké: Cho mot tap S gém n doi tuong, mdi ddi
tugng c6 mot khoa sip xép. Hay cho biét néu sip xép n ddi twong theo thu ty
tang dan cua khoa thi d6i tuong thr k 12 d6i twong nao?.

Chung ta da biét thuat toan tim thir ty thong ké trong thoi gian O(n). Tuy nhién
trong trudong hop tap S lién tuc co nhiing sy thay doi phan tir (thém vao hay bt
di mot ddi twong), dong thoi co rat nhiéu truy van vé tht tu thdng ké di kém voi
nhitng su thay ddi do thi thuat toan nay to ra khong hiéu qua. Ching ta can co
phuong phép tét hon ddi véi bai toan thir ty thong ké dong (Dynamic Order
Statistics).

Cay tim kiém nhi phan 12 mot cach dé giai quyét hiéu qua van dé nay. Chung ta
luu trit cac doi tuong cua S trong mot BST, mdi nut chtira mot ddi tuong voi
khoa so sanh chinh 13 khoa cua ddi tuong chua trong.

M&bi d6i twong i duoc gin voi mot con tro ptr[i] toi nit twong ung trén BST,
con tré nay duoc cap nhat mdi khi c¢6 phép thém/bét dbi twong. Tai mdi nit ta
duy tri s6 nit trong nhanh con d6 bang trudng size, truong nay duoc cap nhat
mdi khi cdu trac BST bi thay d6i (chén/xéa/quay). Khi d6 phép thém va bot dbi
tuong duogc thuc hién ty nhién be‘ing phép chén va xo6a trén BST (0(Ign). Dua
vao truong size mdi nat, mdi truy van vé thir tu thong ké dugc tra 10 trong thoi
gian 0(Ign) (Xem lai muyc 0 vé cach sir dung trudng Size).

7.3. Interval tree
Cay chira khoang (Interval tree) 1a mot cdu tric dit liéu dé luu trir mot tap cac
khoang trén tryc sd.
C6 ba loai khoang trén truc sd: khoang déng (closed interval), khoang mé (open
interval) va khoang ntra mé.
[s,fl={x €eRis <x < f}
s, )={xeRs<x<f}
[s,/)={xeRs<x<f}
s,fl={xeRis<x<f}
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Khoang dong con co tén goi 1a doan. O nhing van dé trong phan nay chiing ta
quan tam t&i khoang dong, néu mudn 1am viéc v6i khoang mé hodc khoang nira
mo cin ¢6 mot s stra d6i nho. Chung ta quy dinh thém 13 v6i mot khoang déng
[s, f] bat ky this < f.

Dinh ly 7-1

Véi hai doan i; = [sq, fi] va i, = [s,, f>], ding mot trong ba ménh dé duéi day
thoa man (interval trichotomy):

e i vai, gbi nhau (overlap), ttrc 13 hai doan i; va i, c6 diém chung

e i;nambéntriii,: f; < s,

e i, ndm bén phai i,: f, < s,

Interval tree ban chat 1a mot BST, mdi nut chira mdt doan va khoa so sanh 1a dau
mut trai ciia mdi doan. Tc 1a néu duyét cay theo thu tu gitra ta s€ liét ké duogc
tat ca cac doan theo thu tu tang dan cua diu mut trai.

Tai mdi nut x, ta luu trir thém mot truong righmost: Gia tri lon nhét cia cac
dau mut phai cta cac doan nam trong nhanh cay gbc x. Nt gia nilT c6 truong
rightmost = —oo. Hinh 1.28 1a vi du vé cay chura 10 doan:

[16,21]; [8,9]; [25,30]; [5,8]; [15,23]; [17,19]; [26,26]; [0,3]; [6,10]; [19,20]

[16,21] interval
30 ightmost

Hinh 1.28. Interval tree

Cau tric nut cua Interval tree co6 thé dac ta nhu sau:

type
PNode ~"TNode;
TNode = record

s, f: Real; /s:diu muttrdi, f: ddu mit phdi
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rightmost: Real; //Thong tin phu tro
parent, left, right: PNode;
end;
var
sentinel: TNode;
nilT, root: PNode;

begin
sentinel.rightmost := -o;
nilT := @sentinel;
root := nilT;

end.

Trudng rightmost cua mdi nut x” dugce tinh theo cong thirc truy hoi:

xM. left™. rightmost
xN.rightmost :== max< x”". f (7.2)
x™.right™.rightmost

Khi mgt nut x” dugc chén vao thanh mdt nut 14 hay bi x6a khoi BST, tat ca cac
truong rightmost trong x* va cac nut tién bdi cua x* phai dugc cdp nhat lai.
Néu ban cai dit Interval tree bang Treap hay mot dang cAy nhi phan tim kiém ty
can bang, can cha ¥ cdp nhat lai truong rightmost sau phép quay ciy
(UpTree).

a) Tim doan cé giao véi moét doan cho trudéc

Bai toan dit ra 1a cho mot tdp S gdm n doan. Cho mdt doan [a, b], hiy chi ra
mot doan cua S ¢ giao v6i (hay gbi 1én) doan [a, b]. Mot dang truy van cu thé
hon 1a hdy chi ra mdt doan cua S chira mdt diém x cho trude. Bai toan nay co
thé quy vé bai toan tong quat véi [a, b] = [x, x]

Di nhién ta c6 thé tra 10i truy van nay trong thoi gian O(n): Duyét tit ca cac
doan cua S va sit dung ham Overlapped dudi day dé tim ciing nhu liét ké cac
doan gbi 1én doan it. Him Overlapped nhan vao 2 doan [sy, fil, [S2, fo] va tra
vé gia tri True néu hai doan géi nhau:

function Overlapped(sl, fl, s2, f2: Real): Boolean;
begin
Result := (sl £ f2) and (s2 < f1);
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‘ end;

Tuy vay néu tap S lién tuc c6 sy bién dong (thém/bét) cac doan thi phuong phap
nay té ra khong hi¢u qua. St dung Interval tree cho phép thuc hién thém/bot
doan va tra 101 truy van nay hiéu qua hon.

Xay dung Interval tree chira tit ca cic doan cua tip S. Bit dau tir nit x” =
root™ , néu doan trong x™ co giao véi [a,b] thi xong. Nguoc lai, néu
xM. left.rightmost > a, ta quy vé tim trong nhanh con trai ciia x*, néu khéng
ta quy vé tim trong nhanh con phai ciia x”:

//Tri vé niit chita doan giao véi [a, bj, tri vé nilT néu khéng thiy

function IntervalSearch(a, b: Real): PNode;
begin
Result := root; /Bitdiu tivgoc

while (Result # nilT) and
not Overlapped(Result”.s, Result”.f, a, b) do
//Result chira doan khong giao vdi [a, b]
if (Result”.left”.rightmost 2 a) then
Result := Result”.left /Sangtrii
else Result := Result”.right; /Sangphdai

end;

Tinh dung dén cua thuat toan dugce chi ra trong hai nhan xét sau:

e Néux”. left . rightmost > a thi chi can tim trong nhanh con trai cua x*
1a di1, boi néu tim trong nhanh con trai cia x* khong thay thi chic chan tim
trong nhanh con phai ciing thét bai.

e Néu x”. left . rightmost < a thi nhanh con trai ciia x* chic chin khong
chira doan nao c¢6 giao véi [a, b].

Thoi gian thuc hién giai thuat IntervalSearch 1a O(h) v6i h 1a chiéu cao cua

Interval tree. Cac phép thém/bdt doan trong tap S duoc xu 1y nhu trén BST, sau

do cap nhat cac truong rightmost, cling c6 thoi gian thuc hién O(h) (= O(lgn)

néu sir dung mot dang BST ty can bang).

b) Tim doan dau tién c6 giao véi moét doan cho trudce

Trong mdt sd truong hop ching ta can tim nat dau tién trén Interval tree (theo
tht ty giita) chtra doan ¢ giao v6i doan [a, b]. Piéu nay duoc thyuc hién dya trén
mot ham dé quy FirstintervalSearch nhu sau:
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//Tim dogn déu tién giao vdi [a, b] trong nhdanh cdy géc x”
function FirstIntervalSearch(x: PNode;
a, b: Real): PNode;
begin
Result := nilT;
if x = nilT then Exit; /Nhdnh réng thitrivé nilT
if x*.left”.rightmost 2 a then //Néu cé thi phii cé trong nhinh trii
Result := FirstIntervalSearch(x".left, a, b);
else //Nhinh trdi chic chin khéng cé
if Overlapped(x".s, x*.f, a, b) then
//Doan trong x* co giao vdi [a, b]
Result := x
else //Néu cé thi chi cé trong nhinh phii
Result := FirstIntervalSearch (x".right, a, b);
end;

c) Liét ké cac doan c6 giao véi mot doan cho trudc

Bai toan dat ra 1a cho tap S gém n doan, hay liét ké cac doan c6 giao véi doan

[a, b] cho trudc. Di nhién chung ta co thé duyét tat ca cac doan cua S va dung

ham Overlapped dé liét ké cac doan thoa man trong thoi gian ©(n), trén thuc té

khong co thuét toan nao tét hon trong truong hop xau nhat: Tat ca cac doan cua

S déu co giao véi [a, b].

Tuy nhién chung ta co thé tim mot thuét toan khac ma thoi gian thuc hién giai

thuat phu thudc vao sb doan dugc liét ké va it phu thudc vao gia tri cua n.

Truéce hét ta xay dung Interval tree chira cac doan cua S. Sau do stir dung thu tuc
ListIntervals(Root,a, b) dé liét ké. Thu tuc ListIntervals duoc cai dat nhu

sau:

//Liét ké cdc doan cé giao véi [a, b] trong nhdnh cdy goc x*
procedure ListIntervals(x: PNode; a, b: Real);
begin
if x = nilT then Exit;
if x*.left”.rightmost >= a then /Trong nhinh con trii cé thé cé
ListIntervals (x".left); /Liétkétrong nhanh con trdi
if Overlapped(x".s, x".f, a, b) then /Pogn chira trong x" cé giao
Output <« [x".s, x".f]; /Ligtké
if x".s <= b then /Trong nhinh con phii cé thé cé
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ListIntervals (x".right) ; /Li¢tké trong nhinh con phdi
end;

Thoi gian thyc hién giai thuat 1a 0(Ign + m) véi m 1a sé nut duoc liét ké

7.4. Tém tit vé ky thudt cai dit

Con rat nhiéu ung dung khac lién quan t6i cau tric cdy nhi phan, nhung chi véi
mot s6 tng dung ké trén, ta c6 thé thiy rang cdy nhi phan 1a mot cau trac di lidu
tot dé biéu dién danh sach: Bang co ché danh sb nat theo thr tu giita, chung ta
¢6 hinh anh mot danh sach véi cac nut duoc sép thu tu, qua do co thé cai dat cac
phép chén/xoéa va truy cap ngu nhién rat hiéu qua.

Tai sao lai 1a thir tu gitra ma khong phai thir tu trude hay th ty sau? Mac du céc
thao tac co ban nay van c6 thé cai dit néu cac nit cua cay duoc danh sé theo thu
tu trude (hodc sau), nhung chiung ta s€ gap phai khé khan khi thyc hién thao tac
can bang cdy. Hién tai hau hét cac k¥ thuat cin bang cdy nhi phan (trén cay
AVL, cay d6 den, cdy Splay hay Treap) déu dua vao phép quay, ma phép quay
thi khong bao toan thu ty trudc va thlr ty sau cua cac nut. Néu nhu chung ta
khong can sir dung phép quay (nhu bai toan tim hoan vi Josephus) thi hoan toan
c6 thé danh sb cac nit trén cay theo thur ty trudce hodc thu tu sau.

Mot cha ¥ quan trong nita 1a co ché luu trir va dong b hoa thong tin phu tro.
Thong thuong d6i véi cac bai toan sir dung ciy nhi phan, mdi nut s& c6 chira
mot thong tin dé hd trg qua trinh tim kiém trén cdy (tai mdi budc thi di tiép sang
nhanh trai hay nhanh phai). Nhu & vi du cdy biéu dién danh sach chung ta sir
dung trudng size chira s nat trong mot nhanh cdy, hay ¢ vi du Interval tree,
chung ta st dung truong rightmost dé chira dau mut phai 16n nhat ciia mot
doan nam trong nhanh cdy. Thong tin phu tro s& duoc cap nhat mdi khi co su
thay d6i cu trac dé giit tinh dong bo. Co hai nguyén 1y chon thong tin phu tro:
Thi nhat, thong tin phu tro & mdi nat phai 1a thong tin tong hop tir tat ca cac
nut trong nhanh d6, thi hai, tuy 1a sy tong hop thong tin tir tat ca cac nut trong
nhanh nhung thong tin phu trg c6 thé tinh dwoc chi bing théng tin & gbc
nhanh va hai nut con.

Nhitng rang budc nhu vay dam bao cho qué trinh dong bo thong tin phu tro
khong 1am tang cép phic tap cia thoi gian thyc hién giai thuat. Viéc thay doi
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thong tin phu tr¢g & mot nut chi kéo theo viéc cdp nhat lai thong tin phu trg &
nhitng nat tién bdi ma thoi .

Chu ¥ cudi cung 1a néu nhu biét trude cay nhi phan s& chi chira cac phan tir
trong mot tip hitu han S, ddng thdi co cach nao d6 tranh khong phai cai dit phép
chén va xoa thi co thé dung sdn mdt cdy nhi phan gan hoan chinh gom |S| nut.
Khi d6 ching ta loai bo dugc cac con tro lién két va khong can thuc hién cac
phép cin bing cay — hai thir d& gy nham lan nhat trong viéc cai dit cdy nhi
phan.

Ta xét mot vi du cudi cung trude khi két thic bai.

7.5. Piém giao nhiéu nhit
a) Truong hop mét chiéu

Bai toan tim diém giao nhiéu nhit (point of Maximum Overlap — POM) (mot
chiéu) phat biéu nhu sau: Cho n khoang déng trén truc sd, khoang dong thwr i 1a
[s;, fi] (s; < f;), hdy tim mot diém trén truc s6 thudc nhiéu khoang nhét trong sd
n khoang da cho.

Thuét toan dé giai quyét bai toan POM mot chiéu kha don gian: V&i mot khoang
dong [s;, f:], ta goi s; 1a dau mat mé va f; 1a ddu mat dong. Sap xép 2n dau mut
ctia cac khoang da cho tir trai qua phai (tr nho dén 16n), néu nhidu dau mut &
cung toa do thi tat ca ddu mat mé tai vi tri 46 duge xép cac dau mat dong. Khoi
tao mot bién dém bang 0 va duyét cac ddu mut theo thir tu da sap xép, gip dau
mit mo thi bién dém ting 1 con gip dau mut dong thi bién dém giam 1. Qua
trinh két thiic, bién dém tré lai thanh 0, noi bién dém dat cuc dai chinh 1a diém
can tim. Gia tri cuc dai cua bd dém dat duoc chinh 1a sb khoang déng phu qua
diém d6.

Tuy vay, thudt toan trén khong thyc su hi¢u qua néu tap cac khoang dong lién
tuc bién dong di kém v&i nhitng truy van vé POM. Chung ta can xdy dung ciu

* C6 nhitng bai toan cu thé sir dung cdy nhi phdn ma théng tin phu tro khong tuén theo hai nguyén 1y nay,
nhung can dén mot co ché déng bd hoa dac biét.
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trac dir liéu dé hd trg cac phép thém/bét khoang va tra 1oi cac truy van vé diém
giao nhiéu nhét hiéu qua hon.

Giai phap 1a ta luu trit cic ddu mut trong mot BST sao cho néu duyét BST theo
thir ty gitra thi ta s& dugc thir tu sap xép néi trén (ddu mat nho hon xép trude va
dau mat mé duoc xép trude dau mut doéng néu & cung vi tri trén truc sb).

Thong tin phu tro thir nhat trong mdi niit x* 12 nhin sign. O day x*.sign = +1
néu nat chira ddu mat mé va x*. sign = —1 néu nat chira dau mut dong.

Thong tin phu trg thir hai trong mdi nit x» 1a truong sum: Tong cua tat ca cac
nhan trong cac nut nam trong nhanh ciy gbc x*. Truong sum duoc tinh theo
cong thuec:

x". sum = x". left". sum + x".sign + x*.right™. sum (7.3)

Thong tin phy trg thir ba trong mdi nat x* 13 trudong maxsum: Cho biét néu ta
duyét nhanh cdy goc x” theo thir tu giita va cong don lan lugt cic truong sign &
mdi nat thi gia tri 1on nhat dat dugc trong qué trinh cong 1a bao nhiéu. Truong
maxsum dugc tinh theo cong thirc:

xN. maxsum
xM left™. maxsum
= max 1 x". left". sum + x".sign
x™. Left".sum + x".sign + x".right™. maxsum

(7.4)

Cong thirc truy hoi (7.3) kha dé hiéu, ta s& phan tich tinh dung dén cua cong

thtc truy hoi (7.4). RS rang trong qua trinh cong don céc trudng sign & mdi nat

vao mot bién dém, gia tri cuc dai cua bién dém nay co thé bé’mg:

e Gia tri 16n nhat dat duoc khi cong xong nhanh con trai, khi do
xM.maxsum = x". left"maxsum.

e Gia tri dat dugc khi cong té61 nat x* ,  khi dé
x™.maxsum = x". left". sum + x".sign

e (Gia tri dat dugc khi cong té1 mdt nit ndo dé6 ¢ nhanh con phai, khi do
x™.maxsum = x". left". sum + x".sign + x*.right™. maxsum

Viy ta c6 thé 14y gia tri 16n nhat trong ba kha ning nay dé gan cho x*. maxsum.
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bé tién hon trong vi¢c tra 101 truy van POM, tai mdi nut ta luu trit mot truong
POM chira diém ma tai d6 qua trinh cong don cac trudng sign dat cuc dai (bing
maxsum). Phép cap nhat POM dugc thuc hién song song v4i qua trinh tinh
maxsum: Tuy theo maxsum dat tai nhanh trai, chinh nut x* hay nhanh phai, ta
s€ cap nhat lai truong POM cua x”.

C6 thé nhan thiy ring truong sum va maxsum tuy la thong tin tong hop tir tat
cé cic nit trong mot nhanh, nhung cé thé tinh dugc chi dwa vao thong tin trong
nat gbc va hai nut con. Thc 13 ta c6 thé duy tri va ddng bd théng tin phu trg
trong moi nut sau mdi phép chén/xdéa ma khong lam ting cp phuc tap cua thoi
gian thuc hién giai thuat.

Vay thi néu n 1a s6 nut trén BST,

e Chén mot doan [s, f] vao tap triru tugng cac khoang dong tuong ung voi
chén mot dau mat s v6i sign = 1 vao BST va chén mot dau mit f véi
sign = —1 vao BST. Thoi gian 0(Ign).

e Xoéa mot doan [s, f] tuong Gng voi x6a di dau mut s va dau muat f khoi
BST. Thoi gian O(Ign).

e Tra 10i truy van POM, chi can truy xuit root”. POM. Thdi gian 0(1).

b) Truong hop hai chiéu

Bai toan tim diém giao nhiéu nhét (hai chiéu) duoc phat biéu nhu sau: Cho n
hinh chit nhat danh sd tir 1 t&i n trong mit phang truc giao Oxy. Cac hinh chi
nhat cd canh song song vdi cac truc toa do. MOdi hinh chir nhat dugc cho boi 4
toa d6 xq, V1, X, V5 trong d6 (x4, y,) 1a toa d6 goc trai dudi va (x,,y,) la toa do
goc phai trén (x; < x,,y; < y,). Hiy tim mot diém trén mat phang thudc nhiéu
hinh chit nhat nhat trong sb cac hinh chit nhat di cho (diém nam trén canh mot
hinh chit nhat van tinh 1a thudc hinh chit nhat do).

Bai todan POM hai chiéu 1a mot trong nhiing vi du hay vé k¥ thuat cai dat, ching
ta s& viét chuong trinh day du giai bai toan POM hai chiéu véi khuon dang
Input/Output nhu sau.

Input

e Dong I chira s6 nguyén duong n < 10°.
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e 1 dong tiép theo, dong thir i chira 4 s6 nguyén duong x;,v4, x5, V. (—10° <
X1 <Xy < 109, -10° < V1 <Y < 109)

Output

Diém giao nhiéu nhit va s6 hinh chit nhat chira diém giao nhiéu nhit.
Sample Input | Sample Output
4 point of Maximum Overlap: (4, 3)
1357 Number of Rectangles: 3
31614
4285
6587

Q Bién déi toa dp

Moi hinh chit nhat twong tmg véi hai canh ngang (canh day va canh dinh) va hai

canh doc (canh trai va canh phai). Nhu vay cé tat ca 2n canh ngang va 2n canh

doc. Sap xép hai diy toa d nay theo quy tic sau:

e Day 2n canh doc duoc xép theo thir ty tang dan theo hoanh do (trai qua
phai), néu nhiéu canh doc & cung hoanh dg thi nhitng canh trai dugc xép
trudc nhitng canh phai.

e Diy 2n canh ngang dugc xép theo thir tu ting dan theo tung d6 (dudi 1én
trén), néu nhiéu canh ngang & cung tung do thi nhitng canh day duoc xép
trude nhitng canh dinh.
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Sau d6 ta 4nh xa hoanh d6 mdi canh ngang ciing nhu tung d mdi canh doc
thanh chi s6 ctia né trong hai day da sip xép.

Toa d6 nhing hinh chit nhat ban dau sé& bi bién ddi qua anh xa nay, tuy nhién ta
6 thé tim POM trong tap cac hinh chit nhat méi va anh xa nguoc toa d6 POM
thanh toa do ban dau. Vi du:

8
7 7
6 6
5 5
4 — e e =N
3 F 3 \f—
2 2
1 1
ol v 2 3 4 s 6 7 8 Ol 1 2 3 4 s 6 7 8

Hinh 1.19. Phép anh xa toa dj

Phép bién ddi nay c6 nhitng cong dung:

e Tit ca cac hoanh do cua canh doc cling nhu tat ca cac tung do cua canh
ngang trd thanh 2n sé nguyén hodn toan phan biét.

e Cho du toa d¢ ctia céc hinh chit nhét ban dau c6 thé rat 16n, hodc 1a s thuc,
qua anh xa nay ching ta s€ chi xu ly cac toa dé nguyén 1,2, ...,2n.

e Toa d6 POM c6 thé dnh xa nguoc lai dé dang. Béi khi xac dinh dugc diém
giao nhiéu nhit ndm trén duong ngang thir may va duong doc thir may, ta co
thé chiéu vao hai diy toa do ban dau dé tim toa d6 trudc khi 4nh xa.

Ban c6 thé thic mic ring POM c6 thé khong nam trén dudng ngang ciing nhur
duong doc nao (nhu vi du trén co thé ta tim duoc POM 1a (3.5,3.5) trén ban do
anh xa). Khi d6 ta c6 thé xac dinh POM nam gitta hai dudng ngang lién tiép nao
va nam giira hai duong doc lién tiép ndo, sau d6 anh xa ngugc lai. Tuy nhién
khéng can phai ric rdi nhu vay, thuit toan ma chung ta s& trinh bay luon tim
duoc POM nam trén giao cia mot duong ngang va mot dudng doc.
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Q Pwong quét ngang

G diém giao nhiéu nhit c6 toa do (a, b), khi d6 néu ta xét duong thang y = b,
n6 sé cit ngang qua mot sé hinh chir nhat. Giao cia cac hinh chit nhat véi dudng
thang y = b tao thanh cac khoang déng trén duong thang d6. Khi do toa do a
chinh 13 diém giao nhiéu nhét cta cac khoang dong (mot chiéu).

8

7

6

1 2 3 4 5 6 7 8

Vi du nhu v6i ban d6 trén, ta xét dudng thang y = 3, no s& cit ngang qua 3 hinh

chit nhat tao thanh 3 khoang dong: [1,4]; [2,6]; [3,8]. Piém giao nhiéu nhit cta 3

khoang dong nay 1a diém x = 3 (hay bat cir diém nao niam trong doan [3,4]).

Vay POM tuong tng c6 toa do (3,3).

Thuat todn tim POM hai chiéu c6 thé trinh bay nhu sau: Xét tit ca cac dudng

thang nam ngang c6 phuong trinh y = b, v6i mdi duong d6 ta xét cac giao véi

cac hinh chit nhat da cho va tim diém giao nhiéu nhéat, ghi nhan lai diém giao

nhiéu nhat trén tat ca cac gia tri b da thir.

Chiing ta s& phai thir voi bao nhiéu duong thang dang y = b?, c6 thé nhan thay

réng chi can thir véi 1an lugt cac gia tri b = 1,2, ...,2n 1a du.

R& rang voi b = 0, tap cac khoang déng tao ra trén duong thang y = 0 1a rdng.

Sau khi xét xong mdi duong thang y = b, xét tiép dén duong thangy = b + 1,

c6 hai kha nang xay ra:

e Néu dudng y = b+ 1 13 mot canh day cia hinh chit nhat (x1,yy, X5, ¥5)
(y; =b+1), ta bd sung [x5,x,] vao tip cac khoang dong (thdi gian
O(lgn)) va tim POM (0(1)).
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e Néu dudng y = b+ 112 mot canh dinh cua hinh chit nhat (x;, 4, X2, V)
(y2=b+1), ta loai bd [xq,x,] khoi tdp cac khoang dong (thoi gian
0(lgn)).

Q Dung sin BST
Nhic lai trong k¥ thudt cai dat bai toan tim POM mét chiéu, ta sur dung BST
chtra cac dau muat cua cic khoang dong. Tuy nhién do cac ddu muat 1a cac sb
nguyén hoan toan phan biét trong pham vi 1,2, ...,2n, nén ta ¢ thé dung sin cay
nhi phan chtra 2n nat, mdi nat s& chira mot ddu mat voi nhin Sign = +1 néu do
1a dau mat mo, Sign = —1 néu d6 1a dau mat dong va Sign = 0 dé danh dau
dau mut d6 khong c6 hiéu luc (do khoang dong tuong tng chua dugc xét dén
hodc da bi loai bo). C6 thé thiy rang cach gan gia tri Sign = 0 nay khong lam
anh huong dén tinh ding dén cua cong thirc (7.3) va (7.4).
Cay nhi phan dung sin duoc biéu dién boi mot mang tree[0 ... 2n], mdi phan tu
la mot ban ghi chira cac truong point: toa do diém, sign: Nhin dau muat
€ {—1,0, +1}, sum, maxsum va POM. Y nghia cua cac truong duoc giai thich
nhu trén. Nut gbc cta ciy la tree[1]. Nut i c6 con trai 1 2i va con phai la
2i + 1. Hai ham left va right dudi day tra vé nat con trai va con phai ctia mot
nut, (tra vé 0 trong trudng hop nat i khong ¢ con trai hodc con phai)

function valid(x: Integer): Boolean;
begin
Result := x <= 2 * n;
end;
function left(x: Integer): Integer;
begin
if IsNode(x * 2)
else Result := 0;
end;

then Result := x * 2

function right (x: Integer): Integer;

begin
if IsNode(x * 2 + 1) then Result := x * 2 + 1
else Result := 0;

end;

Vi néu nat khong ¢ con trai (phai) thi ham left (right) tra vé 0, ta s& gan cac
trudng sum va maxsum cua tree[0] bang 0 cho tién cai dit.
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Q Cai dat
POM.PAS v Piém giao nhiéu nhat

{$MODE OBJFPC}
program PointOfMaximumOverlap;
const max = 100000;
type
TEndPointType = (eptOpen, eptClose);
TEndPoint = record /Kiéu diu miit ciia khodng déng
value: Integer; /Toadj
ept: TEndPointType; /Logi:diu mit mé hay dau mit dong
rid: Integer; //Chisé hinh chi nhit twong iing
end;
TRect = record /Kiéu hinh chit nhit
x1, yl, x2, y2: Integer; /xl,yl): Trii Dudi, (x2, y2): Phdi Trén
end;
TEndPointArray = array[l..2 * max] of TEndPoint;
//Kiéu danh sdch cdc dau mit
TNode = record //Théng tin nit ciia cdy nhi phin
point: Integer;
sign: Integer;
sum, maxsum: Integer;
POM: Integer;
end;
var
%, y: TEndPointArray;
r: array/[l..max] of TRect;
tree: array[0..2 * max] of TNode;
ptr: array([l..2 * max] of Integer;
n, ResX, ResY, m: Integer;
procedure Enter; /Nhdp dili¢u
var i, j: Integer;

begin
ReadLn (n) ;
for i := 1 to n do /Doc2ntoadpxvalntoady
begin
j =2 *n+1-1;

Read (x[1] .value) ;
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x[1i] .Ept
x[1].rid

eptOpen;

i;
Read (y[i].value);

y[i] .Ept := eptOpen;
y[i].rid := 1i;
Read(x[7j].value);
x[j].Ept := eptClose;
x[j].rid := 1i;
Read(y[j].value);
y[j].Ept := eptClose;
y[jl.rid = 1i;

end;

end;
operator < (const p, g: TEndPoint): Boolean;

//p s€ dwoc xép trude q néu...

begin
Result := (p.value < g.value) or
(p.value = g.value) and (p.Ept < g.Ept):;
//Open < Close
end;

procedure Sort (var k: TEndPointArray);
//Siip xép danh sdch cic dau mit
procedure Partition (L, H: Integer);
var
i, j: Integer;
Pivot: TEndPoint;

begin
if L. > H then Exit;
i := L + Random(H - L + 1);
Pivot := k[i];
k[i] := kI[L];
i = L;
J = H;
repeat

while (Pivot < k[]j]) and (i < j) do Dec(j):;
if i < j then
begin
k[i] := k[j];
Inc (i) ;
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end
else Break;
while (k[i] < Pivot)
if i < j then
begin
k(3] :=
Dec (J)
end

and

k[1i];

else Break;
until 1 = j;
k[i] :=
Partition (L,
Partition(i + 1,
end;
begin

Pivot;
1);
H);

i -

Partition(1,
end;
procedure RefineRects; /Anhxatoadp

2 * n);

var i: Integer;
begin
for i :=1 to 2 * n do
begin
with x[i] do
if ept = eptOpen then r[rid]
else r[rid].x2 := 1i;
with y[i] do
if ept = eptOpen then r[rid].
else r[rid].y2 := i;
end;
end;
function valid(x: Integer): Boolean;
begin
Result := x <= 2 * n;
end;
function left (x: Integer):

begin
if valid(x * 2)
else Result :=

then Result
0; //Néu khéng tri vé 0

(1 < 3)

do Inc(i);

x1 =i
yl =1
//Niit ¢6 hop I¢ khong

Integer; //Tim nit con trdi ciia Node

= X * 2 //Nutcon trdi hgp I¢




end;
function right (x: Integer): Integer; /Tim nitcon phdi ciia Node

begin

if valid(x * 2 + 1) then Result :=x * 2 + 1
//Nut con phdi hop I¢

else Result := 0; /Néukhéng trivéo
end;

procedure BuildTree; /Dungsin BST gom 2n niit
var
i: Integer;
procedure InOrderTraversal (x: Integer);
//Duyét cdy theo thir tw giita
begin
if not valid(x) then Exit;
InOrderTraversal (x * 2);

Inc (i) ;
tree([x].point := 1i; /Pwa diém ivio nit Node
ptrl[i] := x;  /ptrfi]: Nit chiva diém toa dj i trong BST
InOrderTraversal(x * 2 + 1);
end;
begin
FillByte (tree, SizeOf (tree), O0); /sum, maxsum :=0
i = 0;
InOrderTraversal (1) ;
end;

//target := Max(a, b, c¢)
function ChooseMax3 (var target: Integer;

a, b, c: Integer): Integer;
begin
target := a;
Result := 1; /Trivél néu Max dat tai a
if target < b then
begin
target := Db;
Result := 2; //Trivé2néu Max dat tai b
end;

if target < c then
begin
target := c;
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Result := 3; //Trivé3néuMaxdat tgic
end;
end;
//DPdt nhdn sign = s cho niit mang toa dé p trong BST
procedure SetPoint (p: Integer; s: Integer);
var
Node, L, r, Choice: Integer;

begin
Node := ptrlp]; //Xdcdinhmitchira diémp
tree[Node] .sign := s; //Pdgtnhdn sign
repeat //Cip nhdt théng tin phu tre tir Node lén géc 1
L := left (Node);
r := right (Node) ; //L:Con trdi; r: Con phdi

//Tinh truwong sum
tree[Node] .sum := tree[Node].sign + tree[L].sum
+ treelr].sum;

//Tinh truong maxsum

Choice := ChooseMax3 (tree[Node] .maxsum,

tree[L] .maxsum,

tree[L].sum + tree[Node].sign,

tree[L].sum + tree[Node].sign
+ tree[r].maxsum);

case Choice of //Tinh POM tiy theo maxsum dat tai ddu

1: tree[Node] .POM := tree[L].POM; //Dattginhdnh trdi
2: tree[Node] .POM := tree[Node].point;
//Dat tai chinh Node

3: tree[Node] .POM := tree[r].POM; //Dattginhdnh phdai

end;

Node := Node diwv 2; //Dilén niitcha

until Node = 0;
end;

//Thém mét doan [x1, x2] vao tip cin tim POM
procedure InsertInterval (x1l, x2: Integer);
begin
SetPoint (x1, +1); //Pdtnhdn diumiitmé la +1
SetPoint (x2, -1); //Pdtnhdn diumitdéngla-1
end;
//Loai m¢t doan [x1, x2] khéi tip cin tim POM (dgt nhdn ciia hai dau miit thanh 0)
procedure Deletelnterval (x1, x2: Integer);




begin
SetPoint (x1, 0);
SetPoint (x2, 0);
end;
procedure Sweep; //Sitdung cdcdong quét ngang dé tim POM
var
sweepY, POM: Integer;
begin
BuildTree;
m := 0;
for sweepY := 1 to 2 * n do //Xétcdcduong quéty=1,2,..,2n
with y[sweepY] do
if ept = eptOpen then //Quétvao mjtcanh ddy
begin
InsertInterval (r[rid] .x1, r[rid].x2);
//Thém mgt doan vao tip tim POM
if tree[l] .maxsum > m then
//POM méi la giao ciia nhiéu hinh chi# nhit hon POM cii

begin
m := tree[l].maxsum;
POM := tree[l].POM;
//Anh xa nguoc lai, tim toa dj
ResX := x[POM].value;
ResY := y[sweepY].value;
end;
end

else //Quétvao mét canh dinh
DeleteInterval (r[rid] .x1, r[rid].x2):;
end;
procedure PrintResult;
begin
WriteLn ('Point of Maximum Overlap:
(', ResX, ', ', ResY, ")");

Writeln ('Number of Rectangles: ', m);
end;
begin

Enter; //Nhdp ditligu

Sort (xX) ;
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Sort (y); //Sdpxép haiddy toa dj
RefineRects; //Anhxasang tea djp méi
Sweep; //Sidung dwong quét ngang dé tim POM
PrintResult; //Inkétqui

end.

Thoi gian thyc hién giai thuat tim diém giao nhiéu nhat ctia n hinh chir nhat la
O(nlgn).

Bai tap

1.30.

1.31.

1.32.

1.33.

1.35.
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Cho m¢t BST chtra n khoa, va hai khoa a, b. Nguoi ta mudn liét ké tat ca
cac khoa k cia BST thoa man a < k < b. Hay tim thuat toan O(m + Ign)
dé tra 101 truy van nay (m 1a sb khoa dugc liét ké).

Cho n 13 mét s6 nguyén duong va x = (xy, Xy, ..., X,) 14 mot hoan vi cua
diy s6 (1,2,..,n). VéiVi:1 <i < n, goit; la s6 phan tir dimg trudc gia
tri  ma 16n hon i trong day x. Khi d6 day t = (t,t,, ..., t,) dugc goi 1a
day nghich thé cua diy x = (x1, X, ..., X,,).

Vi du véi n =6, diy x = (3,2,1,6,4,5) thi diy nghich thé ctia no Ia
t =1(2,1,0,1,1,0)

Xay dung thuét toan O(nlgn) tim day nghich thé tir diy hoan vi cho trudc
va thuat toan O(nlgn) dé tim diy hoan vi tir ddy nghich thé cho trudc.
Trén mat phéng vo1 hé toa dd truc giao Oxy cho n hinh chir nhat c6 canh
song song va&i cac truc toa do. Hay tim thuat toan O(nlgn) dé tinh dién
tich phan mit phang bi n hinh chir nhat 6 chiém chd.

Cho n diy cung ctia mot hinh tron, khong ¢ hai ddy cung nao chung dau
mit. Tim thuét toan O(nlgn) xac dinh sé cip ddy cung cit nhau bén trong
hinh tron. (Vi du néu n day cung déu l1a duong kinh thi s6 cdp 1a (3)).

Trén truc s cho n doan dong, doan thir i 1a [a;, b;], (a;, b; € N). Hiy chon
trén truc s6 mot sd it nhat cac diém nguyén phan biét sao cho c6 it nhat c;
diém duoc chon thudc vao doan thr i. (1 <n < 10%0 < a;,b;, ¢; < 10°).




1.36. Ban d6 mot khu dat hinh chit nhat kich thude m x n duge chia thanh luéi
6 vuodng don vi. Trén d6 c6 danh dau k 6 trong cay (m,n, k < 10°). Nguoi
ta mudn giai phong mot mit bang nam trong khu dat nay. Ban d6 mit bang
c6 cac rang budc sau:

e Canh mit bang la s6 nguyén

o Mit bﬁng chiém tron mot s6 6 trén ban dd

e Canh mit bang song song v&i canh ban do
Hay tra 101 hai cau hoi:

e Néu mubn xay dyng mit bang véi canh 1a D thi phai giai phong it nhét bao

nhiéu 6 trong cay?

e Néu khong mudn giai phong 6 trong cay nao thi co thé xdy dung dugc mit

bang voi canh 16n nhét 1a bao nhiéu?

1.37. Mot bo n < 10° 14 bai dugc xép thanh tap va mdi 1a bai duoc ghi sb thir ty
ban dau cua 14 bai d6 trong tap bai (vi tri cac 14 bai dugc danh s tir 1 t6in
tir trén xudng dudi).

Xét phép trao ky hiéu boi S(i,j): rat ra 1a bai thir i va chén 1én trén 14 bai
thi j trong s6 n — 114 bai con lai (1 <i,j < n), quy udc rang néuj = n
thi 14 bai thtr i s€ dugc dat vao vi tri dudi cung cia tap bai.
Viduvoin==6
5(2,3)
(1,[2] 3,456) — (1,3,[2],4,5,6)
5(1,2)
(1] 3,2,456) — (3,[1],2,4,5,6)
S(4,5)
(3,1,2,[4],56) —(3,1,2,5,[4] 6)

(131 1,2,5,4,6) R, (1,2,5,4,6,[3])
Nguoi ta trao bd bai bang x phép trao (x < 10%). Ban duoc cho biét x
phép trdo @6, hiy sir dung thém it nhit cic phép trao nita dé dua cac 1a bai
vé vi tri ban dau. Nhu & vi du trén, ching ta can sir dung thém 2 phép trao
5(6,3) va S(5,4).
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